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Abstract We classify and construct irreducible completely splittable representations
of affine and finite Hecke-Clifford algebras over an algebraically closed field of char-
acteristic not equal to 2.
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1 Introduction

Let F be an algebraically closed field of characteristic p and denote by S, the
symmetric group on n letters. In [12], Mathieu gave the dimension of the irre-
ducible FS,-modules associated to the partitions A = (A1, ..., A7) of n with length [
and A1 — A; < (I — p) by using the well-known Schur-Weyl duality. Subsequently,
Kleshchev [7] showed that these representations are exactly these whose restric-
tions to the subgroup S are semi-simple for any k < n or equivalently on which
the Jucys-Murphy elements in FS,, act semisimply. These FS,-modules are called
completely splittable in [7]. By using the modular branching rules for F'S,, (cf. [8]),
a formula for the dimensions of completely splittable modules was obtained in terms
of the paths in Young modular graphs, which recovers Mathieu’s result [12]. Gen-
eralizing the work in [7, 12], Ruff [17] classified the irreducible completely split-
table representations of degenerate affine Hecke algebras H,, (introduced by Drin-
feld [4] and Lusztig [11]). Over the complex field C, these H,-modules were con-
structed and classified originally by Cherednik [2]. Generalizations were established
to affine Hecke algebras of type A in [3, 16] and to Khovanov-Lauda-Rouquier alge-
bras in [9].
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From now on let us assume p # 2. This paper aims to classify and construct com-
pletely splittable representations of affine Hecke-Clifford algebras ¢ over F. The
algebra §); was introduced by Nazarov [14] (called affine Sergeev algebra) to study
the spin (or projective) representations of the symmetric group S, or equivalently to
study the representations of the spin symmetric group algebra F'S,”. Our construction
is a generalization of Young’s seminormal construction of the irreducible representa-
tions of symmetric groups and affine Hecke algebras of type A (cf. [3, 16]). The ap-
proach is similar in spirit to the technique introduced by Okounkov and Vershik [15]
on symmetric groups over C.

Let us denote by xp,...,x, the polynomial generators of the algebra $; (cf.
subsection 2.2 for the definition). According to Brundan and Kleshchev [1] (cf. [8,
Part II]), one can reduce the study of the finite dimensional $j;-modules to these
so-called integral modules on which the eigenvalues of x%, e, x,% are of the form
q(i) for i € I (cf. (2.1) and (2.9) for notations). Then each finite dimensional $); -
module M admits a decomposition as M = @;c» M;, where M; is the simultaneous
generalized eigenspace for the commuting operators xlz, e, x,% corresponding to the
eigenvalues g (i1), ..., q(iy). We call i a weight of M if M; # 0. By definition, a
finite dimensional §)|-module is completely splittable if the polynomial generators
X1, ..., X, act semisimply.

Our work is based on several equivalent characterizations (cf. Proposition 3.6 for
precise statements) of irreducible completely splittable §);-modules. In particular, an
irreducible $;,-module is completely splittable if and only if its restriction to the sub-
algebra Sﬁfr’ln,,) (cf. subsection 2.2 for notations) is semisimple for any 1 <r <n.

It follows that any irreducible completely splittable §j; -module is semisimple on re-
striction to the subalgebra of §)|, generated by s, ck, ck+1, Xk, Xk+1 (cf. subsection 2.2
for notations) which is isomorphic to £5 for fixed 1 <k <n — 1. By exploring irre-
ducible $5-modules, we obtain an explicit description of the action of the simple
transpositions s; on irreducible completely splittable $)\-modules and identify all
possible weights of irreducible completely splittable §);-modules. This leads to the
construction of a family of irreducible completely splittable §3;:-modules. It turns
out that these modules exhaust the non-isomorphic irreducible completely splittable
£y, -modules. We further show that these representations are parameterized by skew
shifted Young diagrams with precise constraints depending on p and give a dimen-
sion formula in terms of the associated standard Young tableaux. We remark that in
the special case when p = 0, our result confirms a conjecture of Wang and it has been
independently obtained by Hill, Kujawa, and Sussan [5].

Denote by ), the finite Hecke-Clifford algebra ), = C, x F'S,,, where C, is the
Clifford algebra over F generated by cy, ..., ¢, subject to the relations c,% =1,crc; =
—cyeg for 1 <k #1 <n. A Y,-module is called completely splittable if the Jucys-
Murphy elements L1, ..., L, (cf. (6.1) for notations) act semisimply. There exists
a surjective homomorphism (cf. [14]) from $;, to ), which maps x; to the Jucys-
Murphy elements Ly for 1 < k < n. By applying the results established for 9, to ),
we classify irreducible completely splittable },,-modules and obtain a dimension for-
mula for these modules. We understand that an unpublished work of Kleshchev and
Ruff independently gave the classification of irreducible completely splittable )),-
modules. In [1], irreducible representations of ), over F are shown to be parame-
terized by p-restricted p-strict partitions of n. In this paper, we identify the subset
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I' of p-restricted p-strict partitions of n which parameterizes irreducible completely
splittable ),,-modules. This together with a well-known Morita super-equivalence
between the spin symmetric group algebra 'S, and ), leads to an interesting family
of irreducible S, -modules parameterized by I" for which dimensions and charac-
ters can be explicitly described. In the special case when p = 0, we recover the main
result of [13] on the seminormal construction of all simple representations of FS,".

We observe that the L,%, 1 <k <n, act semisimply on the basic spin ),-module
I (n) (cf. [1, (9.11)]) which is not completely splittable. On the other hand, Wang [18]
introduced the degenerate spin affine Hecke-Clifford algebras $~ and established
an isomorphism between §); and C, ® $~ which sends x,f to 2b,% (cf. Section 7
for notations). As the generators b1, ..., b, are anti-commutative, it is reasonable to
study the $~-modules on which the commuting operators b2, .. ., bﬁ act semisimply.
This is equivalent to studying $;-modules on which x,%, 1 <k < n, act semisimply
by using the isomorphism between ); and C,, ® $~. Motivated by these observations,
we study and obtain a necessary condition in terms of weights for the classification
of irreducible $);-modules on which x,%, 1 <k < n, act semisimply; moreover, this
condition is conjectured to be sufficient, and the conjecture is verified when n =2, 3.

The paper is organized as follows. In Section 2, we recall some basics about super-
algebra and also the affine Hecke-Clifford algebras ;. In Section 3, we analyze the
structure of completely splittable $;,-modules by studying their weights and a clas-
sification of irreducible completely splittable $)¢-modules is obtained in Section 4.
In Section 5, we give a reinterpretation for weights of irreducible completely split-
table §)7-modules in terms of shifted Young diagrams. In Section 6, we classify the
irreducible completely splittable representations of finite Hecke-Clifford algebras. Fi-
nally, in Section 7 we introduce a larger category consisting of §)5-modules on which
x,% act semisimply and state a conjecture for classification of modules in this larger
category.

Acknowledgments. I thank A. Kleshchev and especially my advisor W. Wang for
many helpful suggestions and discussions. I would also like to thank the referees for
their useful comments. This research is partly supported by Wang’s NSF grant.

2 Affine Hecke-Clifford algebras $),

Recall that I is an algebraically closed field of characteristic p with p # 2. Denote
by Z the set of nonnegative integers and let

7. if p=0,
=" . P @.1)
0,1,..., 224, ifp=>3.

2.1 Some basics about superalgebras
We shall recall some basic notions of superalgebras, referring the reader to [1, §2-b].
Let us denote by v € Z; the parity of a homogeneous vector v of a vector superspace.

By a superalgebra, we mean a Z;-graded associative algebra. Let A be a superalge-
bra. A A-module means a Z,-graded left .A-module. A homomorphism f :V — W
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of A-modules V and W means a linear map such that f(av) = (—l)f‘_laf(v). Note
that this and other such expressions only make sense for homogeneous a, f and the
meaning for arbitrary elements is to be obtained by extending linearly from the ho-
mogeneous case. Let V be a finite dimensional .A-module. Let [TV be the same
underlying vector space but with the opposite Z,-grading. The new action of a € A
on v € [TV is defined in terms of the old action by a - v := (—1)?av. Note that the
identity map on V defines an isomorphism from V to ITV.

A superalgebra analog of Schur’s Lemma states that the endomorphism algebra of
a finite dimensional irreducible module over a superalgebra is either one dimensional
or two dimensional. In the former case, we call the module of type M while in the
latter case the module is called of type Q.

Given two superalgebras A and 53, we view the tensor product of superspaces
A ® B as a superalgebra with multiplication defined by

@®b)d ®b)=(—1)""(a)® (bb')  (a,d €A b,b €B).

Suppose V is an A-module and W is a 5-module. Then V ® W affords A ® B-module
denoted by V X W via

@®b)(@w) =(—)Pav@bw, ac A,be B,veV,weW.

If V is an irreducible A-module and W is an irreducible B-module, V X W
may not be irreducible. Indeed, we have the following standard lemma (cf. [7,
Lemma 12.2.13]).

Lemma 2.1 Let V be an irreducible A-module and W be an irreducible B-module.

(1) If both V and W are of type M, then V X W is an irreducible A ® 13-module of
type M.

(2) If one of V or W is of type M and the other is of type Q, then VX W is an
irreducible A ® B-module of type Q.

(3) If both V and W are of type Q, then VX W = X @ I1X for a type M irreducible
A ® B-module X.

Moreover, all irreducible A @ B-modules arise as constituents of VR W for some
choice of irreducibles V, W.

If V is an irreducible .A-module and W is an irreducible 3-module, denote by
V @ W an irreducible component of V X W. Thus,

VRW VeWaeIl(Ve W), ifbothV and W are of type Q,
“lve W, otherwise.

2.2 Affine Hecke-Clifford algebras §;,
Now we proceed to define the superalgebra we will be interested in. For n € Z,

the affine Hecke-Clifford algebra 3 is the superalgebra generated by even genera-
tors $1,...,8,—1,X1, ..., X, and odd generators cy, ..., c, subject to the following
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relations
sT=1,  sisj=sjsi,  SiSip1S =Sip8isip1, i —jl>1, (2.2)
xixj=x;x;, 1=<i,j<n, 2.3)
F=1,cicj=—cjci, 1<i#j<n, (2.4)
sixi = xi4185 — (1 +ciciy1), (2.5)
sixj=xjs;, Jj#I,i+1, (2.6)
SiCi = Ci418i, SiCit1 = CiSi, 8iCj =Cjsi, JF#i,i+1, 2.7
Xici = —CiXj, xicj =cjxi, 1=<i#j<n. (2.8)

Remark 2.2 The affine Hecke-Clifford algebra §){ was introduced by Nazarov [14]
(called affine Sergeev algebra) to study the representations of CS, . The quantized
version of the §);, introduced later by Jones-Nazarov [6] to study the g-analogues of
Young symmetrizers for projective representations of the symmetric group S, is often
also called affine Hecke-Clifford algebras.

For o = (ai,...,0y) € Z, and B = (B1,...,Bn) € Z5, set x* = x| ---x¥ and

P = c’l8 I...cP" Then we have the following.

Lemma 2.3 [1, Theorem 2.2] The set {x*cPw | « € 7, B e 7, w € Sy} forms a
basis of $;.

Denote by P, the superalgebra generated by even generators xi, ..., x, and odd
generators ci, ..., ¢, subject to the relations (2.3), (2.4) and (2.8). By Lemma 2.3,
P: can be identified with the subalgebra of $); generated by xi,...,x, and
1, ..., cy. Foracomposition u = (i1, 42, ..., 4y) of n, we define 55; to be the sub-
algebra of §),, generated by P, and s; € S, = Sy, x -+ X S, Note that Py = ().
For eachi €1, set

g =i +1). (2.9)

Let us denote by Repy 53; the category of so-called integral finite dimensional f);-

modules on which the x12, e, xrzl have eigenvalues of the form ¢ (i) for i € I. For each
i €1, denote by L(i) the 2-dimensional P{-module with L(i)5 = Fvy and L(i); =
Fvy and

xX1vo =+/q@vo, x1v1 =—/q@)v1, crvo=vy, C1V1="p.

Note that L(i) is irreducible of type M if i # 0, and irreducible of type Q if i = 0.
Moreover L(i),i € I form a complete set of pairwise non-isomorphic irreducible
P;-module in the category Rep; Py. Observe that P =P ® --- ® Py, and hence
we have the following result by Lemma 2.1.
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Lemma 2.4 [1, Lemma 4.8] The Py -modules
{LO=L>G)®LE)®---® L3y i=(>r,...,0n) €1}

form a complete set of pairwise non-isomorphic irreducible Pf-module in the cate-
gory Repy Pr. Moreover, denote by yo the number of 1 < j <nwithi; =0. Then L(i)

is of type M if yy is even and type Q if yy is odd. Furthermore, dim L(i) = 2"7LV70J,
where L%J denotes the greatest integer less than or equal to %

Remark 2.5 Note that each permutation t € S, defines a superalgebra isomorphism
7 :PS — P; by mapping xi to xrx) and ¢ to ¢z ), for 1 <k <n.Fori €I", the
twist of the action of P on L(i) with 7~! leads to a new PS-module denoted by
L(i)" with

L ={" |zeL®}, fF=@""(f)2)" forany f€Ps, zeL().
So in particular we have (xxz)" = x; (2" and (cx2)* = cr (2. It is easy to see

that L()" = L(t - i), where T - i = (iz-1(pys - s ig-1y)) fori = (in, ..., iy) € I" and
T€es,.

2.3 Intertwining elements for H¢

Following [14], we define the intertwining elements as
Op = (0 = Xigyy) + Ok + Xk 1) + eyt (k —xir1),  1<k=n.  (2.10)

It is known that

O = 2(x¢ + Xy ) — Of — xpy D2 (2.11)

Dpxp = Xpt1 Pk, PiXpt1 = Xk Pk, Piex; = x1 Py, (2.12)
Dpck = k1P, Prcrt1 = cx Pk, Prep = ¢ Py, (2.13)
DDy =D D, Dy Ppy1 Pk = Pry1 Pic Pret1 (2.14)

for all admissible j, k,/ withl #k,k+ 1 and |j — k| > 1.

3 Weights of completely splittable 53} -modules

In this section, we shall describe the weights of completely splittable §)%-modules.
3.1 Structure of completely splittable $;,-modules

For M € Repy $; and i = (i1, ..., i) €I", set

Mi={zeM|(t—qG)Nz=0for N>0,1<k<n)}.
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If M; # 0, then i is called a weight of M and M; is called a weight space. Since the

polynomial generators xi, ..., x, commute, we have
M= M. 3.1
ie]ll‘l

Forieland 1 <m <n, set
OmM ={zeM | (x; —qi)"z=0, for N>0,n—m+1<j<n}.
One can show using (2.5) that
xpsk = sk — (= excrrn) + (1 = ek ) xir1) (3.2)
X1k = kX + (Y1 (14 ckesn) + (1 + crcrr1)xk). (3.3)
Hence ®;n defines an exact functor

©;n : Repy 9, —> Repy 95,

n—m,m-*
Moreover as .6;71 |-modules, we have
MM =@M 34
IeS ¢ . =®ic1®O; M. ()

n—1,

For i e I and M € Repy §;,, define
& (M) =max{m>0| O;mn M #£0}.

Lemma 3.1 [1, Lemma 5.4] Suppose that M € Repy 9}, is irreducible. Let i € 1 and
m =¢&;(M). Then ®;n M is isomorphic to L ® indﬁ’Z’L(i’")for some irreducible L €
Rep; 95 _,, with &;(L) =0.

Definition 3.2 A representation of §;, is called completely splittable if x1, ..., x, act
semisimply.

Remark 3.3 Observe that if M € Repy $);, is completely splittable, then for i € I",
M;={zeM|xiz=q(ix)z, 1 <k <n)}.

Lemma 3.4 Suppose that M < Repy $;, is completely splittable and that M; # 0 for
somei €". Then iy #igy1 foralll <k <n-—1.

Proof Suppose iy =iy forsome 1 <k <n — 1. Let 0# z € M;. Since M is com-
pletely splittable, (x{ — q(ix))z =0 = (x}, | — q(ix+1))z. This together with (3.2)
shows that

(¢ — q(i))sez = (5 — qlik1))skz = — (3 (1 = k1) + (1 — k1) Xi+1)2

@ Springer



22 J Algebr Comb (2010) 32: 15-58

and hence

(x; —q (i) sez = — (e (1 — ceeryn) + (1= ckcrp D)) (f — q(i))z =0.
Similarly, we see that
(g1 — qlire)) skz =0.

Hence sxz € M;. By Remark 3.3, we deduce that (x,% — q(ix))skz = 0 and therefore
(xx (1 = ckcrs1) + (1 — cxcrg1)xx+1)z = 0.

This implies

2
20x¢ +x1%+1)1 = (xx(1 = crers1) + (1 = ccrg1)xx4+1) 2 =0.

This means g (ix+1) = —q (ix) and hence g (ix) = q(ix+1) = 0 since iy = ix41. There-
fore x,% =0= XI%H on M;. Since xi, xi41 act semisimply on M;, x; =0 = x4
on M;. This implies x;11sxz = 0 since sxz € M; as shown above. Then

(I + ckciy1)z = Xkr15k2 — Skxxz = 0.

This means 2z = (1 — cxcx+1)(1 + crcx+1)z = 0. Hence z = 0 since p # 2. This
contradicts the assumption that z # 0. g

Corollary 3.5 Suppose that M € Repy 95, is completely splittable. Then &;(M) < 1
foranyiel.

Proposition 3.6 Let M € Repy $,, be irreducible. The following are equivalent.

(1) M is completely splittable.
(2) Foranyi el" with M; #0, we have iy # iy forall1 <k <n—1.

(3) The restriction resgc M is semisimple for any 1 <r <n.
(' |ll r)

(4) Foranyi el" with M; # 0, we have M; = L(i) as Py -modules.

Proof By Lemma 3.4, (1) implies (2). Suppose (2) holds, then by Lemma 3.1 and
Corollary 3. 5 we have ®; M is either zero or irreducible for each i € I and hence

by (3.4) resch M is semisimple. Observe that if ®;M = N ® L(i) for some ir-

(n—

then (2) also holds for N. This implies resgc ' Nis
(n-2,1)

M is semisimple by (3.4). Continuing in this way

reducible N € RepH

nl’

95
semisimple. Therefore res He
(n=2,1,1)

we see that the restriction resgc

(r, 177

M is semisimple for any 1 <r <n, whence (3).
Now assume (3) holds. In particular, resgf’

amy
phic to a direct sum of L(i) as P,-modules. It is clear that x1, ..., x, act semisimply
on L(i) for each i € I", whence (1).

M is semisimple, that is, M is isomor-
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Clearly (1) holds if (4) is true. Now suppose (1) holds and we shall prove (4) by
induction on n. Suppose M; # 0 for some i € I". Observe that M; C ©; M #0.
By Lemma 3.1 and Corollary 35 O, M =N ® L(zn) for some irreducible
N e Repﬂj’) . This means M; = Ny ® L(z) where i’ = (i1,...,in— 1) Note that
N is completely spl1ttable and hence by induction Nl/ = L) ® - ®L3p-1).

Therefore M; = L(i}) ® - -- ® L(iy). O

Remark 3.7 Note that §)7 possesses an automorphism o, which sends s; to —s,_,
X7 t0 Xp4+1—k and ¢; to 41— for 1 <k <n —1and 1 <! <n. Moreover o, induces
an algebra isomorphism for each composition & = (t1, ..., ) of n

O - 5;); — 5;);[ >
where u' = (i, ..., 1). Given M € ﬁ;,, we can twist with o, to geta f);-module
M. Observe that for $)f-module M, we have

f_)c

c
'6(: mn=ry

S;Jc

c
S:J(ln =)

(res M"")o””’“” =res M.

Hence M € Repy 9! is irreducible completely splittable if and only if res56 M

5;5(
(an—r,
is semisimple for any 1 <r <n by Proposition 3.6.

Corollary 3.8 Let M € Repy 9, be irreducible completely splittable. Then the re-

striction resﬁ’i M is semisimple for any 1 <k <n — 1. Hence M is semi-
(lk—llyln—k—l)

simple on restriction to the subalgebra generated by Si, Xk, Xk+1, Ck, Ck+1 Which is

isomorphic to $5 for fixed 1 <k <n — 1.

Proof By Proposition 3.6, 1ress3 M is semisimple. Hence

c
ﬁ(k-l—l (n—k—1
ka4 ﬁ:kﬂ n—k—1y ka4
resg: M =resgc " (resﬁc M)
(1k7192,1n7k71) (1k71$2,1n7k71) (k+1,1n— k*l)
is semisimple by Remark 3.7. d

3.2 The weight constraints

Suppose that M € Repy $);, is completely splittable and that M; # 0 for some i € I".
By Lemma 3.4, iy # iy for 1 <k <n—1.Itfollows from Remark 3.3 that x,% —x,f_H
acts as the nonzero scalar g (ix) — g (ix+1) on M; foreach 1 <k <n —1. So we define
linear operators E; and £2; on M; such that for any z € M;,

- Xk + Xk+1 Xk — Xk+1
HiZ = —(ﬁ +Cka+1ﬁ) , 3.5
X;—X Xf—Xx
k k+1 k k+1

207+, \/ 2(g (i) +qiks1))
Qrz = l——————)z= 1— . 3.6
« ( 222 ) @) —qGir)? ) G0
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Both Ej and €2; make sense as linear operators on L(i) for i € I" whenever iy # iy
forl <k <n.

Proposition 3.9 The following holds for i, j € 1.

(1) If i = j £ 1, then the irreducible P;-module L(i) ® L(j) affords an irreducible
f_)é—module denoted by V (i, j) with the action s1z = E1z for any z € L(i) ®
L(j). The Sﬁ;-module V (i, j) has the same type as the 'ch-module L) ® L(j).
Moreover, it is always completely splittable.

Q) Ifi#jx1,the S’Jé—module V@, j):= indgz%L(i) ® L(j) is irreducible and has
the same type as the P;-module L(i) ® L(j). It is completely splittable if and
only ifi # j (and recall i # j £ 1).

(3) Every irreducible module in the category Repy 35 is isomorphic to some V (i, j).

Proof (1). It is routine to check s1x; = x251 — (1 4+ c1¢2) and s1¢1 = ¢251, hence it
remains to prove s% =1on V(i, j). Indeed, for z € L(i) ® L(j), we have

20t +x)  2q()+q()
V= - " =
(2 —xH?2 (g() —q()))?

1]

2 2
slzz lzz

’

where the last identity follows from the definition of ¢ (i) and the assumption
i=j=£1. It is clear that Endpzt(L(i) ® L)) = EndﬁE(V(i,j)). Hence V (i, j)
has the same type as the ch—module L) ® L(j). Since x1, x2 act semisimply on
L) ® L(j), V(, j) is completely splittable.

(2). Assume that i # j &1 and that M is a nonzero proper submodule of V (i, j) =
ind;zz%L(i) ®L(j).Observethat V(i, j)) = 1@ (L) ® L)) ®s1 @ (L3E)®L(j)) as
vector spaces. Without loss of generality, we can assume M contains a nonzero vector
voftheformv=1Qu+s 1 Quorv=1Qu—sy Qu forsome0Fuc L{)® L(j).
Otherwise, we can replace v by v + sjv or v — syv since either of them is nonzero.
By (3.2),

x%v =1 ®x12u + 51 ®x§u FI® (x1(1 —cie)+ (1 — clcz)xz)u
=1®qOutqg(H)s1 @uF 1 (x1(1 —c1c2) + (1 — cre2)x2)u.

This together with (xl2 —¢q(j))v € M shows that

18 ((q) = g()u (311 = c1e2) + (1 = cre)wr)u) € M.

Since 1 ® ((q(@) —q(j)u £ (x1(1 —cre2) + (1 —cre)xp)u) € L(E) ® L(j) and M
is a proper $5-submodule of V (i, j), we have

(q(@) —q(j)ux[x1(1 —cicp) + (1 —crea)x2]u=0

and therefore
(@) —q())*u=(x1(1 —crc2) + (1 — cre2)x2)u.
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This together with (x1 (1 — cjc2) + (1 — c1c2)x2)?u = 2(x? + x3)u shows that

2(q() +9()) = (g() — g ().

This contradicts the assumption i  j + 1 and hence V (i, j) is irreducible.
Note thatif i # j, then V (i, j) has two weights, that is, (i, j) and (j, i). By Propo-

sition 3.6, we see that resg% V (i, j) is semisimple and is isomorphic to the direct sum
of L({) ® L(j) and L(j) ® L(i). This means

. . D5y~ . .
HOmpzc (L@G)® L)), resPZEV(l, N=E End'pzt (LG) ®L(j)).
By Frobenius reciprocity we obtain
Ly~ . . D5, ~ . .
Endg¢ (V (7, j)) =Homps (L) ® L(j), resPEV(z, J)) =Endpe (L) ® L(j)).

Hence V (i, j) has the same type as the P;-module L(i) ® L(j).
Now suppose i = j. This implies that (i, i) is a weight of V (i, i) and hence V (i, i)

is not completely sphttable by Lemma 3.4. By Proposition 3.6, res V(z i) is not
semisimple. Note that resp <V (i, i) has two composition factors and both of them are
isomorphic to L (i) ® L(i). Therefore the socle of resPZ% V (i, i) is simple and isomor-
phicto L(i)® L(i). Hence HOl’n'pzf (LG)®L®I), resgzé V{i,i)= Endpzc (LGY®L®I)).
By Frobenius reciprocity we obtain

Endﬁ <(V(i, 1)) —Hompc(L(l)®L(l) resp V@, l))_Endpc(L(l)®L(l))

Hence V (i, i) has the same type as the P2 -module L(i) ® L(i).
(3). Suppose M E Rep; 5 is irreducible, then there exist i, j € I such that

LG ®L(j) < res M By Frobenius reciprocity M is an irreducible quotient of
the induced module mchL(i) ®L(j). Ifi #j+£1, then M = ind 2L(z) ® L(j)
2

since indg%L(l’ ) ® L(j) is irreducible by (2); otherwise using the fact that & :‘1 =1on
2
L(i) ® L(j) one can show that the vector space

L:=span{siQu—1® Eju|ueL@i)®L(}
is a $5-submodule of indgfL(i) ® L(j) and it is isomorphic to V (j,i). It is easy
2

to check the quotient ind;z%L(i) ® L(j)/L is isomorphic to V (i, j). Hence M =
2
Vi, j). O

Observe from the proof above that if i # j, j & 1 then the completely splittable
$5-module V (i, j) has two weights (i, j) and (j,7) and moreover s; — & gives a
bijection between the associated weight spaces. This together with Corollary 3.8 and
Proposition 3.9 leads to the following.
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Corollary 3.10 Let M € Repy ;, be irreducible completely splittable. Suppose 0 #
v € M, for somei = (iy,...,i,) €I". The following holds for 1 <k <n — 1.

() Ifix =ig+1 £ 1, then spv = Egv.
Q) If iy #iky1 £ 1, then 0 # (s — Ep)v € My,.; and hence sy - i is a weight of M.

Definition 3.11 Let i € I". For 1 <k <n — 1, the simple transposition s, is called
admissible with respect to i if iy #ip41 £ 1.

Let W($);) be the set of weights i € I" of irreducible completely splittable §); -
modules. By Corollary 3.10, if i € W($);) and s; is admissible with respect to i,
then s¢ - i € W($);); moreover i and s; - i must occur as weights in an irreducible
completely splittable §¢ -module simultaneously.

Lemma 3.12 Leti € W(9;,). Suppose that iy = ix42 for some 1 <k <n —2.

(D) If p=0,then iy =ify2=0,ix41 = 1.
(2) If p = 3, then either iy = if42=0,i41 =1 0orif =if42 = pT_S, lkt1 = pT_l

Proof Suppose i occurs in the irreducible completely splittable $);-module M and
ix =ipqn for some 1 <k <n — 2. If iy #ir41 £ 1, then s - i is a weight of M
with the form (--- , u, u, - --) by Corollary 3.10. This contradicts Lemma 3.4. Hence
ix =ir+1 £ 1. This together with Corollary 3.10 shows that sy = E; and sg+1 = Ex41
on M; and by (2.8) we have

SkSk+15k — Sk+15kSk+1
B 1
T a=bb-a)a—-0b)
1

ta—hb-—aa—b crepa (W — xk42) (6x7 | — 2xkxk2)  (B.7)

(xx + Xk+2)(6x1%+] + 2xpXk42)

on M;, where a = q(ix) = q(ix42) and b = g (ix11). This implies that for z € M;,

Otk + Xk42) (631 + 2XkXk12)Z + ka2 (i — Xk2) (67 — 2xkXk42)Z = 0.
(3.8)

On M;, xi, xi42 act semisimply and x,%,x,ir2 act as scalars ¢ (ix), g (ix+2). Hence
M; admits a decomposition M; = Ny © N3, where Ny = {z € M; | x3z2 = xp422 =

j::/q(ik)z} and Ny = {z € M; | xxz = —xx422 = £4/q(ix)z}. Applying the iden-
tity (3.8) to N1 and N;, we obtain

2v/q (i) (64 (ik+1) + 24 (i) = 0. (3.9)

By the fact that ix4| = iy &= 1, and the definition of ¢ (ix) and ¢ (ix+1), one can check
that (3.9) is equivalent to the following

k1 =ik — 1, Viklix + 1D @ix —2)ix =0 (3.10)
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or
ik+1 =ik +1, igGx+1D@ix +6)(ix +1)=0. (3.11)

(1).If p =0, since i, i+ are nonnegative there is no solution for the equation (3.10)
and the solution of (3.11) is ix =0, iz = 1.

(2).If p = 3, since 1 < iy, igy1 < pT% there is no solution for the equation (3.10) and
the solutions of (3.11) are iy =0, ix41 =1 ori; = pT—3 ik41 = pT_l O

Lemma 3.13 Leti € W(9)}). Suppose iy =i for some 1 <k <l <n.Thenir+1¢
{ik1s oo s ir—1}.

Proof Suppose iy = i; = u for some 1 < k <[ < n. Without loss of generality, we
can assume u ¢ {ixy1,...,0—1}. f u =0, then 1 € {if41,...,i1—1}; otherwise we
can apply admissible transpositions to i to obtain an element in W($);,) of the form
(---,0,0,---), which contradicts Lemma 3.4.

Now assume u > 1 and u + 1 ¢ {ix41,...,i;—1}. If u — 1 does not appear between
ix+1 and i;_1 in i, then we can apply admissible transpositions to i to obtain an ele-
ment in W($;,) of the form (---,u,u, ---), which contradicts Lemma 3.4. If u — 1
appears only once between i;1 and i;_1 in i, then we can apply admissible transpo-
sitions to i to obtain an element in W ($);) of the form (--- ,u,u — 1, u, ---), which
contradicts Lemma 3.12. Hence u — 1 appears at least twice between iy and ij_|
in 7. This implies that there exist k < k; <[ <[ such that

i, =iy =u—1,{u,u =1}y {ig,41,..., i1} =9.
An identical argument shows that there exist k; < k» < [y <[ such that
iy =1, =u—2,{u,u—1,u =2} N {iky41,...,ip-1} =19.
Continuing in this way, we obtain k < s <t <[ such that
is=i;=0,{u,u—1,...,,0} N {is41,..., -1} =0,
which is impossible as shown at the beginning. g

Proposition 3.14 Leti € W($;,). Then

(1) ix #iky1foralll <k <n—1.
) If p>3, then pT_l appears at most once in i.

3) Ifixr=i;=0forsome 1 <k <l <n,then 1€ {ixs1,...,i-1}.
@D If p=0and iy =i > 1 for some 1 <k <l <n, then {iy — 1,ir + 1} C
{ik+1, -5 i1}

S) If p=3and iy =i; > 1 for some 1 <k <1 <n, then either of the following
holds:
(@ {ix = Lk + 1} S {ikg1, - i—1h
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(b) there exists a sequence of integers k <rg <ry < --- < rp3 < g <
2

<<ty <ty <lsuchthatiy =L5" i, =i, =iy + j and it +

. L. . p—3 .
does not appear between ir; and iy; in i for each 0 < j < 5= — iy.

tp-3 . .
=ik /

Proof (1). It follows from Lemma 3.4.

2).If pT_l appears more than once in i, then it follows from Lemma 3.13 that pTH
appears in { which is impossible since pTH ¢ 1.

(3). It follows from Lemma 3.13.

(4). Now suppose p =0and iy =i; =u > 1 for some 1 <k <[ <n. Without loss
of generality, we can assume u ¢ {if4+1,...,1;—1}. By Lemma 3.13 we have u + 1 €
{ix+1,...,i7—1} and hence it suffices to show u — 1 € {ix+1,...,i;—1}. Now assume
u—1¢{ixs1,...,i—1}. Then u 4+ 1 must appear in the subsequence (ix+1,...,i1—1)
at least twice, otherwise we can apply admissible transpositions to i to obtain an
element in W (%) of the form (---,u,u + 1, u---) which contradicts Lemma 3.12.
Hence there exist k < ki < I; <[ such that

ix, =i, =u+1, u+ 1doesnot appear between iy, and i;, ini.

Since u & {ix41,-..,i—1} 2 {ix;+1, ..., i;,—1}, a similar argument gives kp, [, with
k1 < ky < Iy < such that

ir, =i, =u+2, u+ 2 does not appear between iy, and i;, ini.

Continuing in this way we see that any integer greater than u will appear in the

subsequence (ix+1, ..., i;—1) wWhich is impossible. Hence u — 1 € {ig41,...,ij—1}.
(5).Suppose p>3and 1 <iy =ij=u < pT%forsomelgk<l§nandu—l¢
{ix+1,...,i1—1}. Clearly there exist k <rg < fo <[ such that
iro = ilQ =u,u ¢ {ir0+], KR} if()*l}'

An identical argument used for proving (2) shows that there exists a sequence of
integers
k<ro<ri<---<rps3 <tp3 <---<tj<tg=<l
TTow Ty

such that
ri=ti=u+j, {u,u+1,...,u+j}ﬂ{i,j+1,...,i,j_1}:(/)

for each 0 < j < pT_3 — u. Since i’P_—3_u = it”—‘3—u - /’;3’ by Lemma 3.13 there
exists r¥7u<q<tp%37u suchthatiqzl’__l. 0

[ ]

4 Classification of irreducible completely splittable 53, -modules

In this section, we shall give an explicit construction and a classification of irreducible
completely splittable £ -modules.
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Recall that for i € 1" and 1 < k <n — 1, the simple transposition s; is said to
be admissible with respect to i if iy # ix4+1 £ 1. Define an equivalence relation ~
on I" by declaring that i ~ j if there exist sg,, ..., Sk, for some ¢t € Z; such that
j = (sg, -+ -5k, - i and s, is admissible with respect to (sg,_, -+~ sk, ) -i for 1 <1 <t.

Denote by W’'($5) the set of i € I" satisfying the properties (3), (4) and (5) in
Proposition 3.14. Observe that if i € W/($)%) and s; is admissible with respect to i,
then the properties in Proposition 3.14 hold for s - i and hence si -i € W/(9)5). This
means there is an equivalence relation denoted by ~ on W'($)!) inherited from the
equivalence relation ~ on I". For each i € W’ (), set

P ={t = sy, -+ 5k, | s, 1s admissible with respect to

Skp_y Sk L 1 SISt 1 € Z4 ) 4.1
Lemma 4.1 Let A € W' ($)f)/ ~ and i € A. Then the map
p: P> AtH>T-0
is bijective.

Proof By the definitions of P; and the equivalence relation ~ on W’(f_),‘l), one can
check that ¢ is surjective. Note that if 7,0 € P; then o lr e P;. Therefore, to check
the injectivity of ¢, it suffices to show that for T € P; if t-i =i then T = 1. Associated
to each j € W/(9%), there exists a unique table I'(j) whose ath column consists of all
numbers k with ji = a and is increasing for each a € I. Since j € W/ (95), jk # jk+1
and hence k and k + 1 are in different columns in I'(j) for each 1 <k <n — 1. This
means each simple transposition s; can naturally act on the table I'(j) by switching
k and k + 1 to obtain a new table denoted by sy - I'(j). It is clear that

sk-T()=T(x-j), 1<k<n—1 (4.2)

Since T € P;, we can write T = Sk, Sk,_, - - - Sk, SO that s, is admissible with respect
to sk, - Sk, - i for each 1 < <t. Observe that sy, , ---s, - L € W($5) and hence
there exists a table I"(sg,_, - - - Sk, - i) as defined above for 1 </ <t. By (4.2) we have

Sy T CSkg_y + oo 8ky 1) =T (S8, - Sky - 1)
for 1 <l <t. This implies
T-T@) =sk s, - T@O=TCsx 5%, - D =T(0).
Therefore 7 = 1. O

Before stating the main theorem of this section, we need the following two
lemmas. Let M € Rep; ), be irreducible completely splittable and suppose M; #
0 for some i = (i1,...,i,) € I". Recall the linear operators 8y and £ on M;
from (3.5) and (3.6). If s; is admissible with respect to i, then iy # ix4+1 = 1 and
hence 2(q(ix) + q(ix+1)) # (q(ix) — q(l.k+1))2. This implies that on M; the linear
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operator €2, acts as a nonzero scalar and hence is invertible. Therefore we can define
the linear map &y as follows:

O M; — M,
= (sk — )—1
z s g Z.
k k Qr

Lemma 4.2 Let M € Repy 9y, be irreducible completely splittable. Assume that
M; # 0 and that sy is admissible with respect to i for some i = (i1, ...,iy) € I"
and1 <k <n—1.Then,

(1) ® satisfies
Ppx = X1 Pi, Prxps1 = xxPi, Prxr = x; Py, (4.3)
Prck = ckp1 Pr, Brcrs1 = kP, Prer = Py, (4.4)
for 1 <l <nwith |k — 1| > 1. Hence for each z € M;, 6k(z) € My, ;.

(2) ®; =1, and hence Oy : M; — My, ; is a bijection.
3)

Q0= if|j—1>1, (4.5)
DD D=1 1D;Djy1. (4.6)

whenever both sides are well-defined.

Proof (1) Recalling the intertwining element ®; from (2.10), we see that
o) = @k% €1 %))
X — Xiey1 Sk
This together with (2.12) and (2.13) implies (4.3) and (4.4). By (4.3), we have for any
Z € M;,
(o — gl ))Prz =0, (74 — )Pz =0, (7 —q(i1) Prz =0,
foralll #k,k+ 1.

This means a;kz € M;,.;.
(2) By (2.11) and (4.7), one can check that for z € M;,

B2, _ B2
q)kZ = ch

1 1 (1 2(x,§+x,f+l)) 1
—z=\l-——F—7)=2=2.
O =X ) Oy — 50 O = x5, )2 2
Hence 5,% =1 and so Py is bijective. o
(3). If |j =] > 1 and both ®;®; and &;P; are well-defined on M;, then
by (2.12) and (4.7) we see that
DD =D !
P =@ ;P ,
T — ) )6~ )
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~ ~ 1
PP =P;P; .
R, (¥} —xle)(sz —x]2.+1)

This together with (2.14) implies (4.5). By (4.7), one can check that if both
D Py 1Py and Py O Py are well-defined on M; then

Py D1 By = C O Ppy1 By,
By 1 B Brp 1 = CDppy D Dpy1,

where C is the scalar

1 2(a+b) 2(a +c) 2(b+c)
C= 1— 1- 1—
(a—b)(a—C)(b—C)\/ (a—b)z\/ (a—C)z\/ (b—c)?

with a = q(ix), b = q(ix+1), ¢ = q(ix+2). Hence (4.6) follows from (2.14). O

Remark 4.3 Suppose that M € Repy$! is completely splittable. By Lemma 4.2, if
M; #0and j ~i,then M; #0.

Lemma 4.4 Let M € Repy 9, be irreducible completely splittable. Suppose that
M; #0 for some i € I" and v € P;. Write T = sy, - -+ Sk, So that sy, is admissible
with respect to sg,_, - -+ Sk, -1 for 1 <1 <t. Then

a;r = a;kt ~~-&\)k| ‘M; — My,

is a bijection satisfying x,@r = 61x,(k) and c,@, = 6Tc,(k) for 1 <k <n. More-
over ®; does not depend on the choice of the expression sy, - - - Sk, for .

Proof Since sy, is admissible with respect to s, , --- s, -1 for 1 <1 <t, each 61(,
is a well-defined bijection from Msk,,l sgy i 1O MS,{] sy i by Lemma 4.2 and hence @,

is bijective. By (4.5) and (4.6), @, does not depend on the choice of the expression
Sk, ++ Sk, for 7. Using (4.3) and (4.4), we obtain x; @ = @ x; k) and ¢y Pr = Dok
forl <k <n. O

Suppose i € W ($);,). Recall the definition of L(i)" from Remark 3.7 for 7 € P;.
Denote by D the Pf-module defined by

Di=@ep L) (4.8)
The following theorem is the main result of this paper.

Theorem 4.5 Suppose i, j € W'($;,). Then,

(1) DE affords an irreducible s -module via

. Erzt 4+ Quz%T, if si is admissible with respectto T - i,
Sk =9 = 1t - “4.9)

Sl 74N otherwise,
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for 1 <k <n—1,z€ L(i) and t € P;. It has the same type as the irreducible
P -module L(i).

(2) D= D’ ifand only if i ~ j.

(3) Every irreducible completely splittable 9y -module in Repy 9y, is isomorphic to
Dt for some i € W' (95). Hence the equivalence classes W'($)5,)/ ~ parametrize
irreducible completely splittable 9;,-modules in the category Repy $;,.

Proof (1). To show the formula (4.9) defines a $), -module structure on DE, we need
to check the defining relations (2.2), (2.5), (2.6) and (2.7) on L(i)* for each t € P;.
One can show using (2.8) that

Erxr — Xk+1Ex = —(1 + ckCr1)- (4.10)

Forl<k<n-—1, (.Xt—l(k)Z)skr = Xk4+12°*" by Remark 2.5 and hence if s; is admis-
sible with respect to 7 - i, then

Skxkz" = sk (Xp-1 4y 2)"

= Ek(.x.r—l(k)Z)T + Qk(xr—l(k)Z)skT

Brxzt + Xk Q2T
-~ ~ T ~ T T
= (Exxx — X1 80)2" + xk41(Brz™ + 2°7)

—(I+ ckek+1)z" + xk41562° by (4.10).

Otherwise we have
Skxkz’ = sk (-1 49 2)" = Bk (nez")
= (Bixk — X1 E1)2" + X1 Bx 2"
= —(1 4+ cxcry1)z" + xkr1562° by (4.10).
Therefore (2.5) holds. It is routine to check (2.6) and (2.7).
It remains to prove (2.2). It is clear by (2.6) that sxs; = sysp if |I — k| > 1, so it

suffices to prove s,% =1 and sgSk415k = Sk+15kSk+1. For the remaining of the proof,
letus fix 7 € P; and set j = 7 - i. One can check using (2.8) and (4.9) that

2 ¢ (E% + Q%)zf, if s; is admissible with respectto j =1 - i
Sizt =19 . ) =
k a,%zf , otherwise.

Hence if s is admissible with respect to j =7 - I, then

2.1

2(x2 +x2. ) 2(x2 +x2, )
ezt =B + Qi = (—k b )z’ + (1 — Sk Skl )z’ =z".

(7 — 2,2 O = x¢4)°

Otherwise we have jx = jk41 & 1. This implies 2(q(ix) + q(Gik+1)) = (qUix) —
¢ (jk+1))? and hence

r_ 2(q(ik) +q(kr1)) _
(qG) — qGik1))?

2
K=

]

2
S k<
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Therefore s,% =1on Difor1 <k <n—1.Nextwe shall PIOVe SkSk+1Sk = Sk-+15kSk+1
for 1 <k <n—2.Sets;=s; — B¢ for 1 <k <n — 1.1tis clear by (4.9) that

Qrz**T, if s is admissible with respectto j =1 -,

-~ T
Sk = .
k { 0, otherwise.

If jk — jke1 = £1, Jjeg1 — Jjk+2 = £1 or ji — jeg2 = £1, then §Sp415k = 0=
Sk+1SkSk+1 on L(i)"; otherwise, one can show using (3.6) that

s ?zf—( 1_2(a+b) 1_2(b—i—c) 1—2(a+c))zf—'§ $Fa et
kSk+15k2" = @ — b2 b—0? @02/ T SIS

for any z € L (i), where a = q(ji), b = q(jk+1), ¢ = q(jk+2). Hence
SkSka15k2" =Skq1SkSka12", forany z € L(i), 1 <k <n —2. 4.11)

acts as the nonzero

Fix 1 <k <n—2.1f je # jit2. then L

Xk *x1%+1 )(Xf*xéz)(xkzﬂ *x1\2f+2)
scalar m on L(i)T. Recalling the intertwining elements @ from (2.10),
we see that

1
Sk =Pk a5
|

This together with (2.14) shows that for any z € L(i),

1 T

—— o~ 1
SkSk+15k2” = Pk Ppp1 Pk —5—— T3 3 7%
(O = X ) O = Xjg0) (g — Xieqn)

)

and
l T

zZ .
2 2 2 2 2 2
(X = X ) O = X)) (g — Xigo)

Sk 1SkSk12" = Ppp1 P Py

Hence by (4.11) we see that for any z € L(i),
1

Z
2_ 2 ) 2 2
(X = X ) (e = X)) (K — Xigo)

(P Prq1 P — Pt 1 P Prt1) T=0,

A tedious calculation shows that
D i1 Pk — P11 P Pic+-1
2 2 2 2 2 2
= (SkSk+1Sk — Sk+15kSk+1) (X — xk+1)(xk - xk+2)(xk+1 - xk+2).
Therefore we obtain that if ji # jry2 then

SkSk4185k2" = Sk 15kSk+12",  forany z € L().

Now assume ji

Jk+2, then by Lemma 3.12 we have either jy = jir42 =0, jrt1 =1
. . 3
Or Jk = Jk+2 =

s kel = pT_l. Hence s; = B¢ and sg1 = B¢ on L(i)T. We see

"’s
()
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from the proof of Lemma 3.12 that s Sk415k = Sk+1SkSk+1. Therefore Dt affords a
$,-module by the formula (4.9).

Suppose N is a nonzero irreducible submodule of D%, then N j # 0 for some
j € I". This implies (Di)j # 0 and hence j ~i. Since 7 -i ~i ~ j, by Remark 4.3
we see that N;; # 0 for all T € P;. Observe that (Di),.i = L(t -i) isirreducible as a
Ps-module for T € P;. Therefore N;.; = (DL)T.i for T € P; and hence N = DE. This
means D! is irreducible.

We shall show that D has the same type as L(i). Suppose ¥ € Endge (DY). Note
that for each T € P; and 1 <k <n — 1, if s is admissible with respect to 7 - i, then
for any z € L(i),

QW (zH7) = W(z™") = W(skz" — Biz") = sk W (@) — Ex W ().  (4.12)

Since sy is admissible with respect to j := 1 - i, jk # jk+1 £ 1 and hence € acts as
a nonzero scalar on L(i)%7. By (4.12) we see that W(z%7) is uniquely determined
by W(z") for any T € P;. Since each 7 can be written as T = sy, - - - 5, so that s, is
admissible with respect to si,_, - - - sk, - i, we deduce W (z") is uniquely determined
by W(z) for any z € L(i). Therefore W is uniquely determined by its restriction to
the Pf-submodule L(i). Clearly the image of restriction of W to L(i) is contained in
L(i) by Lemma 4.1. This implies

dimg Endgy¢ (DY) < dimg Endpe (L(0)). (4.13)

One the other hand, it is routine to check that ez}ch P,fjendomorphism p: LG —
L(i) induces a $);-endomorphism @.cp,p* : D- — D~ where p*(z%) = (p(2))".
Therefore )

dimp Endgs (D) > dimg Endpe (L(0)).

This together with (4.13) shows dimp Endg¢ (DY = dimp Endpe (L (1)) and hence
Dt has the same type as Pr-module L().

(2).If DL DY, then (DY j #0andhence i ~ j. Conversely, by Lemma 4.1, there
exists o € P; such that j = o -i. By Remark 2.5, we have L(j) = L(i)° and hence
there exists a linear map ¢ : L(j) — L(i) such that the map L(j) — L)%, u >
(¢(u))° is a Pf-isomorphism. For each 7 € P;, set a

" L(j)T — LD
u” = (P ).
It is routine to check that
®rep,¢” 1 DL — Dt

is a nonzero §);,-homomorphism. This means DL = D/ since both of them are irre-
ducible.

(3). Suppose M € Repy $;, is irreducible completely splittable with M; # 0 for
some i € I". By Proposition 3.6, there exists a Py -isomorphism v : M; — L(i). By
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Lemma 4.4, for each T € P;, there exists a bijection 5, :M; — M. ;. Nowfort € P,
define

YT L) — My, 2F - O (Y(2)).

By Lemma 4.4, the bijection 61 satisfies 6Txk = xr(k)af, afck = cr(k)af for1 <
k <n.Henceforze L(i),t€ Piand 1 <k <n,

YTz = YT (-1 2)T) = Br (Y (X1 42))
= O (-1 )V (2) = Xk P (¥ (2) = X, YT (20).

Similarly one can show that ¥7 (cxz%) = cx ¥ ¥ (z7). Therefore " is a P, -homomor-
phism. By Proposition 3.14 we have W($){) € W/($)5) and hence i € W' ($){). By the
fact that ¥* is a Pf-module homomorphism for each 7 € P;, one can easily check
that

@rep " DL— M

is a 9 -module isomorphism.

Remark 4.6 Observe that Theorem 4.5 confirms a slightly modified version of [10,
Conjecture 52]. Leclerc defined a completely splittable representation to be one on
which the x,f, 1 <k <n act semisimply.

g

By Proposition 3.14 we have W ($%) € W' (HS). By Theorem 4.5 we obtain the
following.

Corollary 4.7 We have W (%) = W/(9?).

5 A diagrammatic classification

In this section, we shall give a reinterpretation of irreducible completely splittable
%5 -modules in terms of Young diagrams.

Let A = (A1, ..., A7) be a partition of the integer |A| = A1 + --- + A;, where A >
---> A7 > 1. Denote by /(1) the number of nonzero parts in A. It is known that the
partition A can be drawn as Young diagrams.

A strict partition A (i.e. with distinct parts) can be identified with the shifted Young
diagram which is obtained from the ordinary Young diagram by shifting the kth row
to the right by k — 1 squares, for all k > 1. For example, let > = (4, 2, 1), the corre-
sponding shifted Young diagram is

From now on, we shall always identify strict partitions with their shifted Young
diagrams. If A and u are strict partitions such that u; < Ay for all k, we write u C A.
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A skew shifted Young diagram A /i is defined to be the diagram obtained by removing
the shifted Young diagram p from A for some strict partitions u € A (see examples
below). Note that any skew shifted Young diagram is a union of connected compo-
nents. Moreover, different pairs of strict partitions may give an identical skew shifted
Young diagram.

A placed skew shifted Young diagram (c, )./) consists of a skew shifted Young
diagram A/u and a content function c : {boxes of A/} —> Z which is increasing
from southwest to northeast in each connected component of A/u and satisfies the
following:

(1) ¢(A) =c(B), if and only if A and B are on the same diagonal,
(2) ¢(A) =c(B)+ 1,if and only if A and B are on the adjacent diagonals,

A

and there is no box below A.

(3) c(A) =0, if the box A is located in A/u as
A standard tableau of the shape A/ is a labeling of the skew shifted Young diagram
A/ with the numbers 1, 2, ..., |A| — || such that the numbers strictly increase from
left to right along each row and down each column. If T is a tableau of the shape
A/, denote by T (k) the box of A/ labeled by kin T for 1 <k < |A| — |u].

Example 5.1 Let A = (9,8,5,2,1) and = (7, 5,4). The skew shifted Young dia-
gram A/u is as follows:

A standard tableau T of shape A/u:

13]6

A placed skew shifted Young diagram (c, A/u):

7
6

~J |00

[0]1

satisfying (c(T(1)),...,¢(T(9)))=(7,5,0,4,6,1,8,7,0).
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Remark 5.2 For each shifted Young diagram A, there exists one and only one content
function ¢, defined by setting the contents of boxes on the first diagonal to be 0.
Moreover, each placed skew shifted Young diagram can be obtained by removing
a shifted Young diagram p associated with ¢, from the shifted Young diagram A
associated with ¢, for some strict partitions p C A.

If we modify the definition of placed skew shifted Young diagram by allowing
non-integer contents and by adding that the difference between contents of two boxes
is an integer if and only if they belong to the same connected component, then
placed skew shifted Young diagrams may be used for the study of “non-integral”
$;,-modules.

For each n € Z., denote by PS(n) the set of placed skew shifted Young diagrams
with n boxes and set

Am) :={((c,/u), T) | (c,r/n) € PS(n), T is a standard tableau of shape A/u}.
For each ((¢, A/u), T) € A(n), define

F(le,M/w), T) :=(c(T(1)),...,c(T(n))). 5.1)

A vector i € Z" is said to be splittable if it satisfies that if iy = i; = u for some 1 <
k <l <n then u =0 implies 1 € {ix+1,...,i;—1} and u > 1 implies {ix — 1,i; + 1}
C {ik+1,.-.,i—1}. Denote by V(n) the subset of I" consisting of splittable vectors.

Lemma 5.3 The map F in (5.1) sends A(n) to V(n).

Proof Suppose ((c, A/u), T) € A(n), we need to show that (c(T'(1)), ..., c(T (n)))
is splittable. Suppose c¢(T (k)) = c¢(T (1)) = u for some 1 < k <[ < n. Without loss of
generality, we can assume that u ¢ {c(T (k 4+ 1)), ...,c(T( — 1))}. This means that
there is a configuration in 7 of the form

1]

Since (c, 1/w) is a placed skew shifted Young diagram and 7 is standard, there exists
a box labeled by j located in T as in the configuration

k]
4]

for some k < j <[ and moreover ¢(T (j)) =u + 1. If u = 0, then there is no box be-
low the box labeled by k and ¢(7T'(j)) = 1. This implies 1 € {c(T (k+1)),...,c(T (I —
1))}. If u > 1, then there is a box labeled by ¢ below the box labeled by k and
c(T(t)) =u — 1, thatis, T contains the following configuration

k|s
t|l
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for some k < s # t < I. This implies that {u — 1,u + 1} C {c(T(k + 1)),...,
c(T( —1))}. Hence (c(T(1)),...,c(T(n))) € V(n). O

Given i € V(n), by induction on n we can produce a pair G(i) = ((c,A/n), T) €
A(n) satisfying c(T (k)) = iy for 1 <k <n.If n =1, let G(i) be a box labeled by
1 with content ;. Assume inductively that G(i') = ((¢/, A /u), T') € A(n — 1) is
already defined, where i’ = (i1, ...,i,—1) € V(n — 1). Set u = i,.

Case 1: (c’,\'/u’) contains neither a box with content u — 1 nor a box with content
u + 1. Adding a new component consisting of one box labeled by n with content u
to 7', we obtain a new placed skew shifted Young diagram (c, A/u) and a standard
tableau T of shape A /. Set G(i) = ((¢c, A/u), T).

Case 2: (c’, M /i) contains boxes with content u — 1 but no box with content u + 1.
This implies u 4+ 1 ¢ {i1, ..., i,}. Since (i1, ..., i,) is splittable, u does not appear in
i’ and hence u — 1 appears only once in i’ by Lemma 3.13. Therefore there is no box
of content u# and only one box denoted by A with content u — 1 in ((¢/, A'/u'), T').
So we can add a new box labeled by n with content u to the right of A to obtain
a new tableau T of shape (¢, A/u). Set G(i) = ((c, A/u), T). Observe that there is
no box above A in the column containing A since there is no box of content u in
(', M /u), T"). Hence G(i) € A(n).

Case 3: (c’, M /i) contains boxes with content u + 1 but no box with content u — 1.
This implies u — 1 ¢ {iq, ..., i,}. Since (i, ..., i,) is splittable, # does not appear in
i’ and hence u + 1 appears only once in i’ by Lemma 3.13. Therefore ((¢/, A’ /u), T')
contains only one box denoted by B with content # + 1 and no box with content u.
This means there is no box below B in ((¢/,A'/u’), T’). Adding a new box labeled
by n with content u below B, we obtain a new tableau T of shape (¢, A/u). Set
G(i) = ((c.A/w), T). Clearly G(i) € A(n).

Case 4: (c/, )’ /i/) contains boxes with contents # — 1 and u + 1. Let C and D be
the last boxes on the diagonals with content # — 1 and u + 1, respectively. Suppose
C is labeled by s and D is labeled by ¢. Then iy =u — 1,i; = u + 1 and moreover
u—1¢{is+1,.. . in—1},u+1¢{is+1,...,in—1}. Since i, = u, by Lemma 3.13 we
see that u ¢ {i;41,...,in—1} and u ¢ {isz41,...,iy,—1}. This implies that there is no
box below C and no box to the right of D in ((¢/, A'/u’), T”). Moreover C and D
must be of the following shape

D)

Add a new box labeled by n to the right of D and below C to obtain a new tableau T’
of shape (¢, A/p). Set G(i) = ((¢, A/p), T). Itis clear that G(i) € A(n).
Therefore we obtain a map

G:V(n) — A®n) (5.2)

satisfying i = (c(T (1)), ..., c(T(n))) if G(i) = ((c, A/w), T). In this case, we will
say that G(i) affords the placed skew shifted Young diagram (c, A /).
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Example 5.4 Suppose n = 5. The map G maps the splittable vectori = (1,2,0,1,0) €
V(5) to the pair ((c, A/n), T) € A(5) with

12 12
(C?)"//“L): 0 ]., T= 3 4
0] 5]

Proposition 5.5 The map G in (5.2) is a bijection from V (n) to A(n) with inverse F.

Proof 1t is clear that F o G(i) =i for any i € V(n) by (5.2). It remains to prove that
GoF((c,A/n), T)=((c,r/), T) for any ((c, A), T) € A(n). We shall proceed by
induction on n. Denote by A the box labeled by » in 7. Removing A from (c, A/u)
and T, we obtain a new pair ((¢’, A’ /u’), T") € A(n — 1). By induction we see that

GoF(((c, A /), T)) = (¢, A/u), T).

This means G((c(T(1)),...,c(T(n —1)))) = ((c’, ' /u'), T'). By adding a box de-
noted by B labeled by n with content c(T (n)) to ((¢, A /'), T') by the procedure
for defining G, we obtain G((c(T(1)),...,c(T (n)))). One can check case by case
that B coincides with A and hence G((c(T (1)), ...,c(T (n)))) = ((¢, A/w), T). This
means G o F((c, A/u), T) =G((c(T (1)), ...,c(T(n)))) = ((c, A/pn), T). O

Lemma 5.6 Suppose i, j € V(n). Then i~ j if and only if G(i) and G(j) afford the
same placed skew shifted Young diagram.

Proof Suppose that G(i) and G(j) afford the same placed skew shifted Young
diagram (c,A/p). This means that there exist standard tableaux T and S of
shape A/u such that (iy,...,i,) = (c(T(1)),...,c(T(n))) and (ji,..., jn) =
(c(S(1)),...,c(S(n))). We shall prove i ~ j by induction on n. Let Tj be the tableau
of shape A/ obtained by filling in the numbers 1, ..., n from left to right along the
rows, starting from the first row and going down. Clearly Ty is standard and hence
we have (c(Tp(1)),...,c(To(n))) € V(n) by Lemma 5.3. Let A be the last box of
the last row of A/u. Then in Tp, A is occupied by n. Suppose in T, A is occupied
by the number k. Clearly k 4+ 1 and k do not lie on adjacent diagonals in 7', hence
the transposition sy is admissible with respect to i. So we can apply sx to swap k and
k41, then to swap k + 1 and k + 2, and finally we obtain a new standard tableau 77 in
which A is occupied by n and moreover i ~ (c(T1(1)), ..., c(T1(n))). Observe that A
is occupied by n in both 77 and Ty. Hence both G((c(7T1(1)), ..., c(T1(n — 1)))) and
G((c(Tp(1)), ..., c(To(n — 1)))) contains the placed skew shifted Young diagram ob-
tained by removing A from (c, A/u). By induction we have (c(71(1)),...,c(T1(n —
1))) is equivalent to (c(Tp(1)), ..., c(To(n —1))) and then (c(T1 (1)), ..., c(T1(n))) ~
(c(To(1)), ..., c(To(n))). Therefore we obtain i ~ (c(Tp(1)),...,c(Ty(n))). Simi-
larly, we can apply the above argument to P to obtain j ~ (c(To(1)), ..., c(To(n))).
Hence i ~ . B

Conversgly, it suffices to check the case when j = s; - i, where s; is admis-
sible with respect to i for some 1 <k <n — 1. “This is reduced to show that
G((i1y.neyig—1,ik,ik+1)) and G((i1, ..., ik—1, ik+1, ix)) afford the same placed skew
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shifted Young diagram. Suppose G((if, ..., ix—1)) affords the placed skew shifted
Young diagram (c, A/u). Since s; is admissible with respect to i, we have iy #
ix+1 £ 1 and hence the resulting placed skew shifted Young diagram obtained by
adding two boxes with contents i, i+ in two different orders to (¢, A/u) via the
procedure for defining G are identical. i

5.1 A diagrammatic classification for p =0

In this subsection, we assume that p = 0. By Proposition 3.14, W’(ﬁ;) consists of
all splittable vectors in Z'| and hence W'($)5) = V(n). Recall the definition of $-
module D from Theorem 4.5 for i € W'($){). Suppose (¢, A/u) € PS(n), by Propo-
sition 5.5 there exists i € W/ (95) such that G(i) affords (¢, A/u). Let

D(c,»/p) = D~ (5.3)

Note that if j € W/($) satisfies that G(j) also affords (c,A/u), then i ~ j by
Lemma 5.6 and hence the $,,-module D(c, »/w) is unique (up to isomorphism) by
Theorem 4.5(2).

For (¢, A/n) € PS(n), denote by yp(c, 1/u) the number of boxes with content
zero in (¢, /) and let f*/** be the number of standard tableaux of shape A //.

The following is a Young diagrammatic reformulation of Theorem 4.5 for p = 0.

Theorem 5.7 Suppose that (c, ./u) € PS(n) and write yy = yo(c, A/ 10).

(1) D(c,A/n) is type M if yo is even and is type Q if yy is odd. Moreover,
dim D(c, »/p) = 2013 grin,

(2) The 9 -modules D(c, M/ ) for (c, 1/n) € PS(n) form a complete set of pair-
wise non-isomorphic irreducible completely splittable $);-modules in Repy $.

Proof (1) Suppose (¢, A/u) € PS(n) and G(i) affords (c, A/u) for some i € W($;).
By Proposition 5.5, we have i = (¢(T'(1)), ..., c¢(T (n))) and hence the number of 1 <
k < n with iy =0 is equal to yp. This together with Lemma 2.4 and Theorem 4.5(1)
shows that DL is type M if yg is even and is type Q if yy is odd. Denote by | P;|
the number of elements contained in P;. By Lemma 5.6, there exists a one-to-one
correspondence between the set of weights in W($),,) equivalent to i and the set of
standard tableaux of shape A/u. Hence f/H = |P;] by Lemma 4.1. This together
with Lemma 2.4 and Theorem 4.5 shows that

dim D(c, A/p) = dim DE = 2"~L3 | p,| = 2= L7 pr/m
(2) It follows from Proposition 5.5, Lemma 5.6 and Theorem 4.5. O
5.2 A diagrammatic classification for p > 3
In this subsection, we assume p > 3. Set

W) = {g € W(E) lik — 1 € {iks1. ..., ir—1} whenever

@ Springer



J Algebr Comb (2010) 32: 15-58 41

.. _p—3 .
1§1k=zl§Tw1th1§k<l§n},

_3
Wa($HE) = {z € W($E) | there exist | <k <[ <n such that 1 < iy =i, < pT,

ir—1¢ {ik+1,---,i1—1}}-

Observe that W($))) is the disjoint union of W ($){) and W>($)}). Moreover if i €
Wi (95 )andj ~i, thenj € Wr(95) for k =1,2. For each u € Zy and m > 1, let
PS,.(m) be the set of placed skew shifted Young diagrams (c, A/u) with m boxes
such that the contents of boxes of A /u are smaller than or equal to . For n € Z_, set

Ar(m) ={((c. 2/, T) | (¢, 2/ 1) € PS poi (n),
T is a standard tableau of shape A/u}.

By Lemma 3.13, we see that W(($){) € V(n).

Proposition 5.8 The restriction of the map G in (5.2) to W1(9;,) gives a bijection
g1 : Wi(9,) = Ai(n). Moreover, i ~ j € Wi($;) if and only if Gi(i) and G1(j)
afford the same placed skew shifted Young diagram.

Proof Observe that Wy ($),,) can be identified with the subset of V(n) consisting of
splittable vectors whose parts are less than or equal to £~ . Hence by Proposition 5.5,
the restriction G; of the map G establishes a bijection between Wi ($,,) and A1(n).
Now the rest of the Proposition follows from Lemma 5.6. O

For each i € W»($);,), denote by 1 <u i < pT—3 the minimal integer such that there
exist 1 <k <! <n satisfying iy =i; =u; and u; — 1 ¢ {ix41,...,i;—1}. By the defi-
nition of W>($);), we see that u; always exists.

Lemma 5.9 Leti € W2(9;,) and write u = u;.

(1) There exists a unique sequence of integers 1 <ro <ri <...<rps_ <g <
2
tp-3_, <...<t <t <n suchthat
2
; -1 . -3
@) ig =150y, =iy =u+jfor0<j<t3=,
) ig#u—1forallrg<a<ty,
(c) ibfu—lforallb;éro,rl,...,rprs_u,q,tst RSP T

—U
) LN(L’,u,u+1,...,pT_3,pT_l,pT_3,...,u+l,u,u—1,...,u—m)f0rs0me
i’ € V(n — p + 2u — m) whose parts are less than u and some 0 <m < u.

Proof (1) By Proposition 3.14, there exists a sequence of integers ro < r; < -+ <

rp3_ <q<tps_ <--- <ty <fosuchthati, = pT_l,i,. =i, =u-+j,andu+j
T*M T*M J J

does not appear between i, : and i; ; ini foreach0<j < pT—3 — u. Hence it suffices

to prove (1)(c). Assume that i, = u + k for some 0 <k < pT_3 — u and some b ¢
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{ro, ..., Fp3 o dslp=3_se-es fo}. Since u + k does not appear between i, and iy,
2 2
we see that either b < ri or b > ;. Now assume b < rg. Since i, =u + k =iy,
by Lemma 3.13 there exists by with b < by < r, and i, = u + k + 1. Again since
ipy =u+k+1=i,,,, using Lemma 3.13 there exists by with by < by < rry1 such
that i, = u + k + 2. Continuing in this way, we finally obtain an integer f satisfying
. -3 -1 . .
f< Fp3 and iy = 5=, By Lemma 3.13, £5— appears between i ; and l’#, .

So ”T_l appears at least twice in i since iy = ”T_3 and g >rp-s_ . This contradicts
Proposition 3.14. An identical argument holds for the case when b > #;. Therefore
ip<u-—1 f0ra11b¢{ro,...,r#_u,q,t#_u,...,to}.

(2) As shown in (1), there exists a sequence of integers ro <ry <...<rp-3_ <
1

2
q<tps_, <...<t <tosuchthati, = 5= i, =i;j=u+jforO§j§pT_3.
If u — 1 does not appear after i;, in i, then i; < u — 2 for all a € {ro,ro +
1,...,n}\ {”07717-~-a”PT—3,uv‘1J%,uw-wtO} by (1)(c). By applying admissi-

ble transpositions we can swap i with i; in i for all k € {ro,ro + 1,...,n}\
{r(),r],...,rpT—S_u,q,tpT%_u,...,to} and [ € {ro,rl,...,r#_u,q,tpT—S_”,...,to}.
Finally we obtain an element of the form (...,u,u +1,..., %4’ pr1, %4,...,
u+1,u).

Now assume u — 1 appears after i, in i. Since i), # u for all b > 79 by (1)(c), we
see that u — 1 appears at most once after i;, in i by Lemma 3.13. Therefore there
exists a unique /; > fo such that i;, =u — 1. If u — 2 does not appear after i;, then
ic <u—3foralla e {r(),r0+1,...,n}\{ro,rl,...,rprg_u,q,tpTiz_u,...,to,ll}by
(1)(c). Hence we can apply admissible transpositions to i to obtain an element of the
form (...,u,u41,..., 22, 220 223w 1w u - 1),

Now assume u — 2 appears after i;, . Since u — 1 appears only once with i, =u —1
after iy, in i, we see that i, #u — 1 for all b > [; and hence u — 2 appears at most
once after i;, in i by Lemma 3.13. This means there exists a unique /> > [ such that
i, = u — 2. By repeating the above process, we atrive at the claim in (2). g

By Lemma 5.9, for i € W»()}), there exists a unique Vectorz as follows

~ ~ ~ o~ -~
l

= i1y rirgseerirgsenerdgeeeesdtys e dtgs rerin), (5.4)

which is obtained by removing i,,, ..., z,p;}_u_ N ) from i.
2 L 2

ML

Lemma 5.10 The following holds for i, JEW2 $5).

(1) Zhas a unique part equal to u; and all other parts are less than u,;.
2 Zis splittable.

@) i~jifi~j.

Proof (1). It follows from the definition of z
(2). Suppose i € Wr($;). By Lemma 5.9, there exists a unique sequence of inte-

QerSrg <r| <...<rp3_  <q<lp3 <..<l<f suchthatiqz%,ir. =
T Tou J

@ Springer



J Algebr Comb (2010) 32: 15-58 43

i,j=u+jf0r0<j<ﬁandia;éu—l,ibﬁu—lforallrofaftoand
b;éro,rl,...,rp_a w4 t,m TR S PR Assume iy =i = v for some k <[ ¢

{ri,... r,, 3,049 tp 3y ., 1o}. To show i i is splittable, we need to show that if

v=20 then 1 appears between i and 7; in l andif ] <v<wu —1 then v — 1 and
v + 1 appear between iy and i; in z_ One can easily check the case when v = 0.
Now assume v > 1. If 1 <v < u — 1, by the choice of u there exist k < s, t <!
such that iy =v —1,i; =v+ 1. Observethatv — 1 <u —2, v+ 1 <u — 1. Hence
s, t#ry, .. r,, 3,049 tp 3y lo This means v — 1 and v + 1 appear between

i and i; in z Now assume v = u — 1. Since there are no parts equal to u before i,
and after i, in i, it follows from Lemma 3.13 that » — 1 appears at most once be-
fore i,, and after iy, in i, respectively. This together with the fact that i, # u — 1 for
ro < a < tg shows a < rg and b > ty. By the choice of u, there exists a < ¢ < b such
that i. = u — 2. This together with i,;, =u shows thatv —l=u -2 andv+1=u
appear between iy and i; in?

(2). It suffices to check the case when j =si -i € W (%,,), where s; is admissible
w1threspecttoz If{k k+130{r,....rp 2 w53 .,tl,to}—ﬂ,then]—

i.

_ Sow
Sk -1 7 and hence j J ’\’l Otherwise we see that 7 O

Suppose 1 <u < pT_3 and (c,A/u) € PS,(m) for some m € Z,. Observe that
there exists at most one box with content u in (c, A/u). Let us denote by PS} (m) C
PS, (m) the subset consisting of placed skew shifted Young diagrams which contain
a unique box of content u. Suppose (¢, A/u) € PS}(m) and let A » /w) be the unique
box of content u. Add p — 2u — 1 boxes to the right of A(c ;) in the row containing
A(c,n/w) to obtain a skew shifted Young diagram denoted by A/u. A standard tableau
of shape A/ is said to be p-standard if it satisfies that if there exists a box below
A(c,n/w then it is labeled by a number greater than the one in the last box in the row
containing A /). Forn € Z, set

As(n) = [((c, A1), S) (e, /i) € PSE(n — p+2u + 1), S is a p-standard

_ -3
tableau of shape A /u, 1 <u < pT}

Suppose i € Wa($,) and set u = u;. By Lemma 5.9, there exists a unique se-
quence of integers ro <ry; < ... < rp73 u < q < tp73 <<t <t such that

ig = pT_l, i, =iy =u+jfor0<j=< p Slnce the Vector 1 in (5.4) is split-
table, by Lemma 5.10(2) we apply the map G in (5.2) to l_ to get a placed skew
shifted Young diagram (c, A/x) and a standard tableau 7' of shape A/u whose boxes
are labeled by {1,...,n}\ {r1,..., rpT__tu, ..., 11, 1o}. By Lemma 5.10(1), we have

(c,A/n) € PS;;(n — p 4+ 2u + 1). Label the boxes in A/ on the right of A s/u)
byry,...,rp=3 Y P I SRR 1 1 () consecutively and denote the resulting tableau
2

by §. Observe that A ;) is labeled by ry and hence the row containing A ;. /) in
§ is increasing. If there exists a box denoted by B below A(c ;. then B has content
u — 1. Suppose B is labeled by e, then i, =u — 1 and e > rg. Hence e > 1y since
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ix Zu — 1 for ro < k < tg. Therefore S is p-standard. Set G>(i) := ((c, /), S).
Hence we obtain a map

G2 : Wa($,) —> Az (n). (5.5

£ G2(i) = ((c, A/ ), S), we say G2 (i) affords the placed skew shifted Young diagram
(e, A/ ).

Example 5.11 Suppose p =7 and n= 7. Note that the vector i = (1,2,0,3,2,1,0)
belongs to Wg(,‘?)%) with u; =2 and i = (1,2,0, 1,0). By Example 5.4, we see that
the map G, sends i to the pair ((c, A/u), S) with

1
(c.A/m)=|0

—

45|

o]=]w
>
~
=
Il
95
[l
w

2
6
L] 7]
On the other hand, suppose (¢, A/u) € PSi(n—p+2u+1)forl <u < PT73 and

§ is p-standard tableau of shape A/u. Assume that the boxes on the right of A ;/,)

in S are labeled by rq, ..., rp=3_,»q tp=3_ ... 1, 00 Define the contents of these
2 2

additional boxes by setting c(S(g)) = l’T_], c(S(t0)) = u and ¢(S(rj)) =u + j =
c(S(tj)) for 1 < j < 252 —u. Set

Fa((e, A /), §) :=(c(8(1)), ..., c(S(n))). (5.6)
Lemma 5.12 The map F» in (5.6) sends Ax(n) to Wa(9)5).

Proof Suppose ((c, A/), S) € Ax(n) so that (c, A/u) € PS;(n — p +2u + 1) for
1<u< pT_S. Assume that ¢(S(k)) =c(S()) =vforsome 1 <k <l <n.

If 0 <v <u—1, both boxes S(k) and S(I) belong to (c,A/un). Hence 1 €
{c(Sk+1),....,c(SC—1))}ifv=0,and {v—1,v+1} C{c(Sk+1)),...,c(SU—
N ifl<v<u-—1 Now v=u-+m for someOfmfp%—u. Sup-
pose the box A /) is labeled by rp and the boxes on its right in S are la-
beled by rl,...,r#ﬁ,q,t%_giu,...,tl,to. By the definition of F,, the boxes
S(k) and S(/) coincide with S(r,,,) and S(t,,), respectively. Therefore (c(S(k +
1)),...,c(S( — 1))) contains the subsequence (v + 1,...,”7_3,’77_1,”7_3,...,
v+ 1), and Fo((c, A/p), S) € Wa($Hy). O

Proposition 5.13 The map G, : W2(9)}) — Ax(n) is a bijection with inverse F;.

Proof 1Ttis clear that 75 0 Go (i) =i for i € W»($);,). Conversely, suppose (¢, A/1) €
PSi(n—p+2u+1)and S is a p-standard tableau of shape A/u for some 1 <u <
pT—3_ Seti =F((c,r/n), S) € Wa($;,). Denote by T the standard tableau of shape
A/u obtained by removing the p — 2u — 1 boxes on the right of A 3/ from S.
Suppose the boxes of T are labeled by [y <[l < -+ <Iy_pi2441. By the definition
of F, we have

T=((T0)), ... (T pyaur1)) = F((c, A/ 1), T).
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Therefore g@ =GoF((c, /), T) = ((c,r/un), T) by Proposition 5.5. Note that
G>(i) is obtained by adding p —2u — 1 boxes labeled by {1, .. J\{l1, ..., li—piout1}
to the right of A(¢ 5/, in T. Since T is obtained by removing the p —2u — 1 boxes on
the right of A(c x/u) from S, Go(i) = ((¢c, A/p), S) and hence G, o Fo((c, A/ 1), S) =
(e, 2/1), S). O

Lemmas.14 i~ j € Wa($;,) if and only if G2(i) and G, (/) afford the same placed

skew shifted Young diagram in PS};(n — p + 2u + 1) for some 1 <u < %73.

Proof By Lemma 5.10, if i ~ j, thenZNZ. By Lemma 5.6, Q@ and Q(Z) afford
the same skew shifted Young diagram. Hence G (i) and G5 ( J) afford the same placed

skew shifted Young diagram (¢, A/u) € PS)(n — p+2u+1) forsome 1 <u < ”T_3
Conversely, suppose G2(i) and G, (/) afford the same placed skew shifted Young

diagram (¢, A/u) € PS;(n — p+2u+1) forsome 1 <u < p Suppose there are
m boxes below A /) in (¢, A/p). By Lemma 5.9, we see that

p—3 p—1 p-3

i~ uutl, 2 2 ' 2 ou+luu—1,--,u—m),
5.7
-3 -1 -3
lw(l/’u’u_i_l’...’pz ’pz ’pz ~-~,I/[+1,M,M_1,"',u_m)-
(5.8)

for some i’, j' € V(n — p 4 2u — m). This together with Lemma 5.10 shows that

LN(L/au3u_11"'su_m)

ZN(l/sl’t’u_ls"' 9u_m)'

Observe that G @ and Q(Z) afford the placed skew shifted Young diagram (c, A/).
Therefore G(i’) and G( J ') afford the same placed skew shifted Young diagram and
hence i’ ~ j" by Lemma 5.6. This together with (5.7) and (5.8) shows that i ~ j. [

Suppose (¢, A/n) € PSp 1(n) U (U]< = 3PS (n — p + 2u + 1)). By Proposi-

tion 5.8 and Proposition 5. 13 there exists i € Wk ($,,) such that Gy (i) affords (c, A/1)
fork=1,2. Let

Dp(c,A/p) := DL, (5.9)

Note that if there exists j € W'($¢) satisfying that Gi( J) also affords (¢, A/p) for
k =1,2, then i ~ j by Proposition 5.8 and Lemma 5. 14 and hence the $;,-module
D, (c, A/u) is unique (up to isomorphism) by Theorem 4.5(2).

For (e, M/ € PS,,T_I(n) U (U15u5¥7)8;(n — p + 2u + 1)), denote by
yo(c, A/p) the number of boxes with content zero in (c,A/w). If (c,A/w) €
PS = (n), set f*" to be the number of standard tableaux of shape A/u. If
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(c,A/wn) € Ul<u<p_4738Z m—p+2u+1),let f;/“ be the number of p-standard
SU="

tableaux of shape A /.
The following is a Young diagrammatic reformulation of Theorem 4.5 for p > 3.

Theorem 5.15 Suppose (c, A/i) € PS

and write yo = yo(c, /). Then,
(1) Dp(c,A/p) is type M if yo is even and is type Q if yo is odd. More-

over if (c,A/n) € PSp-1(n), then dimD,(c,\/pn) = 2”*Ly70Jf)‘//‘; if (c,\/n) €
2
(Uyyep3PS;(n = p +2u+ D). then dim Dp(c, 1/ ) = LB pple,
(2) The $,,-modules D,(c, M/u) for (c, A/) € PS p-1 (n) U (U1<u<p;37383(n —
) SU=%3

p +2u + 1)) form a set of pairwise non-isomorphic irreducible completely splittable
9y-modules in Repy $;,.

1 (n) U (UISMS,,T__zPS;(n —p+2u+1))

r=1
2

Proof (1) By Proposition 5.8 and Proposition 5.13, the number of 1 < k < n with
ir = 0 equals to yp. Hence by Lemma 2.4 and Theorem 4.5, D, (c, A/u) is type M if
o is even and is type Q if yp is odd.

Set | P;| to be the number of elements contained in P;. If (¢, A/p) € PS p-1 (n),

. - 2

then by Proposition 5.8 there exists a one-to-one correspondence between the set of
weights in W ($);,) equivalent to i and the set of standard tableaux of shape A /u. This
implies |P;| = f*/* by Lemma 4.1. If (¢, A/u) € PSi(n — p + 2u + 1) for some
l<u< pT_3. By Lemma 5.14, there exists a one-to-one correspondence between the
set of weights in W($))) equivalent to i and the set of splittable standard tableaux of
shape A/u. This implies |P;| = f,f /n by Lemma 4.1. Now the Proposition follows
from Lemma 2.4 and Theorem 4.5.

(2) It follows from Proposition 5.8, Proposition 5.13, Lemma 5.14 and Theo-
rem 4.5(3). O

Remark 5.16 Note that for fixed p > 3, PS -1 (n) # @ if and only if n < M;’JH).
2

Moreover if n > W, then PSi(n —p+2u+1)=@ for 1 <u < PT73.

Hence there is no irreducible completely splittable supermodule in Repy $;, if n >
2rDPH for fixed p > 3.

6 Completely splittable representations of finite Hecke-Clifford algebras

Denote by C, the subalgebra of $){ generated by ci, ..., ¢,, which is known as the
Clifford algebra. The finite Hecke-Clifford algebra ), = C, x FS,, is isomorphic to
the subalgebra of $ generated by ci, ..., ¢y, 51, ..., Ss—1. The Jucys-Murphy ele-
ments L (1 <k <n) in ), are defined as

L= Y (I+cjen) k), (6.1)

1<j<k

where (jk) is the transposition exchanging j and k and keeping all others fixed.
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Definition 6.1 A ),-module is called completely splittable if the Jucys-Murphy ele-
ments Ly (1 <k <n) act semisimply.

It is well known that there exists a surjective homomorphism

F:ﬁzﬁyn

ck> e, s> s, xx—> Ly, (1<k<n,1<l<n-1)

whose kernel coincides with the ideal of §); generated by x;. Hence the category of
finite dimensional )),-modules can be identified as the category of finite dimensional
$,,-modules which are annihilated by x;. By [1, Lemma 4.4] (cf. [8, Lemma 15.1.2]),
a §;-module M belongs to the category Repy$;, if all of eigenvalues of x; on M
are of the form ¢ (i) for some 1 < j < n. Hence the category of finite dimensional
completely splittable ),-module can be identified with the subcategory of Repy9;;
consisting of completely splittable §);-modules on which x; = 0. By (3.1), we can
decompose any finite dimensional ),,-module M as

M = @LGH" MD

where M; ={ze M | (L,% —q(ik))Nz =0, for N> 0,1 <k <n}. If M; #0, then i
is called a weight of M.

Definition 6.2 Define W()/,) to be the set of weights i = (i, ..., i,) € W(£,) sat-
isfying the following additional conditions:

i1=0, f{ix—1ix+1}0{i1,....ik_1} £ B for2 <k <n. 6.2)

Proposition 6.3 W ()),) is the set of weights occurring in irreducible completely
splittable Y,-modules.

Proof Suppose i occurs in some irreducible completely splittable representation M
of Yy, then iy =0since L1 =0 on M. For 2 <k <n, if if =0, then by Lemma 3.13
we have 1 € {i1,...,ix—1} and hence {iy — 1,ix + 1} N {i1,...,ix—1} # . Now as-
sume i; > 1 and suppose {ix — 1,ix + 1} N{i1,...,ix—1} = @. Then s; is admissi-
ble with respect to s;41---8k—1 -1 for 1 </ <k — 1 and hence My, ...;,_,.; # 0. Set
Jj =s81---Sk—1 -i. Note j; =i # 0 and this contradicts the fact that L1 =0 on M.
Conversely, let i € W(),;). Recall P; and Dt from (4.1) and (4.8), respectively. It
can be easily checked that T -i € W()),) for each T € P; and hence x; =0 on DL. This
implies that DL can be factored through the surjective map f and hence it gives an
irreducible completely splittable ),-module. The Proposition follows from the fact
that i is a weight of DL O

Denote by V°(n) the subset of V(n) consisting of i satisfying (6.2).
Lemma 6.4 The restriction G° of the map G in (5.2) induces a bijection between

V°(n) and the set of pairs (,, T) of strict partitions A and standard tableaux T of
shape A.
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Proof Let us proceed by induction on n. Clearly the statement holds for n = 1. Let
i € V°(n). Then i’ := (i1, ...,in—1) € V°(n — 1) and by induction we have G(i") =
(X, S) for some shifted Young diagram % with n — 1 boxes and a standard tableau S
of shape . Note that G(i) is obtained by adding a box labeled by n to the diagonal
of content i, in S. Since {i, — 1,i, + 1} N {i1,...,i,—1} # ¥, the resulting diagram
is still a shifted Young diagram. 0

Note that if p =0, then W ()),) coincides with V°(n). Hence by Theorem 5.7 we
have the following which recovers Nazarov’s result in [13].

Corollary 6.5 Suppose that p =0 and that A is a strict partition of n. Then,

(1) There exists an irreducible Y,-module D(A) satisfying that dim D(A) =
2”*U%J f*, where f* is the number of standard A-tableaux. Moreover, D()) is type
M if I(A) is even and is type Q if [(A) is odd.

(2) The set of shifted Young diagrams with n boxes parameterizes the irreducible
completely splittable Y,,-modules.

Proof Suppose A is a strict partition of n. Recall the content function ¢, from Re-
mark 5.2. Note that (c), 1) € PS(n). Recall the §;-module D(c;, A) from (5.3) and
let

D(A) = D(c;, 1).

Now the Proposition follows from Theorem 5.7. g

In the remaining part of this section, let us assume that p > 3. Set Wi ()),) :=
W) N Wi ($;,) fork=1,2.

Lemma 6.6 The restriction G} of G1 to W1 () gives a bijection from Wi () to
the set of pairs (A, T) of strict partitions A of n boxes whose first part is less than or
equal to pTH and standard tableaux T of shape ).

Proof Observe that W1(),) € V°(n). By Lemma 6.4 and Proposition 5.8, there

exists a one-to-one correspondence between W(),) N Wi(£);) and the set consist-

ing of pairs of shifted Young diagrams A = (A1, ..., A;) € PS p-1(n) and standard
2

tableaux of shape A with ¢(7T'(k)) = iy for each 1 < k < n. Suppose the last box in

the first row of T is labeled by [, then ¢(T (1)) = A1 — 1 and hence A < pTH since

(T =i < 251, O

Lemma 6.7 The restriction G5 of the map Gy to Wa(Vy) gives a bijection from
Wa($;,) to the set consisting of pairs (A, T), where A is a strict partition whose first
partis equal to p —u and second part is less than or equal to u for some 1 <u < p=3 ,
and T is a standard tableau of shape A satisfying that if Ay = u then the number in
last box of the second row is greater than the number in the last box of the first row
inT.

@ Springer



J Algebr Comb (2010) 32: 15-58 49

Proof Suppose i € Wa(Yy). It is clear that/i\e Ve(n — p +2u + 1) for some 1 <
u< 2= By Lemma 6.4, we have g°(z) = (u, S) for some shifted Young diagram
ne 798* (n — p 4+ 2u + 1) and splittable standard tableau S of shape u. Suppose
n=(y,..., ) and set A = (A1,..., Ay) := . Observe that the last box in the
first row of w has content u. This implies 1 — 1 =u and hence 1 =u + 1, up <u.
Therefore .y =1+ p—2u — 1= p —u and A, = uy < u. Note that if A, < u, then
the set of splittable standard tableaux of shape A coincides with the set of standard
A-tableaux; otherwise the set of splittable standard tableaux of shape X coincides with
the set of standard A-tableaux in which the number in last box in the second row is
greater than the number in the last box in the first row. |

If A= (\1,...,2;) is strict partition of n satisfying A; < pT—3’ then (c;, M) €
PS p-1(n), where ¢, is the unique content function on A by Remark 5.2. Recall the
2

$,,-module D (cy, A) from (5.9) and let
Dp(X) = Dp(ci, 1).

Let f* be the number of standard tableaux of shape A. Recall f*/% and yy(c;, A)
from Theorem 5.15. Clearly f* = f*/¥ and moreover yo(cy, A) =1(A).

Ifx=(0,,.. Al) is a strict partltlon of n satisfying Ay = p —u and Ay <u
for some 1 <u < £2 2 . Denote by 2 the strict partition obtained by removing the
last p—2u—1 boxes in the first row of A. Recall ¢3 from Remark 5.2. Note that
(¢, 2 e U, 3P8 »(n—p+2u+1).Recall the ﬁc -module D (c3, ) from 5.9
and let

I<u<iz=

D, () = Dy(c3, ).

Let f;‘ be the number of standard A-tableau T if A = p—u, 1> <uforsome 1 <u <
pT_%; if A\y=p—u,ry=uforsome 1l <u < pT_3 let fl)} be the number of standard
A-tableau T in which the number in last box of the second row is greater than the
number in the last box of the first row. Recall f A% and vo(c3, A) from Theorem 5.15.
One can easily check that f, [ﬁ‘ = ; " and moreover yo(cx,’):) =1I(A).

Combining the above observations and Lemma 6.6, Lemma 6.7 and Theorem 5.15,
we have the following.

Theorem 6.8 Let p > 3. Suppose that A = (A1, ..., Ay) is Strict partition with n
boxes satisfying either (A1 = p—u and »o < u forsome 1 <u < pT_3) or(A < pTH).
() Dp(A) is type M if I(A) is even and is type Q if [(A) is odd. If A1 < pTH, then
dim D,y (h) =275 f4if Ay = p —u and ha < u, then dim D (1) = 2"~ 15" f2.
(2) The Yy,-modules D (1) for strict partitions . = (A1, ..., Ay) with n boxes
satisfying either (A1 = p —u, Ay < u for some 1 <u < pr3) or (M < pTH)form a
complete set of non-isomorphic irreducible completely splittable ),,-modules.

Remark 6.9 (1) A partition A = (A1, Az, ...) is called p-restricted p-strict if p divides

Ar whenever A, = A,y for » > 1 and in addition A, — A, < pif p| A, and A, —
At1 < pif pt i, (cf. [1, §9-a]). It is known from [1, §9-b] that there exists an
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irreducible ),-module M (1) associated to each p-restricted p-strict partition A of
n and moreover {M (}) | A is a p-restricted p-strict partition of n} forms a complete
set of pairwise non-isomorphic irreducible ), -modules. If X is a strict partition with
either Ay = p —u and)»zfuforsome1§u§”T_3 orAlSPTH,thenkis p-
restricted p-strict and moreover D(A) = M (A) by claiming that they have the same
set of weights.

(2) It is well known that the representation theory of the spin symmetric group al-
gebraIF'S; is essentially equivalent to that of ), due to the isomorphism C,  FS, =
Y. Applying the representation theory of ), established so far, we can obtain a fam-
ily of irreducible representations of the spin symmetric group algebra 'S, for which
dimensions and characters can be explicitly described. Over the complex field C,
these modules were originally constructed by Nazarov in [13].

7 A larger category

Recall that C, is the Clifford algebra generated by cy, ..., c, subject to the rela-
tion (2.4) and ), = C, x FS,,. The basic spin },-module I(n) (cf. [1, (9.11)]) is
defined by

I(n) :=ind% 1, (7.1)

where 1 is the trivial 1-dimensional FS,-module. Note that {c‘]x' e T

ay) € 74} forms a basis of 7 (n). It can be easily checked that each element c‘fl Sy

is a simultaneous eigenvector for L2, e Lﬁ. Hence all L,%, 1 <k <n, act semisim-
ply on I (n). Define the p-restricted p-strict partition w, by
o — (p4,b), ifb#£0
", p—1,1), otherwise,

where n = ap+b with0 < b < p. By [1, Lemma 9.7], we have I (n) = M(w,) if p{n
and if p | n then I (n) is an indecomposable module with two composition factors
both isomorphic to M(w,). By Remark 6.9, the Jucys-Murphy elements Lj; do not
act semisimply on M (w,). Hence L%, 1 <k <n, act semisimply on M (w,) which
is not completely splittable. On the other hand, Wang [18] introduced the degenerate
spin affine Hecke-Clifford algebra $3~, which is the superalgebra with odd generators
bi(1 <i<n)andt (1 <i<n— 1) subject to the relations

2 .
=1ttt =ttt it =—tity, i — jI>1,
bibj=—bjb;, i#],
tibj = —biq1ti +1,tbj =—b;t;, j#i,i+1.

Moreover, an algebra isomorphism between $; and C, ® $~ which maps x; to
\/—_2c’kbk is established. Since b1, ..., b, are anti-commutative, it is reasonable to
study $~-modules on which the commuting operators b, ..., b,zZ act semisimply. As
x,f is sent to Zb,%, it is reduced to study the $);-modules on which x,f act semisimply.

Motivated by the above observations, in this section we shall study the category

of $;-modules on which all x,%, 1 <k <n, act semisimply.
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7.1 The case forn =2,3
Recall the irreducible $5-module V (i, j) for i, j € I from Proposition 3.9.

Lemma 7.1 Leti, j €. Then xlz, x% act semisimply on the $5-module V (i, j) if and
onlyifi#jori=j=0.

Proof By Proposition 3.9, if i # j then V (i, j) is completely splittable and hence

x%, x22 act semisimply. It suffices to prove that if i = j, then x12, x% act semisimply on

V (i, j) if and only if i = j = 0. Now assume i = j. By Proposition 3.9, V(i, j) =
ind?)z%L(i) ® L(j). Suppose xlz, x% act semisimply on V (i, j) andlet0 # z € V (i, j).
Then xlzz =q(i)z= x%z. This together with (3.2) shows that
(x1(1 = c1e2) + (1 = c1e2)x2)z = 0.
This implies
. 2 2 2
4q(i)z =2(x7 +x3)z = ()C](l —c1c)+ (1 — Clcz)xz) z=0.

This means ¢ (i) = 0 and hence i =0 since p # 2.

Conversely if i = j =0, then x; =0 = x; on L(i) ® L(j) and hence x12 =0=
x% on V (i, j) by the fact that V(0,0) has two composition factors isomorphic to

L(0) ® L(0) as P;-modules. O

Observe that the subalgebra generated by xi, Xk+1, Ck, Ck+1, Sk 1 isomorphic to
.‘7)5 for each fixed | <k <n — 1. By Lemma 7.1, we have the following.

Corollary 7.2 Suppose that M € Repy $)), and x,?, 1 <k <n act semisimply. Let
i €1" be aweight of M. If iy = ix41 for some 1 <k <n — 1, then iy = ix4+1 =0.

Lemma 7.3 For any z € V(0,0), we have
(A +cie)xi + (1 —cie)x2)z=0, x1x2=0.

Proof Let z € V(0,0). By Lemma 7.1, xl2 =0= x% on V(0,0). This together
with (3.2) shows that

(A +cre)xy + (1 = crep)x2)z =0. (7.2)
Multiplying both sides of (7.2) by x1(1 + cjc2), we obtain that
(2xic1eax1 + 2x1x2)z =0.
This implies that x;xpz = 0 since x12z =0. O

Recall that $)5 | is the subalgebra of 3 generated by P; and $».
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Lemma 7.4 The irreducible ﬁé,l-module V(0,0,1):=V(0,0) ® L(1) affords an
irreducible f_)g-module via s = 9.

Proof Since L(1) is of type M, by Lemma 2.1 V(0,0,1) = V(0,0) X L(1). It is
routine to check that s% = 1,s0x1 = x152,80x2 = x352 — (1 + ¢c2¢3) and spc; =

c182,82¢2 = c352 on V (0,0, 1). It remains to prove sysos; = s25152. Let 0 £ z €
V (0,0, 1). Note that

2 2
x52=0,x32=2z

and hence

1 1
92=5 ((x2 +x3) + c2c3(x2 — x3))z = 5 (A + c2e3)x2 + (1 — cac3)x3)z. (7.3)

Using (7.3) with z replaced by s1z and (2.5), we show by a straightforward calculation
that

1 1
$2812 = 351 (L +crez)xt + (1 —cie3)x3)z + sU+eieatacn—cacz. (74

This implies that

1 1
5152812 = 5((1 + cre3)xt + (1 — cre3)x3)z + S+ e +eres —cies)z.
(1.5)

On the other hand, it follows from (7.3) with z replaced by s>z and (7.4) that
5251522 = %n (14 crea)xt + (1 = c1e3)x3) ((1 + c2e3)x2 + (1 — c2c3)x3)2
+ %(1 + cre2 + cae3 — c163) ((1 + c2e3)x2 + (1 — c203)x3)2
= %Sl (A4 cre3)xr + (1= cre3)x3) ((1+ cac3)xz + (1 — c2e3)x3)2

1 1
+ E(Clcz + crc3)x07 + E(l —C1C3)X32. (7.6)

The first term on the right hand side of (7.6) can be simplified as follows
1
7% (A +cred)xr + (1= cre3)x3) ((1+ cae3)xz + (1 — c2c3)x3)z

1
= A_le((l +c1e3)(1 + cac3)x1x2z
+ (1 = cae3)x3((1 + crea)xr + (1 — cre2)x2)z)

1
+ 3510+ crer +eacs = c1e3)x3z
1
= Esl(l +c1c2 + c2c3 —cie3)z by Lemma 7.3.
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This together with (7.5) and (7.6) shows that
1
(515281 — $28182)2 = 5(()61 +x3) +cre3(x1 — x3))z
1 1
- 5(6102 +c203)x22 — 5(1 —C163)X32
1 1
= 5(1 +cie3)x12 — 5(0162 + c2c3)x22

1
= Z(l —c1cy — 203 + 6163)((1 +cre)x + (1 - 61Cz)xz>z

which is zero by Lemma 7.3. 0

An identical argument used for proving Lemma 7.4 shows that $)5 -module
V(1,0,0) := L(1) ® V(0, 0) affords an irreducible $3-module via s; = &j.

Proposition 7.5 Each irreducible ﬁ§-module in Repy 5‘35 on which x%,x%,x% act
semisimply is isomorphic to one of the following.

(1) A completely splittable §5-module Difori e W'($5) (see Theorem 4.5).
2) v(@©,0,1).
(3) V(1,0,0).
4) indgf V(0,0) ® L(j) with j #0, 1.
2,1

Proof We first show that listed pairwise non-isomorphic modules are irreducible and
all x,f act semisimply. The case (1), (2) and (3) are taken care of by Theorem 4.5 and

Lemma 7.4. Using [1, Theorem 5.18], we have indgi V(0,0) ® L(j) is irreducible
2,1
if j #0, 1. It is known that as vector spaces

ind(} V(0,0)®L(j)
2.1
=VO0,0®L(J)DPs2Q (V0,00 ®L()) Ds1s2Q(V(0,0)® L(j)).
It is clear that for z € V(0,0) ® L(}),
2

xiz=0=x3z, xz=q(j)z. (1.7

This together with (2.6) implies x12 =0 on s ® (V(0,0) ® L(j)). Using (3.2)
and (3.3), we obtain that

(3 —q () (s2® (V(0,0) ® L(j))) € V(0,0) ® L(j)
X3 (52® (V(0.0) ® L(j))) € V(0,0) ® L(j).
This together with (7.7) shows that for any v € 5o ® (V(0,0) ® L(j)),

x12v=0, x%(x%—q(j))v:O, x32(x32—q(j))v=0. (7.8)
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Similarly using (3.2), (3.3) and (7.7) we see that
(1 —q(j)s152® (V(0,0) ® L(j)) S V(0,0) ® L(j) D52 ® (V(0,0) ® L(j))
(x3)5152® (V(0,0) ® L(j)) € V(0,0) ® L(j).
Therefore it follows from (7.7) and (7.8) that for any w € 5152 ® (V(0,0) ® L(j))
X (f = q(Nw=0, x3 (x5 —g(j)Hw =0. (7.9)
By (3.2) and (7.7), we obtain that for any z € V(0,0) ® L(j),

x%slsz Rz=151592® x%z + ((1 +c1c2)x1 +x2(1 + clcz))sz ®z
= (14 cre)xr +x2(1 +c1c2))s2 ® 2. (7.10)

This together with (3.2) and x% =¢q(j) on V(0,0) ® L(j) shows that for z €
V(0,0) ® L(j)

(x5 = q(j)x3 (5152 ® 2)
=3 —q(M (A +cre)x +x2(1+c1e2))s2 @2
= ((1 +cr1c2)x1 4+ x2(1 +clcz))(x% —q(j)s®z
=((1+cre2)x1 + x2(1 + c1e2)) (—x2(1 — c2¢3) — (1 — c2¢3)X3)2
=0 byLemma 7.3.
Therefore for any w € 5152 ® (V(0,0) ® L(j)),
(x3 — q(j)x3w =0. (7.11)

Combining (7.7), (7.8), (7.9) and (7.11), we see that the actions of x1, x2, x3 on the
H5-module ind])! V(0,0)® L(j) satisfy
2,1

=g =0, x3(x3 —q(j) =0, x3(x3 —q(j)) =0.

It follows that x12, xg, x32 act semisimply on indgﬁ L(0*) ® L(j).
2,1

Now assume M € Repy 5’)5 is irreducible, on which all x,%, 1 <k <n act semisim-
ply. Let us assume M is not completely splittable, then by Proposition 3.6 M has a
weight of the form (i, i, j) or (j,,i) for some i, j € I. By Corollary 7.2 we obtain

that i = 0. Hence by Frobenius reciprocity M is a quotient of ind?ﬁL(O) ®LO) ®
3
L(j) or ind i L(j) ® L(0) ® L(0).

If j =0, then M is isomorphic to the Kato module inng%L(O) ® L(0) ® L(0).

By [1, Lemma 4.15], all Jordan blocks of x; on M are of size 3. This means x? =0
on M but not xlz. Hence x12 does not act semisimply on M.
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If j =1, then the weights of M belong to S3 - (0,0, 1). By [1, §5-d], there are
at most three non-isomorphic irreducible $5-modules whose weights belong to the
set 3 - (0,0,1) = {(0,0,1),(0,1,0),(1,0,0)}. By Theorem 4.5, the P;-module
V(0,1,0) = L(0) ® L(1) ® L(0) affords an irreducible completely splittable $5-
module via s; = &1, sp = E». Observe that the modules V (0,0, 1), V(1,0,0) and
V (0, 1, 0) are non-isomorphic and have weights belonging to S3 - (0,0, 1). Since M
is not completely splittable, M = V (0,0, 1) or M £V (1,0, 0).

If j #0, 1, by [1, Theorem 5.18] we have that

indgEL(O)@L(O)®L(j)’=“ind2§1V(0,0)®L(j)
ST
=indg} L(j)® V(0,0)
2,1

=~ ind%L(j) ® L(0) ® L(0)
is irreducible. Hence M = indgﬁ V(0,0)® L(j). O
2,1

Observe that the subalgebra generated by xg, Xk+1, Xk+2, Ck» Ck+15> Ck+2, Sk» Sk+1 18
isomorphic to fJg for fixed 1 <k <n — 2. By Proposition 7.5, we have the following.

Corollary 7.6 Suppose that M < Repy $;,, on which all x,%, 1 <k < n act semisimply.
Let i € " be a weight of M. Then there does not exist 1 <k <n — 2 such that
Ik = lg+1 = k42

7.2 Conjecture for general n

Proposition 7.7 Suppose that M € Rep; 9, is irreducible and M; # 0 for some
iel”. If x,%, 1 <k <n, act semisimply on M, then i satisfies the following.

(1) Ifiy #irs41 £ 1, then si - i is a weight of M.
2) Ifix =ig41 for some 1 <k <n — 1, theniy =i+ =0.
(3) There does not exist 1 <k <n — 2 such that iy =iy = ig+2.
@) Ifix =ig42 for some 1 <k <n —2, then
(@ If p=0, then iy =i}42 =0.
(b) If p = 3, then either (iy = ip+r = pT—3 and iy41 = pT_l) or (ix =ix42 =0).

Proof (1) If iy # ix+1 £ 1, by Lemma 4.2 5;( is a well-defined bijection from M;
to M;,.;. Hence M;,.; # 0.

(2) It follows from Corollary 7.2.

(3) It follows from Corollary 7.6.

(4) Suppose iy = ix+2 =u and ix4] = v for some 1 <k <n — 2. Observe that for
each fixed 1 <k <n —2, x,%, x,f e x,% 4o act semisimply on the restriction of M to
the subalgebra generated by xx, Xx+1, Xk+2, Cks Ck+1> Ck+2, Sk» Sk+1 Which is isomor-
phic to Sﬁg. This implies that (u, v, u) appears as a weight of a 56§—module on which
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x%, x%, x% act semisimply. By Proposition 7.5, if p =0, then u = 0; if p > 3, then
either u =0, v is arbitrary or u = pT_3, v= pT_l. O

Corollary 7.8 Suppose that M € Repy 9y, is irreducible and M; # 0 for some i € I".
If all x,%, 1 <k <n act semisimply on M, then i satisfies the following.

) Ifp=0andu =iy =i;> 1 for some 1 <k <l <n, then
{w—1,u+1} C {iky1, ... i1}
or
u,u—1,...,1,0,0,1,...,u — 1,u) is a subsequence of (ik+1,...,11—1).
Q) If p=3andu=ir=1i; > 1 forsome 1 <k <l <n,then
{u—1,u+1} C {igsr1,---5i1-1}),
or

(w,u—1,...,1,0,0,1,...,u—1,u)

is a subsequence of (ig+1,---,i1—1),
or
a1, 252 2 23 a1 )
is a subsequence of (ix+1,--.,i1—1)-
Proof (1) Without loss of generality, we can assume u & {ix4+1,...,i;—1}. By the
technique used in the proof of Proposition 3.14, one can show that u — 1 €
{ikx+1,...,i1—1}. Now assume u + 1 ¢ {ix41,...,i;—1}. Then u — 1 appears at least

twice between iy and i;_; in i; otherwise we can apply admissible transpositions
to i to obtain a weight of M of the form (---,u,u — 1,u,---) which contradicts
Proposition 7.7(4). Hence there exist k < k; < /1 <[ such that

ikl Zu_lzill’{u’u_ l}m{ikr‘rlv”-vill*l}:@.
An identical argument shows that there exist k1 < k2 < I < such that
i,=u—2=ip, {u,u—1,u—2YN{igy41,....i,-1} =0.

Continuing in this way, we achieve the claim.

(2) By the technique used in (1), one can easily show thatif u+1 ¢ {if11,...,i1—1}
then (ix+1,...,i;—1) contains (u,u—1,...,1,0,0,1,...,u—1, u) as a subsequence.
If u—1¢ {ig+1,...,01—1}, an identical argument used in the proof of Proposi-
tion 3.14(5) shows that (ix41,...,i;—1) contains (u,u +1,..., pT—3’ pT_l, pT—3
u + 1, u) as a subsequence.

Conjecture 7.9 Suppose that M € Repy $;, is irreducible. Then x,%, 1 <k<n,act

semisimply on M if and only if each weight of M satisfies the list of properties stated
in Proposition 7.7.
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Theorem 7.10 The above conjecture holds for n =2, 3.

Proof Clearly the above conjecture holds for n =2 by Lemma 7.1. Suppose M is an
irreducible $§-module whose weights satisfy the list of properties stated in Proposi-
tion 7.7. Let (i1, i2,i3) € I be a weight of M. Then by Frobenius reciprocity, M is

isomorphic to a quotient of 1nd L(ll) ® L(i2) ® L(i3). Hence the weights of M are

of the form o - (i1, ip, i3) for o e S3-. If i1, i2, i3 are distinct, then all weights j of
M satisfy ji # jiy1 for k = 1,2. By Proposition 3.6, M is completely splittable and
hence all xlz, x%, x32 act semisimply on it.

Now assume i1, i,i3 are not distinct. If p = 0, by the properties in Proposi-
tion 7.7 we have that (i1, i, i3) is of the form (0, 0, j), (0, j, 0) or (j, 0, 0) for some
Jj = 1. By Proposition 7.5, all x,f,l < k <3 act semisimply on M. If p > 3, by
the properties in Proposition 7.7 we see that either (i1, i3,i3) = (p 3 p—], = )
or (i1,i2,i3) has the form (0,0, j), (0, j,0) or (j,0,0) for some j > 1. In the

latter case, by Proposition 7.5, all x,%, 1 <k <3 act semisimply on M. Assume
(i1,02,13) = (p7737 pr1, prs). Since M satisfies the properties in Proposition 7.7,
(pT%’ =3 pr1) and (253, 23 pfl) are not the weights of M. Hence M has only

2 20 T’
one weight, that is, (&= ;3 p— ) By Proposition 3.6, M is completely splittable
and hence all x12, x%, x% act sem1s1mply on it. O
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