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Abstract We prove two recent conjectures of Liu and Wang by establishing the
strong g-log-convexity of the Narayana polynomials, and showing that the Narayana
transformation preserves log-convexity. We begin with a formula of Brindén express-
ing the g-Narayana numbers as a specialization of Schur functions and, by deriving
several symmetric function identities, we obtain the necessary Schur-positivity re-
sults. In addition, we prove the strong g-log-concavity of the g-Narayana numbers.
The g-log-concavity of the g-Narayana numbers N, (n, k) for fixed k is a special
case of a conjecture of McNamara and Sagan on the infinite g-log-concavity of the
Gaussian coefficients.

Keywords g-Log-concavity - g-Log-convexity - g-Narayana number - Narayana
polynomial - Lattice permutation - Schur positivity - Littlewood—Richardson rule

1 Introduction

The main objective of this paper is to prove two recent conjectures of Liu and
Wang [19] on the g-log-convexity of the Narayana polynomials by using Schur pos-
itivity derived from the Littlewood—Richardson rule. Moreover, we prove that the
Narayana polynomials are strongly g-log-convex. We also study the g-log-concavity
of the g-Narayana numbers, and show that for fixed n or k the g-Narayana num-
bers N, (n, k) are strongly g-log-concave. It should be noticed that McNamara and
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Sagan [22] have proposed a conjecture on the infinite g-log-concavity of the Gaussian
coefficients for fixed k. It turns out that the g-log-concavity of the g-Narayana num-
bers is equivalent to the 2-fold g-log-concavity of the Gaussian coefficients.

Unimodal and log-concave sequences and polynomials often arise in combina-
torics, algebra and geometry; see, for example, Brenti [4, 5], Stanley [29], and Stem-
bridge [32]. A sequence (a,),>¢ of real numbers is said to be unimodal if there exists
an integer m > 0 such that

a)=a; = =auZ0au+1 ZQu42 = " -
It is said to be log-concave if
2 > > 1
ay, Z An+14m—-1, m =1,
and is said to be log-convex if
2
am+1am—1 = Ay M 2= 1.

For polynomials, Stanley introduced the notion of g-log-concavity, which has been
studied, for example, by Butler [6], Krattenthaler [16], Leroux [20], and Sagan [26].
A sequence of polynomials ( f;;(¢q))s>0 over the field of real numbers is called g-log-
concave if the difference

Fn(@? = fus1(@) fu—1(q)

as a polynomial in g has all nonnegative coefficients for any m > 1. Furthermore,
Sagan [27] introduced the notion of strong g-log-concavity. We say that a sequence
of polynomials ( f;,(q))s>0 is strongly g-log-concave if

Jn(@) fn(@) = fin1(@) fu—1(q)

as a polynomial in ¢ has all nonnegative coefficients for any m >n > 1.
Based on g-log-concavity, it is natural to define g-log-convexity. A polynomial
sequence (f;(q))n>0 is said to be g-log-convex if the difference

Fn1@) fn—-1(@) = fu(@)*

as a polynomial in g has all nonnegative coefficients for any m > 1. The notion of
strong g-log-convexity is a natural counterpart of that of strong g-log-concavity. A se-
quence of polynomials (f;(g))n>0 is called strongly g-log-convex if

Jn+1(@) fo—1(q) = fm (@) fn(q)

as a polynomial in ¢ has all nonnegative coefficients for any m >n > 1.

As noticed by Sagan [27], strong g-log-concavity is not equivalent to g-log-
concavity, although it is the case for a sequence of positive numbers. Analogously,
strong g-log-convexity is not equivalent to g-log-convexity. For example, the se-
quence

29 +q*+3¢°, q+20*+2¢°, q+2¢°+2¢°,  2q+q¢*+3¢°
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is g-log-convex, but not strongly g-log-convex.

Liu and Wang [19] have shown that some well-known polynomials such as the Bell
polynomials and the Eulerian polynomials are g-log-convex. They also proposed two
conjectures on the g-log-convexity of the Narayana polynomials. To describe their
conjectures, we begin with the classical Catalan numbers, as given by

1 <2n>
Cn: 5
n+1\n

which count the number of Dyck paths from (0, 0) to (2n, 0) with up steps (1, 1) and
down steps (1, —1) but never going below the x-axis; see, Stanley [30]. It is known
that the Catalan numbers C, form a log-convex sequence. Recall that a peak of a
Dyck path is defined as a point where an up step is immediately followed by a down
step. In this combinatorial setting, the Narayana number

1/n n
N(n’k)=;<k>(k—1)’ n>1 (1.1)

equals the number of Dyck paths of length 2n with exactly k peaks. For many
other statistics that satisfy the Narayana distribution, see [3, 10, 33, 34]. By setting
N(0,0) = 1, the Narayana polynomials are given by

Nu(g) =Y _ N@n.k)q".

k=0

Using the Schur-Szegé composition map, Kostov, Martinez-Finkelshtein and
Shapiro [15] presented a new interpretation of Narayana polynomials. The first few
Narayana polynomials are listed below:

Ni(q)=q,

Nag) =q+4°,

N3(q) =q +3¢> +4°,

Na(q) =q + 64" +6q° +¢*,

Ns(q) = q + 10g” + 204> + 10¢* + ¢°.,

Ns(q) = q + 15¢* + 504> + 50¢* + 15¢° + ¢°.

Liu and Wang [19] have shown that, for a given positive number g, the log-
convexity of the sequence (N, (q)),>0 can be proved by using a criterion [19, Theo-
rem 3.10] along with the following recurrence relation [19, (5.1)]

(n 4+ 1D)Nu(q) = 2n — DA +q)Ny—1(q) — (n —2)(1 — ¢)*Ny—2(q).

The first conjecture of Liu and Wang is as follows.

Conjecture 1.1 The Narayana polynomials N, (q) form a q-log-convex sequence.

@ Springer



306 J Algebr Comb (2010) 32: 303-338

We shall prove this conjecture by establishing the Schur positivity of certain sums
of symmetric functions. Our proof heavily relies on the Littlewood—Richardson rule
for the product of Schur functions of certain shapes with only two columns. A formula
of Brindén [3] enables us to represent the Narayana polynomials in terms of Schur
functions.

The second conjecture of Liu and Wang [19] is concerned with the Narayana trans-
formation on sequences of positive real numbers. The Davenport—Pélya theorem [9]
states that if (a,),>0 and (b,),>0 are log-convex then their binomial convolution

n
n
Cn = Z (k>akbn—ka n>0

is also log-convex. It is known that the binomial convolution also preserves log-
concavity [36]. Nevertheless, there exist log-convexity preserving transformations
that do not preserve log-concavity, such as the componentwise sum [19]. There are
also log-concavity preserving transformations that do not preserve log-convexity,
such as the ordinary convolution [36].

Given an array of combinatorial numbers (¢ (%, k))o<k<, such as the binomial co-
efficients, one can define a linear operator which transforms a sequence (a;),>0 into
another sequence (b,),>0 given by

n
by = Zt(n,k)ak, n>0.
k=0

Liu and Wang [19] have shown that log-convexity is preserved by linear transforma-
tions associated with the binomial coefficients, the Stirling numbers of the first kind,
and the Stirling numbers of the second kind. The following conjecture is proposed by
Liu and Wang [19].

Conjecture 1.2 The Narayana transformation b, = ;_o N (n, k)ay preserves log-
convexity.

We shall give a proof of this conjecture based on the monotonicity of certain quar-
tic polynomials and the g-log-convexity of the Narayana polynomials.

In addition, we shall prove the strong g-log-concavity of the g-Narayana numbers.
The g-Narayana numbers, as a natural g-analogue of the Narayana numbers N (n, k),
arise in the study of g-Catalan numbers [12]. The g-Narayana number N, (n, k) is

given by
N ( k) l n n kZ_k
n = —
=k k=]

where we have adopted the common notation

kl:=(1—-g*)/(1 —q). k) =[11[2]- - - [k]. n};&
[k]:=(1—¢")/0—q) k]t = [1][2]-- - [K] [j il — 1
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for the g-analogues of the integer k, the g-factorial, and the g-binomial coefficient,
respectively.

Recall that the g-Narayana number N, (n, k) is a natural refinement of the g-
Catalan number ¢, (g) = [n_:_l] [2: ] as defined in [12]. Brindén [3] studied several
Narayana statistics and bi-statistics on Dyck paths, and noticed that the g-Narayana
number N, (n, k) has a Schur function expression by a specialization of the variables.
The following relation plays a key role in establishing the connection between g-log-
convexity and Schur positivity.

Theorem 1.3 [3, Theorem 6] For all n, k € N, we have
Nq(n,k)=s(2k71)(q,q2,...,q"_1). (1.2)

It is known that the g-analogues of many classical combinatorial numbers are
strongly g-log-concave. Bulter [6] and Krattenthaler [16] have proved the g-log-
concavity of the g-binomial coefficients. Leroux [20] and Sagan [26] have proved
the g-log-concavity of the g-Stirling numbers of the first kind and the second kind.
It is also known that the Narayana numbers N (n, k) are log-concave for fixed n or k.
By establishing some symmetric function identities, it will be shown that N, (n, k)
are strongly g-log-concave for fixed n or fixed k.

This paper is organized as follows. In Sect. 2, we give an overview of relevant
background on symmetric functions. In Sect. 3, we prove the strong g-log-convexity
of Narayana polynomials by using Schur positivity. In Sect. 4, we show that the
Narayana transformation preserves log-convexity. In Sect. 5, we prove the strong
q-log-concavity of the g-Narayana numbers. In the last section, we give several iden-
tities involving Schur functions indexed by two-column shapes, and prove the Schur
positivity results required in the proofs in Sect. 3.

2 Background on symmetric functions

In this section, we give an overview of relevant background on symmetric functions
and present several recurrence formulas for computing the principal specializations
of Schur functions indexed by two-column shapes. These formulas are useful in the
proofs of the main theorems. To be more specific, the hook-content formula plays
an important role in reducing the log-convexity preserving property of the Narayana
transformation to the monotonicity of certain polynomials, and the recurrence formu-
las enable us to reduce the g-log-convexity of the Narayana polynomials to the Schur
positivity of certain sums of symmetric functions.

Throughout this paper, we will adopt the notation and terminology on partitions
and symmetric functions in Stanley [30]. Given a nonnegative integer n, a partition A
of n is a weakly decreasing nonnegative integer sequence (A1, A2,...,Ar) € N such
that Zle A; = n. The number of nonzero components A; is called the length of A,
denoted £()). We also denote the partition A by (..., 2"2, 1™1) if { appears m; times
in A. For example, A = (4,2, 2, 1, 1, 1) can be written as (41,22, 13), where we omit
i if m; =0.
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Fig. 1 The Young diagram of
(5,4,2)/(2,1)

Fig. 2 A semistandard Young
tableau 1|12

3

Let Par(n) denote the set of partitions of n. The Young diagram of X is an array of
squares in the plane justified from the top left corner with £(A) rows and A; squares
in row i. By transposing the diagram of A, we get the conjugate partition of A, de-
noted A’. A square labeled by (i, j) in the diagram of A is meant to be the square in
row i from the top and column j from the left. The hook length of (i, j), denoted
h(i, j),is given by A; —H»’j —i— j+1. The content of (7, j), denoted c(i, j), is given
by j —i. Given two partitions A and ©, we say that A contains u, denoted u C A,
if A; > u; holds for each i. When u C X, we can define a skew partition A/ as the
diagram obtained from the diagram of A by removing the squares at the top left cor-
ner corresponding to the diagram of . Figure 1 illustrates the diagram of the skew
partition (5,4, 2)/(2, 1).

A semistandard Young tableau of shape A/u is an array T = (7};) of positive
integers of shape A/u that is weakly increasing in every row and strictly increasing
down every column. The type of T is defined as the composition « = (a1, a2, ...),
where «; is the number of i’s in T'. For example, the semistandard Young tableaux in
Fig. 2 is of shape (5,4,2)/(2, 1) and type (2,3,2,1,0,0,...). Let x denote the set of
variables {x1, x, ...}. If T has type «, then we write

T _ a1 _a
XD =X Xy

The skew Schur function sy, (x) of shape A/ is defined as the generating function
sip) =Y xT,
T

summed over all semistandard Young tableaux 7 of shape A/u filled with positive
integers. When u is the empty partition ¢, we call s, (x) the Schur function of shape A.
In particular, we set sg(x) = 1. It is well known that the Schur functions s, form a
basis of the ring of symmetric functions.

Lety = {y1, y2, ...} be another set of variables, and let s, (x, y) denote the Schur
function in x U y. The following basic property will be used later:

a6 ) =Y S0 ()07 (9, @2.1)

where the sum ranges over all partitions v satisfying u C v C A; see [21, 30].
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For a symmetric function f(x), its principle specialization ps, () and specializa-
tion ps} (f) of order n are defined by

ps,(f)=rf(1.q.....q" "),
PS,(f) = s, (Hlg=1 = f(1").

For notational convenience, we often omit the variable set x and simply write s, for
the Schur function s, (x) if no confusion arises. The following formula (2.2) due to
Stanley [28] is called the hook-content formula.

Lemma 2.1 [30, Theorem 7.21.2, Corollary 7.21.4] For any partition A and n > 1,
we have

S VRIS § Gl -
Ps,(s2) =4 M]‘)[eA T )] 22)

and

n+c(,j)
pshsn = [ o@D,
y h(i, j)
JJ)EA

On the other hand, in view of (2.1), we deduce the following formulas for the
principle specializations of the Schur functions s; indexed by two-column shapes.

Lemma 2.2 Let k be a positive integer and n > 1. For any a <0 or b < 0, set
S(a 16y = 0 by convention. Then we have

pSn(S(zk)) =PS,—1 (S(zk)) + qnilpsn_l(S(zk—lyl)) + qz(nil)psn_l(S(zk—l)) (23)

and
PS, (St 1)) = PS,—1 (St 1)) + q" " 'ps,_i (Saky + S2k-1.12y)
+q* " Vps,_ (sr-1.1))- (2.4)
Furthermore,
ps,i (52ky) = pS,ll_l(S(zk) + 5051 1) T 850k-1)), (2.5)
ps,ll (sk1y) = ps,ll_l(s(zk’]) + 50k + Sk-1,12) + Sk-1 1) (2.6)

Lemma 2.3 Foranym >n > 1 and k > 0, we have

1 1 1
PS;, (S(Zk)) = Z PS, (S(Q‘kfb’lb—a))psm_n (S(za’lb—a)).

O0<a<b<m—n

The Littlewood—Richardson rule in terms of lattice permutations enables us to
expand a product of Schur functions in terms of Schur functions. Recall that a lattice
permutation of length n is a sequence wjw; - - - w, such that for any i and j, in the
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w11 T1] [=]=]x]=[1]1]1T1]1]
x|x|1]1 k| x| 1]2(2
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2(313 1{3]3
3] 3]
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*[(1[2
2(31]3
3]

Fig. 3 Skew Littlewood—Richardson tableaux

subsequence wiws ---w;, the number of i’s is greater than or equal to the number
of i 4+ 1’s. Let T be a semistandard Young tableau. The reverse reading word 7™ is
a sequence of entries of 7' obtained by first reading each row from right to left and
then concatenating the rows from top to bottom. If the reverse reading word 7™ is
a lattice permutation, we call T a Littlewood—Richardson tableau. Given two Schur
functions s, and s, the Littlewood—Richardson coefficients cﬁv can be defined by
the relation

Spsy = Zcﬁvs;\, 2.7
A

and can be determined using the following result, known as the Littlewood—
Richardson rule.

Theorem 2.4 [30, Theorem A1.3.3] The Littlewood—Richardson coefficient cﬁv is
equal to the number of Littlewood—Richardson tableaux of shape A/ and type v.

LetA=(9,5,3,3,1), u=4,2,1), v= (7,4, 3). By using the Maple package for
symmetric functions [35], we find that cﬁw = 3. Indeed, there are three Littlewood—
Richardson tableaux of shape A/u and type v as shown in Fig. 3.

When taking v = (n) or v = (1") in (2.7), the Littlewood—Richardson rule has
a simpler description, known as Pieri’s rule. We need the notion of horizontal and
vertical strips. A skew partition A/u is called a horizontal (or vertical) strip of size n
if there are n squares in total with no two squares lying in the same column (resp. in
the same row).

Theorem 2.5 [30, Theorem 7.15.7, Corollary 7.15.9] We have
SuSn) = Z Si
A
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summed over all partitions A such that /| is a horizontal strip of size n, and
SusSary = ZS)‘
A

summed over all partitions ) such that )/ is a vertical strip of size n.

3 g-Log-convexity

The main objective of this section is to show that the Narayana polynomials form
a strongly g-log-convex sequence. This is a stronger version of the above Conjec-
ture 1.1 of Liu and Wang.
We first consider certain products of Schur functions. Given a, b, m € N and 0 <
i <m,let
Dl(l’l’l, i, a, b) = S(zi—bylh—a)S(zm—ifl),
Dz(m, i, a, b) = S(zi—b—l,11;+2—a)S(2m—i—l),

D3(m,i,a,b) = S(2i-b-1 1b+1-aySom-i-1 1)
and let
D(ma i9a7b) = Dl(ma i5 a7b) + Dz(m?iaaab) - D3(ma ivaab)5

where Sk 1y = 0 for k <0 or! <O.Itis easily checked that D(m,m, a,b) = 0. For
k=1,2,3,itis also clear that

Dy(m,i,a,b)=Dy(m—1,i—1,a—1,b—1),
and hence
D(m,i,a,b))=D(m —1,i —1,a—1,b—1).

Given a symmetric function f, recall that f is called Schur positive (or Schur
negative) if the coefficients a;, in the expansion f =), a;s; of f in terms of Schur
functions are all nonnegative (resp., nonpositive). The following Schur positivity re-
sult can be employed to derive the g-log-convexity of the Narayana polynomials.

Theorem 3.1 For any b > a > 0 and m > 0, the symmetric function Z;"zo D(m,i,
a, b) is Schur positive.

The proof of Theorem 3.1 will be postponed to Sect. 6. It plays a key role in the
proof of the first main result of this paper.

Theorem 3.2 The Narayana polynomials N, (q) form a strongly q-log-convex se-
quence.
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Proof By the definition of strong g-log-convexity, we need to prove that for any
m > n > 1, the difference Ny, +1(q)Ny—1(q) — Nm(q)Nn(g) as a polynomial in g has
all coefficients nonnegative.
First, we consider the case of n = 1. Using (1.1), it is routine to check that for
2<k<m+1,
N(m+1,k) _ m(m+ 1) -
Nm,k—1)  kk—=1) ~

Thus, for any m > 1, the difference

m—+1

Nis1(@No(@) = Nu(@N1(9) =g + Y _(N(m+1,k) = N(m, k — 1))g"
k=2

as a polynomial in ¢g has all nonnegative coefficients.
Now it remains to consider the case n > 2. Evidently, for | <k <n,

N, k) = Ng(n, k)|g=1 = se-1,(1"") = ps_; (sx-1)).

On the other hand, for k > n, we have N(n, k) =0= ps}z_1 (S(zk—l)).
For any m > n > 2 and r > 0, the coefficient of ¢" in N,,+1(g)N,—1(g) equals

r—1 r=2
C = Zps}n (S(zk—l))pS}l_z(S(zr—k—l)) = ZPS;L (S(zk))pS}l_Z(S(zr—2—k)),
k=1 k=0

and the coefficient of ¢” in N,,(q) N, (g) equals

r—1 r=2
1 1 1 1
Cr = Z PSS, —1 (S(zk—l))psn71 (S(zr—k—l)) = Z PSS, —1 (S(zk))ps'171 (S(zr—Z—k)).
k=1 k=0

From Lemma 2.2 and Lemma 2.3, it follows that

1 1 1
PS,, (S(zk)) = Z pSn_z(S(zk—b’1b7a))psm_n+2(5(2a7lb—a)),

0<a<b<m—n+2

1 1 1
Psm_l(s(zk)) = Z psn—Z(S(Zk’b,lb*“))psm—n-q—l(s(Za,lb’“))’

0<a<b<m—n+1
psrll—l (S(zr—Z—k)) = pSrll_z(S(zr—2—k) + S(2r737k’1) + S(zr—S—k)),
where for k =r — 2 we set s5r-3-« 1) = 0 and s(5--3-+) = 0. Consequently,

r—2
1 1
C] — C2 = Z Z pSm_n_,'_z(S(za’lb—a))psn_2(3(2k—b)]h—a)S(zr—Z—k))
k=00<a<b<m—n+2

r—2
1 1
— Z Z pSm7n+1 (S(za,lhfa))psnfz(S(zk—b’11)—a)S(2r—2—k))
k=00<a<b<m—n+1
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r—2
1 1
— Z Z pS’n_n+l(S(za’1[7—a))pSn_2(S(2k—b’1b—a)S(2r—3—k’1))
k=00<a<b<m—n+1

r—2
1 1
— Z Z pSm_n+1 (S(zaY lh—a))psn_z(S(zk—h’1b—n)S(2r—3—k)).
k=00<a<b<m—n+1

For notational convenience, let d =m —n + 1. By (2.1), it is easily verified that
1 1 1
psd+1 (S(Z", lb—a)) = PSy (S(za’lb—a)) + PS4 (S(2a’1b—a—l))
+ pStllr (s(2”*1,lb*“)) + pStllr (S(2afl,lb7a+l)).

Thus, the double summation

r—2

1
Z Z de+1 (S(za’ 1b—a))S(2k7b’ lb—a)S(zr—Z—k)
k=00<a<b<d+1

can be divided into four sums

r—2
1
Al - Z Z psd(s(2a,lb_“))S(Qk—b’1b—a)S(2r—2—k),
k=00<a<b<d+1

r—2
A2 = Z Z pS(Il(S(za’lb—a—l))S(zk—b’lb—a)S(zr—Z—k),
k=00<a<b=<d+1

r—=2
1
A3 = Z Z de(S(za—] , lb—a))S(zk—h,lh—a)S(zr—Z—k),
k=00=<a<b=<d+1

r—2
A4 = Z Z pS;(S(za—l’1h—a+1))S(2k—b’lhfa)S(zr—Q—k).
k=00<a<b=<d+1

Let
r—2
1
B] = Z Z de(S(za’lb—a))S(zk—b’]b—a)S(2r72—k),
k=00<a<b=d
r—2
1
Bz = Z Z de(S(za’lb—a))S(zk—h’1h—a)S(2r—3—ky1),
k=00<a<b=<d

r—=2
1
B3 = Z Z de(S(za’lb—a))S(zkfb’1b—a)S(2r—3—k).
k=00<a<b=d
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The equality A; = B holds since

r—2
Al = Bl + Z Z pS;(S(za’1d+1—a))S(2k—d—l’1d+]—a)5(2r—2—k),
k=00<a<d+1

but psé (S(2a 1d+1-ay) = 0. We also have A3 = Bj since

r—2
1
Az = Z Z PSa (a1 1b-a))S(2k=b 1b-a)S(ar—2-k)
k=00<a<b=<d+1

r—2

= Z pS(ll (S(za—lylh—a))S(zk—b’ ]b—a)S(2r72—k)
k=0 1<a<b=d+l

r—2
= Z Z pSCIJ(S(zaylb—a))S(zk—b—l’1b—a)S(2r—2—k)
k=00=<a=<b=d

r—2
= Z Z pSLIi(S(za’lb—a))S(zk—b—l’lh—a)S<2r—2—k)

k=10<a<b=d
r—3

1
= Z Z de(S(zaylbfa))S(zk—b’1b—a)S(2r—3—k),

k=00<a<b=<d

which can be rewritten in the form of Bj.
Moreover, we have

r—2
1
A2 = Z Z PS4 (S(za’lb—n—l))S(zkfb’1b—a)S(2r72fk)
k=00<a<b<d+1

r—=2

_ 1

= Z Z PS4 (S(za’lb—a—l))SOkfb’1b—a)S(2r72—k)
k=00<a<b<d+1

r—2

= Z Z pS‘lzr (S(za’1b—a))S(2k7b—l’1b+lfa)S(2r—2—k)
k=00<a<b=<d

r—2

= Z Z pSLIJ(S(za’lb—a))S(zk—bfl’1h+lfa)S(2r—2—k)

k=00<a<b<d

r—2
1
+Z Z de(S(za))S(zk—a—lyl)S(zr—Z—k)

k=00<a<d

r—2
= Z Z pstli (S(za’lbfa))S(zk—b—l ’1b+1—a)S(2r—2—l<)
k=10<a<b=d
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r—2

1
+Z Z de(S(zll))S(zkfafl’1)S(2r—2—k)

k=00<a<d

r—2
= Z Z pS}i (S(zu’le—a))S(zk—bfZ’1b+2fa)s(2r72fk)
k=10<a<b<d-1

r—=2
1
+Z Z de(S(za))S(zk—a—l,1)5(2"—2—k)

k=00<a=<d

r—3
= Z Z pScli (S(zaq]b-%—l—a))S(zk—b—lq1b+2—a)S(2r—3—k)
k=00=<a<b=<d-1

r—=2
1
+Z Z de(S(Za))S(zkfaflJ)S(zr—z—k)

k=00<a=<d
and
r—2
A4 = pSlli (S(za—l , 1b—a+l))S(2k7h’ 1b—a)S(2r72—k)
k=00<a<b<d+1
r—2
= pStllv (S(2a—1’1b7a+1))5(2k—by1b—a)S(2r—2—k)
k=0 1<a<b<d
r—2
= pScll (S(zafl’lbfzerl))S(zk—h‘11;—(1)5(2r—2—k)
k=1 1<a<b<d
r—2
= Z pS(li (S(za’]b-#l—a))S(zk—b—l’]b—a)S(zr—Z—k)
k=10<a<b=<d-1
r—3

1
de (S(za , 1b+l—a))S(2k7b’ lb—a)S(zr—3—k) .

1
o
=)
IA
Q
IA
S
IA
T

On the other hand, we have

r—2
1
Bz = Z Z de(S(zaylb—a))S(zk—b’1b—a)S<2r—3—k’1)
k=00<a=<b=d

r—=2
1
= Z Z de(S(zaYlh—a))S(zk—hy117—a)S(2r—3—k’1)
k=00<a<b=<d

r—2
1
—I—Z Z de(S(za))S(zk—a)S(zr—.%—k‘1)

k=00=<a=<d
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r—2
_ 1
= Z Z de(S(za’1[7—a))S(2k—b‘1b—z¢)S(2r—3—k’1)
k=00<a<b<d
r—2
1
+ Z Z de(S(za))S(zk—a—]’I)S(zr—Z—k)
k=00<a<d

r—3
= Z Z pSé(S(za’]b+|—a))S(2k—b—l’]h+1—a)S(2r—3—k)1)
k=00<a<b=<d-1

r—2
1
+Z Z de(S(Za))S(zk—a—l1])S(2r—2—k).

k=00=<a<d
Therefore,

Ci1— Ca=psh_,((A1 + Az + A3 + As) — (B1 + B> + B3))

=ps. (A + Ay — Bp)

r—2
= ps,12< D psi(sapi-a) Y DG — 2,k,a,b>>.

0<a<b<d-1 k=0

From Theorem 3.1, we deduce that

r—2
> psi(sapi-a) Y D(r—2.k.a,b)
0<a<b=<d-1 k=0
is Schur positive, hence C; — C» is nonnegative, as desired. O

As a corollary, we are led to an affirmative answer to Conjecture 1.1.
Corollary 3.3 The Narayana polynomials N, (q) form a q-log-convex sequence.

We remark that Butler and Flanigan [7] defined a different g-analogue of log-
convexity. In their definition, a sequence of polynomials (fx(g))k>0 is called g-log-
convex if

Fn=1@) fus1 (@) — 4" fu (@) (@)

has nonnegative coefficients for n > m > 1. They have shown that the g-Catalan
numbers of Carlitz and Riordan [8] form a g-log-convex sequence. However, the
Narayana polynomial sequence (N, (g)),>0 is not g-log-convex in the sense of Butler
and Flanigan.
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4 The Narayana transformation

In this section, we give a proof of the conjecture of Liu and Wang on the log-convexity
preserving property of the Narayana transformation. We first give two lemmas.
For any n > 1 and 0 < r < 2n, we define the following polynomials in x:

fl(x):(n+1)(n—r+x)(n—r+x+1)2(n—r+x+2),
HE) =0+ —-x)n—x+1)>n—x+2),
fx)y=m—-1Dn—-—x+1D)n—-—x+2)n—r+x+1D)n—r+x+2).

Let
S = fix) + fa(x) =2 f3(x).

Lemma 4.1 For fixed integers n > 1 and 0 < r < 2n, the polynomial f(x) is
monotonically decreasing in x on the interval (—o0, 5].

Proof To prove the monotonicity of f(x), we take the derivative f’(x) of f(x) with
respect to x,

f'(x) =22x —r)g(x),
where
glx) = 4x> —4rx +16n — 3r + 2r> — 13nr — 8n%r + 2nr? + 22n% + 8n°.
In order to show that f (x) is decreasing on (—oo, %], it suffices to show that g(x) > 0
for x < £. Since g(x) is a quadratic polynomial with a positive leading coefficient, it
2 . . . . . .
suffices to verify that its discriminant, which equals
16(—r? — 16n + 3r + 13nr + 8n’r — 2nr* — 22n* — 8n%),
is negative. To this end, we consider the polynomial
g1(y) = —y? — 16n + 3y + 13ny + 8n%y — 2ny* — 22n° — 8n°

in y, and shall show that it is increasing on the interval (—oo,2n]. Note that the
derivative of g{(y) with respect to y equals

g1 =—2y+3+13n+81% —dny=(4n+2)(2n — y) + 9n + 3.

Therefore, gi (y) > 0 for y € (—o0, 2n] and g1(y) is increasing on (—o0, 2n]. Con-
sequently, for any O <r <2n and n > 1, we have

g1(r) <g1(2n) =—10n < 0.

This implies that g(x) > 0 and f'(x) =22x —r)g(x) < 0 for x € (—o0, 5). There-
fore, f(x) is monotonically decreasing on (—o0, 5]. O
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Lemma 4.2 Foranyn>1,0<r <2nand0<k <|5], let
a(n,r,k)=Nmn+1, k) Nn—1,r—k)+ Nn+1,r —k)N(n —1,k)
—2N(n,r —k)N(n, k).

Then, for given n and r, there always exists an integer k' = k'(n,r) such that
a(m,r,k) >0 fork <k' and a(n,r,k) <0 fork >k'.

Proof By (1.1), it is straightforward to verify that
«(1,0,0) =0, a(l,1,00=1, a(1,2,0)=1, a(l,2,1)=-2.

Hence the lemma holds for n = 1.

We may now assume that n > 2. In this case, it is clear that the lemma holds
for r = 0. So we may further assume that » > 1. Obviously, for given n and r,
if k<r—-—n-—2,thenn <@ —k)—2 and a(n,r,k) = 0. Since for n > 2 and
k = 0 we always have «a(n, r, k) = 0, it remains to determine the sign of a(n, r, k)
for max(0,r —n —2) <k <|5]. Let

co (n—2)!(n — 1)!
Tk k—DIn—k+DIn—k+2)!

c (n!)?
=R —k=Dn—r+k+Dn—r+k+2)!

By (1.1), we have
an,r,k)=C-C'- f(k).

By Lemma 4.1, we deduce that

f(l)zf@z---zf(H).

Because a(n, r,0) =0 for n > 2, and C, C’ are two nonnegative numbers, this com-
pletes the proof. |

Theorem 4.3 If the sequence (ax)i>o of positive real numbers is log-convex, then the
sequence

n
by = ZN(n,k)ak, n>0
k=0

is log-convex.
In general, the Narayana transformation does not preserve log-convexity, and the
condition that (ax)k>0 is a positive sequence is necessary for the above theorem. For

example, if we take a; = (=D for k > 0, then it is easy to see that (ax)k>0 is log-
convex, but (b,),>0 is not log-convex.
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Proof of Theorem 4.3 For any n,r, k > 0, let

, a(n,r,k)/2, ifrisevenand k =r/2,
a'(n,r k)= .
a(n,r k), otherwise.
Forn>1
2n L%J
buotbusr = by =) (Z o (n,r, k)akar_k)
r=0 \k=0
and

n /L5l
Nu-1(@)Nn11(9) — Na(g)* = Z(Za/(n, r, k))q’.

r=0 \k=0
By Corollary 3.3, we see that, for any > 0,

5]
Zo/(n,r, k) > 0.

k=0

Since the sequence (ax)r>0 is a log-convex sequence of positive real numbers, we
obtain that

apar = a10r—1 2 4202 2 -+ .

From Lemma 4.2, it follows that there exists an integer kK’ = k’(n, r) such that

L5] L5]

Yoo rkagar =Y o' (n.r. k)aya,_p = 0.
k=0 k=0

Thus (b,),>0 is log-convex. This completes the proof. U

5 g-Log-concavity

This section is concerned with the g-log-concavity of the g-Narayana numbers
Ny (n, k) for fixed n or k. First we apply Brindén’s formula (1.2) to express the
g-Narayana numbers in terms of specializations of Schur functions. This formula-
tion allows us to reduce the g-log-concavity of the g-Narayana numbers to the Schur
positivity of some differences of products of Schur functions indexed by two-column
shapes. Notice that much work has been done on the Schur positivity of differences
of products of Schur functions; see, for example, Bergeron, Biagioli and Rosas [2],
Fomin, Fulton, Li and Poon [11] and Okounkov [23].

To prove the g-log-concavity of g-Narayana numbers N, (n, k) for fixed n, we will
use the following result of Bergeron and McNamara [1].

Theorem 5.1 [1, Remark 7.2] For k > 1 and a > b, the symmetric function
S(ka)S(kby — S(ka+1)S(kb-1) IS Schur positive.
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For a = b, the above result was proved earlier by Kirillov [13], and a different
proof was given by Kleber [14].

Theorem 5.2 Given an integer n, the sequence (Ny(n, k))k>1 of polynomials in q is
strongly q-log-concave.

Proof Using (1.2), for any k > 1 > 2, we get
Nq (n, k)Nq (n, l) — Nq(n, k + I)Nq (n, [ — ]) = S(2k—l)S(2]—l) — S(2k)S(21—2),

where the Schur functions are evaluated at the variable set {q, q2, e q"‘l}. By
Theorem 5.1, the difference sx-1)5i-1y — 5(2)S(21-2) is Schur positive for k > [.
In view of the variable set for symmetric functions, we see that the difference
Ny(n,k)Ny(n,1) — Ny(n,k + 1)Ny(n,l — 1) as a polynomial in ¢ has nonnegative
coefficients. This completes the proof. O

We now turn to the g-log-concavity of the g-Narayana numbers Ny (n, k) for
fixed k. To this end, we recall a result due to Lam, Postnikov and Pylyavaskyy
[18], which was conjectured by Lam and Pylyavaskyy [17]. Given two partitions
A=A, 2,..) and uw = (g, ua,...), let

AV = (max(ri, 1), max(ro, u2), ...),
AAU= (min()q, W1), min(Aa, U2), .. )
For two skew partitions A/ and v/p, we define

A/ v w/p)=AVv)/(1nVp),
/) A W/p) = @A AV) /(LA p).

Theorem 5.3 [18, Theorem 5] For any two skew partitions L/ and v/ p, the differ-
ence

S /v W/ p)SA/puIAW/p) — Sr/uSv/p
is Schur positive.

In particular, we will need the following special cases.

Corollary 5.4 Let k be an integer greater than 1. If 1, J are partitions with I C
252y and J < (2¥2, 1), then both

S(zk—Z)S(zk—l)/I _S(zk—Z)/IS(zk—l) (51)
and
S(zk—Z’I)S(zk—l)/J _S(zk—z’l)/JS(zk—l) (52)

are Schur positive.
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Proof For (5.1), take A = (2¥2), u = 1,v = (2*"!) and p = ¥ in Theorem 5.3.
For (5.2), take A = (2¥=2, 1), u = J,v = (2¥"1) and p = 0. O

For any r > 1, let

Xr = {qqu, e ,qr—1}7 Xr_l — {q—l’q—2’ . ’q—(r—l)}'

The following relations will be used in the proof of the g-log-concavity of the g-
Narayana numbers N, (n, k) for given k.

Lemma 5.5 Foranym >n >1and k > 1, we have
qn_ls(zk*l,1)(Xn—1)s(zk)(Xm) - qms(zkfl,1)(Xm)s(2k)(xn—1)
=" (51,1 KXn- D50 (Xm) = s,y Xmds ety (Xa) - (53)
and
qz(n_l)s(zk—l)(Xn—l)s(zk)(Xm) - qzms(zk—l)(Xm)s(zk)(Xn—l)

= 0D (o (X s (X) = soien (X )son (X1). (5.4)

Proof We shall adopt the following common notation. For indeterminates a, aj, .. .,
as and an integer r > 0, let

@q)r=0—-a)l—ag) - (1—aq""),
(ar,a2,...,a5;q)r = (a1; q)r(a2; @)r -+ (as; G)r-
By Lemma 2.1, we have

2 -2
S(Qkfl,l)(xn—l):s(Zk*l,l)(q9q ,...,qn )

2 I _
@ @ e

A =G Dr-1%; @i—1

and

Sty (Xn) = st (¢ a,....q" ")

k(k+])(qnfk. n—k+1.

(g
(q; Di(q% P

_4 9k

Therefore, the left hand side of (5.3) equals

2% +k+n—1 (qn—k-i-l. n—k—1 k m—k+1.

s @k—1(q ,q" ", q Tk
A =9)q. 9% Dr-1(q. 9% Dk

2 _ _ _ _
Ktk (gm=k A2 1@k, g R gk

A =9)q. 9% Dr-1(q, 9% D

q

q k—1
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2 —k—
q2k +k+n— 1(1 _ m n+l)(qm k+2 qn —k+1. q)k 1(qm k n k 1; q)k
(1 =9)q.9% Dr-1(q. 4% 9k

and the difference S(2k—1’1)(Xn,] )S(zk) (X)) — S(zk—l’l)(Xm)S(zk) (X,—1) equals

q)k l(qn k—l’qm—k’qm —k+1

1 —q)q.q% Q)k—l(q,qz;Q)k
2k2 +k(qm —k+2.

22 +k ¢ n—k+1.
+(qn +

q sk

n k—l n k,Q)k

T k—1(g™™
1—-q9)q.q vCI)k—l(quIZQCI)k

2k2+n(1 _ qm—n+l)(qm—k+2

q

. q S Dk—1(q" %, g g

(1 =94, 9% Di-1(q. 9% i

_q n—k+1.

Combining the above two relations, we arrive at (5.3).
We now proceed to prove (5.4). The left hand side can be written as

2_ _
qZ(nJrk 1)(qn k’qn k+1. Q)k l(qm k m k+1;q)k
@.9% Dk-1(q, 9% D
2 — —
B q2(m+k )(qm k+1 qm k+2. q)k 1(qn k 1,6]" k;q)k

(q.9% Di-1(q. 9% O«

_ f@@" R g T g g2 gy
(q.9% Dik-1(q. 9% D«

’

where
2y
(@) :q2k k 2(qm+1 _ qn)(qm+n+1 +qm+n _qm+k+1 _ anrk)'
The difference sox-1y(Xn—1) k) (Xm) — $2k-1y(Xm)S 24y (Xn—1) equals

mk mk+l.

2 _
qZk (qn k n—k+1. 7‘])k

. q s Di—1(q
(q,9% Qr-1(q. ¢> ,q)k

"2 k(g

(@,9% Pr-1(, 9% @k

n— k n k+17qm7k+17qm k+2.

(q 9% Dk-1(q, 9% @k

2k2 —k+1 —k—1 n—
qk(qu+ n—k ’an

p)

S k-1

]

g(q)(q

where
g(q) = —2k— l(qurl _qn)(qm+] +qn _qk+] _qk)'

It is easily checked that g(¢g~!) = q2k+1’4k2’2m’2”f(q). Since (1 — ¢™") =
—q~"(1 —q") for any r, we arrive at (5.4). O

Now we are ready to prove the g-log-concavity of the g-Narayana numbers
(Ngy(n, k))p> for given k.
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Theorem 5.6 Given an integer k, the sequence (Ny;(n,k)),>i is strongly q-log-
concave.

Proof Cleatly, the theorem is valid for k = 1. So we may assume that k > 2. For any
m>n>k,let

Amn(q) = Ny(m, k)N, (n, k) — Ny(m + 1, k)N, (n — 1, k).

By (1.2), we have
Amon(q) = sk-1) (Xm)s k-1 (Xn) — 525-1) (Xm+1)52k-1) (Xn—1).

Applying (2.3) to s(ok-1)(Xp) and sk-1)(Xm+1), Am,n(q) equals

S(zk—l)(Xm)(s(zk—l)(Xn—l) + qnils(zk—ZJ)(Xn—l) + qz(nil)s(zk—Z)(Xn—l))
— (st (Xm) + @™ 522, 1) (Xm) + 7" 5282 (X)) s 0t 1) (K1)
= (¢" s 1y Xn—Dsr—1) (Xm) — ¢ k=2, 1y (Xm)sk-1) (Xn—-1))
+ (47" Vs grery Xn— D)5 i1y Xim) — 47" 02 (Xm) s -1y (Xn—1)).
By Lemma 5.5 and (2.1), we find that A,, ,(q) equals
7" (5221 Xn=1)S 261y (Xm) — k-2 1) (Xm)S 21, (Xn—1))
+ g ED D (s o) (X1 ) sy (X ') = s (X5 s (X01))
=" sy Xu-Dse1)(2)
k—2

+q Z Sj(Z)(S(zk—Z’l)S(zk—l)/J _S(zk—Z’])/JS(zk—l))(Xn_l)

JC(2K21)

n q2(k—1)(m+”_1)s(2k72) (Xi_]l)S(zk—l) (Z_l)

n

+ qz(k_l)(m_‘_n_l)S(zku) (Xn__ll)S(zk—Z’l) (Z_l)S(]) (Xn_—ll)

2(k—1 —1 § -1 —1
+61 ( )omtn—1) S](Z )(S(zk—Z)S(zk—l)/I —S(2k72)/1S(2k—1))(Xn_1),
1C(2k2)

where Z ={¢""!,...,¢" Yand Z7' = {¢'™", ..., ¢'™™}. Applying Corollary 5.4,
the proof is complete. g
6 Schur positivity

The main goal of this section is to give a proof of Theorem 3.1. We shall establish
several symmetric function identities which will be proved by induction based on the

Littlewood—Richardson rule. These identities involve products of Schur functions in-
dexed by partitions with only two-columns. Such Schur functions are of particular
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interest for their own sake; see, for example, Rosas [25], and Remmel and White-
head [24].

We should note that the Littlewood—Richardson coefficients in the context of this
section are either one or two. It is also worth mentioning that the Schur expansion
of the product of two Schur functions indexed by partitions with only two-columns
turns out to be multiplicity-free if one is indexed by a rectangular shape; see Stem-
bridge [31].

Let us first introduce certain classes of products of Schur functions that are the
ingredients to establish the desired Schur positivity. Given m € N and 0 <i <m, let

Dy = s@iySan-i-ty,
Dr(n2,)i = S(2i~1,12)S(om~i-1),
Dy = si-1, 1ySn-i-1 1)»
and let
Dyi= D;:’)i + D;(nZ)z - D)

m,i’

6.1)

where s(5i) = 5021 1) = 52i 12) = 0 for i <0 by convention. It is clear that Dy, ,, = 0.

For two partitions A and u, let A U  be the partition obtained by taking the union
of all parts of A and u and then rearranging them in the weakly decreasing order. For
k € N, we use A to represent the union of k A’s, and in particular put A* = @ if k = 0.
In this notation, we define an operator A* on the ring of symmetric functions defined
by a partition . For a symmetric function f, if it has the expansion

f= Za;\sx,
Iy

then the action of A* on f is given by
A (f) = Zaxsxuw
A

For example, if

f=sw32 +3s522.1) +2565),
then

ACY f = 543300 +35622.11) + 256.3.1)-

Lemma 6.1 Forn >k > 1, we have

SakySarity = AP (50 52m), (6.2)
Sak-1 128ty = AP (5061 12)5021), (6.3)
SakySar 12 = AP (506520 12))s (6.4)
sok-1 S 1 = AP (st s ). (6.5)
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Fig. 4 The bijection between

Littlewood—Richardson tableaux *[x]1 ]l
*[x[1]1] *[x[2
* | x|2 — *x|*x|3
*|*|3 * | %
X |k k| ok
k| %k
12 12
13 3]
T T
Fig.5 Construct T from T
[ [x[1]1] [ 1]17]
* | x|2]2 x| x| 22
*|*%|3 * | % |3/
*[*]4 = * [ *[4/
*[31]5 *[3]5
x| 4 x| 4
516 516
7] 7]
T T

Proof Let

S(zk)S(zn) = Zaxs;\.
A
By Theorem 2.4, the coefficient a; is equal to the number of Littlewood—Richardson
tableaux of shape A/(2") and type (2F). We claim that a; = 0 if the diagram of A
contains the square (n + 1, 3); Otherwise, we get a contradiction to the assumption
n > k since the column strictness of Young tableaux requires that there should be at
least n + 1 distinct numbers in the tableau. Therefore, for a Littlewood—Richardson
tableau T of shape 1/(2") and type (2%, we can construct a Littlewood—Richardson
tableau 7’ of shape A U (2)/(2"*!) and of the same type by moving all rows of T
to the next row except for the first n rows and inserting two empty squares in the
(n+ 1)th row. Clearly, the above procedure to construct 7" is reversible, as illustrated
in Fig. 4. Thus we have verified (6.2). By similar reasoning, the three remaining
identities can be justified. This completes the proof. |

Sometimes it is convenient to regard a tableau T of type (2%, 1') as a semistandard
tableau T filled with distinct numbers in the ordered set

I<l'<2<2<---<n<n<---}.

In this context, let 7' be the tableau obtained from 7' by changing the first occurrence
of i in the reverse reading word of T to i’. An example is given in Fig. 5. Given a
partition w, let

0, (n) =|rePar(n): A=pn U@ UG, 1)’ U 2,2 fora, b, c e N}.
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Lemma 6.2 Let m =2k + 1. The following statements hold.

()
0 _ _ _
Dy =Dyl =sahsan = Y S
re0p(4k)
(ii)
(D _ M _ _
Dy k1 = Dot g1 = Sk Sty = Z i
A€Q(2,2)(4k)

(iii) Let Q1(n) = Qi,1H(m)U Q. 1,1y(m) U Q@3,3,2)(n). Then

@ _ o _
Dk = Dopher x = S@k-112)82k) = Z Sh
reQq(4k)

(iv) Let Q2(n) = Q@1,nn) U 0322,1M) U Q332,22 1). Then

_n® _ _
k1 = Dot kp1 = S@k12)S@k-1) = Z e
A€02(4k)

(v) Let Q3(n) = Q@3,1y(n) U Qp2m)UQn1,1)(n)U Q3,32 1). Then

(3) (3)
Dm,k = D2k+1,k = Sk-1 1)S@2k 1) = E asy,
rEQ3(4k)

where a) =2 if L € Q3,2,2,1)(4k), otherwise a; = 1.
(vi) We have
p®

NG _ _
k41 = Dot kp1 = S@k nS@k-11) = Z arsis
reQ3(4k)

where a) =2 if L € Q3,2,2,1)(4k), otherwise a; = 1.

Proof We use induction on k to prove (i). Clearly, the assertion holds for £k = 0 since
sy = 1, and it also holds for k = 1 because of Pieri’s rule; see Theorem 2.5. Using
the Littlewood—Richardson rule, we see that if s appears in the Schur expansion of
S(2kyS(2k), then A does not contain any part greater than 4. We claim that for each
Littlewood—Richardson tableau T of shape 11/(2%) and type (2%), subject to the con-
ditions on the shapes and types, there are three Littlewood—Richardson tableaux of
type (2K+1), which are Ty of shape 1 U (4)/(2Kt1), T, of shape U (3, 1)/(2%*1) and
T3 of shape ;o U (2,2)/(2k+1).

Let T} be the tableau obtained from T by increasing all numbers by 1 and then
inserting a four-square row on top of T such that the rightmost two squares are filled
with 1’s and the leftmost two squares are empty.

Next, suppose that 7 has r rows of length greater than 2, and that the largest
number in the first » rows is j, where we set j = 0 if r = 0. Consider the relabeled
tableau 7 corresponding to 7. Let T* be the tableau obtained from T’ by increasing
all numbers below the r-th row by 1 (i.e., changing i to i’ and i’ to i + 1), inserting
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a three-square row in the (r + 1)th row such that the rightmost square is filled with
(j + 1), and appending a single square row at the bottom filled with k + 1. Let 7> be
the tableau obtained from 7* by replacing each i’ with i.

We continue to construct a tableau 75. Note that the tableau T does not contain
the square (k + 1, 3). Consider the numbers in the first k rows. Let j; and j, be the
smallest and the largest numbers which appear only once in the first k rows of 7.
Starting with the tableau 7', let T* be the tableau obtained from 7' by increasing all
numbers below the kth row by 2 (i.e., changing i to i + 1 and i’ to (i + 1)), inserting
a row of two empty squares below the kth row, and then inserting a two-square row
filled with (ji, (jo + 1)") immediately below the row that has been inserted. If no
number appears only once in the first k rows, then we consider the largest number j
which appears twice in these rows (taking j = 0 if no such number exists). Let T*
be the tableau obtained from T by increasing all numbers below the kth row by 2,
inserting a row of two empty squares below the kth row, and then inserting a two-
square row filled with (j + 1, (j + 1)) immediately below the row just inserted. Now
we obtain the tableau T3 by replacing each i’ with i in T*.

Note that if T is a Littlewood—Richardson tableau of shape u /(2%) and type (25,
then there exist some nonnegative integers 7, s, ¢ such that the reverse reading word
T is of the form (wg, wp, we, wyq), Where

wpy=(r+1),...,(r+s),
we=F+s+1),+0D,....,r+s+1), T +5s),
wg=F+s+1),...,0+s+1),

and r + s + ¢ = k. It is easily seen that 71", ™", T3™" can be recovered from Trev,
It is also easy to verify that they are lattice permutations. Figure 6 is an illustration of
the constructions of Ty, T», T3.

On the other hand, it is necessary to show that for each Littlewood—Richardson
tableau 7" of shape A/(25*1) and type (2¢*1), we can find a Littlewood—Richardson
tableau T of shape /,L/(2k) and of type 2% such that A= p U &), A=pnU @3, 1) or
A= U (2,2). Evidently, if A contains at least one row of length 4, then T can be
obtained from T’ by reversing the construction of 77. If T’ has a two-square row fully
filled with numbers and all rows of 7’ contain at most three squares, then 7’ has a
two-square row with no numbers since it is a Littlewood—Richardson tableau of type
(2%*t1), and hence T can be obtained by reversing the construction of T3. Otherwise,
T’ contains at least one row of length 1 and at least one row of length 3 because
of the type of T’. In this case, we can reverse the construction of T3 to recover T.
However, we should note that T is not uniquely determined by 7’. By Stembridge’s
characterization of multiplicity-free products of Schur functions [31, Theorem 3.1],
there exists a unique Littlewood—Richardson tableau of shape A/(2¥) and type (2X) if
5. appears in the expansion of s(,t)s,«). This completes the proof of (i).

We now give a sketch of the proof of (ii) which is similar to that of (i). Clearly,
the assertion holds for k =0, 1, and D_%’z = 5(2,2). For k > 2, we may consider the

Littlewood—Richardson tableau of shape A/(2f*1) and type (2¥—1) if s, appears in
S(2k+1)S(2k—l).
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111
*[=[1]1 *|x|2]2
*|*%|2]2] = [*[*[3]3
* %3 * %4
* | % * | %
3[4 415
4] 5]
T T,
* %11/ *|*%|1]1
x|*x|2[2 x[x[(2]2
*[x[1]1 *[x[1]1/ x| % |3/ %3
**22:> **22/:> & S 4
*| |3 * | * |3 * | * * | *
* | * * |k 35 315
3|4 34 4] 4]
4 [4] 15 15
T T T* T
) [x[1]1/ [x[1]1
*[x]2[2/ *[*x[2]2
x[x1111 x[*x|1[1 x| % (3 x|[%13
| *|212] — [*[*[2[27] = * [ * = * [k
*[*%[3 * %3
* |k * |k 314 3[4
3|4 314 415 415
14 ] 14 15 5]
T T T* T3

Fig. 6 Construction of 77, T, T3

To prove (iii), notice that Déi)-s-l,k =0for k=0, and D;?—H,k =5@3,1) +502,1,1) for
k = 1. For k =2, we have

2)
Doy =5@.3,1) +5a2,12) +5322) +532,12

+ S(3’22’1) + S(3’2’13) + 5(23’12).

Again, we use induction on k. If s; appears in the expansion of D2k 1.4 then A does
not contain the square (k + 1, 3), because there exists no Littlewood—Richardson
tableau of shape A/(2%) and type (2¢=1, 1, 1), or equivalently, there is no filling of
the (k + 1)th row satisfying the lattice permutation condition. Thus we can proceed
as in the proof of (i).

In the same manner we can prove (iv). For k =0, it is clear that D2k 1as1 =0

For k =1, we have D2k+1’k+1 =s2,1,1. For k =2, we find

2
Doy ka1 =5w4,2,12) T53.22,1) T53,2,13) T 5023,12)-

@ Springer



J Algebr Comb (2010) 32: 303-338 329

Fig. 7 The Littlewood—
Richardson tableaux

1]

Aluofrof—
Aluofrof—

DO % | % | %] %|*
N %k | %] %]|%]*

|m|h|w******
[+ ]oofro s [ [ ] 5 [ %[«

For k = 3, we have
Dy = + + + +
2U+1,k+1 = S@2,2,12) T 54,3,22.1) T 54,3,2,13) T 54,23,12) T 5(32,23)
+ S(32’22’]2) + S(3,24)1) + S(32,2,14) + S(3)23’]3) + S(25)12).

Now we can use induction on k and consider Littlewood—Richardson tableaux of
shape 1/(2%, 12) and type (2K~ 1).

Finally, we come to (v) and (vi) which are concerned with the Schur positivity of
the same product sx-1 18k 1) For k =0, Dﬁ)ﬂ)k =0.Fork =1, we get

DS =560 + 502 +
241,k = 5B.1) T S22) T 52,12)-
For k =2, we have
(3)
Dy =5@.3,0) T54,22) T 542,12 T532,2)

+ 2S(3’2271) + 3(32’12) + S(3’2’13) + 5(24) + S(23’12).

To use induction on k, we consider Littlewood-Richardson tableaux of shape
A/(2k, 1) and type (Zk_l, . If A € 0@32,2,1)(4k), there are exactly two such
Littlewood—-Richardson tableaux, see Fig. 7 for the case of A = (4, 33 22, 13). The
rest of the proof is similar to that of (i). Thus the proof of the lemma is complete. [

Theorem 6.3 Let m =2k 4 1. We have
Dy i = S(3k)S (1KY (6.6)
Dy k1 = Sary — 5305k — AP (s@ry516-2); 6.7)
and for 0 <i <k — 1, we have
Dyi = AP (D), 6.8)

Dim—i = AP (Dt m—1-i)- (6.9)

Proof To prove (6.6), we need (i), (iii) and (v) of Lemma 6.2. If 1 € Q(32,2,1)(4k),
then s, appears in the expansion of both D,(nl’)k and Dr(nz’)k, and hence it vanishes in
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Dy If 3 € Q(3,3.2)(4k) U Q2.1.1) (4k), then s;, appears in both D\ and D\ so it

vanishes in Dy, . If A € Q(2,2)(4k) but L & Q(3,1)(4k), then s, appears in both D,(nl’)k

and D,(,i>k. So we deduce that s, vanishes in D,, ;. Therefore, for a term s, which
does not vanish in D,, , the index partition A belongs to the set Qy(4k) and 2 does
not appear as a part. By virtue of Pieri’s rule, the Schur functions not vanishing in
Dy coincide with the terms in the Schur expansion of sy .

To prove (6.7), we shall use (ii), (iv) and (vi) of Lemma 6.2. If A € Q3 2,2,1)(4k),
then s, appears in the expansion of both D(l) 41 and D,(n2 )k 41» Which implies that it
vanishes in Dy, k+1 If X € 03,3,2,2,2)(4k) U 02.1,1)(4k), then s, appears in both

2) 3) (n
D,y and D7y k10

Dyis1- 1A € Q2,2)(4k) but A & Q(3.2,2,1)(4k), then s;, appears in both D\, , | and

But since it disappears in D it follows that s, vanishes in

( ( . . .
Dm (L but disappears in D k10 and hence it vanishes in D, +1. Therefore,
D jy1 = — Z $3 — Z Sh-
1€0(33,2), 103 1),
1£0(33.2.2.2) A¢0(3,2.2,1)

So (6.7) can be verified by applying Pieri’s rule to szx)s(jx) and sk s ¢-2).
The remaining two identities (6.8) and (6.9) are direct consequences of Lemma 6.1.
This completes the proof of the theorem. O

When m is even, we can deduce the following expansion formulas. The proof is
similar to that of Lemma 6.2 and is omitted.

Lemma 6.4 Let m = 2k. The following statements hold.

)
(€)) 1
DmeDkk—S(2k S(zk 1)— Z Sh.
XEQ(Z)(4k72)
(i)
o _ M —
Dyieo1 = Dayor =sensoh = D s
A€Q (2)(4k—2)

(iii) Let Ri(n) = Qq,nm) U Q33,22 (n) U 0@E2,1y(n). Then

@) 2
Dm = D2k K= S(Q.k 1 12)S(2k 1) = Z Sh.
LER|(4k—2)

(iv) Let Ro(n) = Q3,3 (n) U Q;,2,1)(n) U O@2.2,1,1)(n). Then

mk—1 = Pog k-1 = S2k-2,12)S2k) = Z S
AER(4k—2)
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(V) Let R3(n) = Q3,3(n) U Q0y(n) U Q1,1y(n). Then

3 3
Dm,k = D2k,k = S(Zk_l,l)s(zk_l,l) = Z axsy,
LER3(4k—-2)

where ay =2 if L € Q3,2,1)(4k — 2), otherwise a; = 1.
(vi) Let Ry(n) = Q33,22 (n) U Qi 21y (m) U Q@222 ®m)U Q0 21,1)®). Then

3)
D, 1 =S@2 1Sk 1) = Z a,s.,
AER4(4k—2)

where a) =2 if A € 03,2,2,2,1)(4k), otherwise a) = 1.

With the aid of Lemmas 6.1 and 6.4, we obtain the following theorem for even m.
The proof is similar to that of Theorem 6.3 and is omitted.

Theorem 6.5 Let m = 2k. We have

Dm,k—l = S(3k)S(11<—2) + A(2) (S(3k—I)S(1k—I)), (610)
Dy = —S(3k)S(1k-2), (6.11)
Dy syt = AP (Dy—10), (6.12)

and for 0 <i <k — 2, we have

Dy = AP (Dyoi ), (6.13)
Dm,m—i = A(z) (Dm—l,m—l—i)~ (614)

Theorems 6.3 and 6.5 lead to a construction for the underlying partitions corre-
sponding to the Schur expansion of D,, ;. Table 1 gives an illustration. The proof of
Schur positivity in Theorem 6.7 reflects the following observation.

Corollary 6.6 Assume that k > 1.

(1) If m =2k + 1, then Dy, ; is Schur positive for 0 <i <k, and D, ; is Schur
negative fork +1 <i <m — 1.

(i1) If m = 2k, then Dy, ; is Schur positive for 0 <i <k — 1, and Dy, ; is Schur
negative fork <i <m — 1.

Proof We conduct induction on m. It is easy to check that the result holds for m = 2.
For m > 3, assume that the corollary holds for m — 1. We aim to show that it holds
for m.

If m =2k +1, then D,, i is Schur positive and Dy, x+1 is Schur negative according
to (6.6) and (6.7) of Theorem 6.3. For 0 <i <k — 1, using (6.8) of Theorem 6.3 we
see that Dy, ; = A(z)(Dzk,i) is Schur positive by the inductive hypothesis. Similarly,
for k +2 <i <2k, we find that D,,, ; = A(Z)(Dzk,i_l) is Schur negative by (6.9) and
the inductive hypothesis.
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Table 1 Schur function

expansions of Dy, x form=38,9 ™M= 8

Dgo 507,

Dg 1 5405 T532.24) 5351

Do 8@3203,12) £54,32.02) 152,03 T53322,1) +504,3.23,1)

Dg 3 532,212 T533 2,13 T 542321y 7543 2)
+s(34412) +S(42,32) +s(4’33’1)

D34 —53412) —S42.32) — 54,33 1)

Dg s T5@2,3,2,1) T533,22,1) T533,2,13) T54,32,2,12)
~54,32,22)

Dg.6 T532,24) T5(32,23,12) T54,3,23,1)

Dg 7 —53.25.1)

Dg g 0

m=9

Do (28

Do 1 5406 F532,05) F53.26 1y

Do 53294 12) 54,32 23) T 52 24) T 533 23 1) T 54324 1)

Dos  s43222,12) T533 22,13) T542,302,1) T543,22)
+s(34,2q12) +S(42,32,2) +S(4’33’2’1)

Dg 4 54,33,13) T542.32.12) T 54y 543 3.1) 534,14

Dos  =swadan) To@a2an) TS@ s TiahaY)
T534,2,12) T542,322) T54,33,2,1)

D96 TS@42,3,22,1) T533,23,1) T5(33,22,13) T 5(4,32,22,12)
T 54,32,23)

Doz T5(32,25) T5(32,24,12) T 54,3,241)

Dy g —5(3.26 1)

Dg 9 0

If m = 2k, from (6.10) and (6.11) of Theorem 6.5 it follows that D,, x—; is Schur
positive and Dy, x is Schur negative. For 0 <i <k — 2, by (6.13) of Theorem 6.5,
together with the inductive hypothesis, we obtain that D,,, ; = A(z)(DZk_l, i) is Schur
positive. Similarly, for k + 1 <i <2k — 1, by virtue of (6.12) and (6.14), together
with the inductive hypothesis, we find that D, ; = AP (D2k—1,i—1) is Schur negative.

This completes the proof.

d

Given a set S of positive integers, let Parg(n) denote the set of partitions of n
whose parts belong to S. We have the following Schur positivity result.
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Theorem 6.7 For any m > 0, we have

Y Dui= Y. s (6.15)

i=0 A€Parpp 4y (2m—2)

Before proving the above theorem, let us give some examples. For 1 <m <5,
using the Maple package ACE [35], we obtain

1
Z Dyi=sp=1,
i=0

2
Z D; ;i = s,
i=0

3
Z D3 =s54)+5022,
i=0

4
Z D4i =542 +52.22
i=0

5
Z Ds i =544 +56,22 +52222-
i=0

Proof of Theorem 6.7 We use induction on m. It is readily seen that the theorem holds
for m =0, 1. We assume that it is true for m — 1. For m > 2, it suffices to show that

" @y m—1 . o —
Z Dm,i _ A (leo Dm_l,,), if m 2k, (6.16)
i=0

s + AP Do), ifm=2k+ 1.

If m = 2k, we have

m 2%
> D=3 Da
i=0 i=0
k-2 k=2
= Z Dok,i + Dok k—1 + Dok k + Dok k+1 + Z Do ki
i=0 i=0
k=2
= A(z)(DZk,]’i) + (S(3k)S(1k—2) + A(Z)(s(:ik*l)s(lk*l)))
i=0
+ (—S(3k)S(1k—2)) + A(2) (D2k—1,k)
k—2
+ Y A®(Dy12-1-i) (by Theorem 6.5)

i=0
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k=2
= Z AP (Dy_1.) + AP (Dyp—14-1) + AP (Day—1.0)
i=0
k=2
+ ) AP (Dy—12k-1-1)  (by (6.6))
i=0
2%k—1
=Y AP(Dy_1.)

i=0

m—1
= A(z) (Z Dml,i)-
i=0

If m =2k + 1, we have

m 2k+1
ZDm,i = Z Doy
i=0 i=0
k—1 k—1
= Z Dojy1,i + Dogy 1k + Dokt1k+1 + Z Dojet 1,2k 1-i
i=0 i=0
k-1

= A(z)(DZk,i) +S(3k)S(1k)
i=0

+ (5(41() — S(3k)S(1k) — A(z) (S(3k)S1(k72)))

k—1
+ Y A@(Dy-i) (by Theorem 6.3)
i=0
2k
=suoy + Y AP (Dyi)  (by (6.11)
i=0
m—1
=Sk + AP (Z Dm—l,i) .
i=0
Using (6.16), together with the inductive hypothesis, we complete the proof. U

We are now ready to prove Theorem 3.1, that is, the Schur positivity of
sz=0 D(m,i,a,b). Note that for a =b =0, D(m,i,a,b) reduces to D,, ;. Some
values of D(m, i,a, b) are given in Table 2 form = 10,a =0,b =2.

For the sake of presentation, we introduce the following notation. Given a pair
(A, ) of partitions and a pair (f1, f2) of symmetric functions, let

Ak(fl)zzavsm AM(fZ):vasw
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Table 2 Schur function expansion of D(10, i, 0, 2)

D(10,1,0,2) 0

D(10,2,0,2) 532 25) +S(3726,|) +S(27712)

D(lO, 3,0, 2) 5(34’22) +S(4’32’23) +S(4’25’12)
+533 03 1) T53204 12) 75305 13) T 54324 1)

D(loa 4,0, 2) 5(35’1) +S(4!34) +S(42’32,2) +5(4!33!2Y1) +S(34,2.12) +S(42‘23‘12)
+54,323,13) 532,23 14) 542322 1) T54,32,22,12) T533 22 13)

D(IO, 5,0, 2) _5(3571) _5(4’34) +S(43’3’1) +S(42’32’12) +S(4,33,13) +S(34'14)
t5w432,12) T5142.32,13) TS432.214) T5332,15)

D(IO, 6,0, 2) _5(427327]2) - 5(433,]3) - 5(34_14) - S(4,33,2,]) - 5(342’12) - 5(3422)

D(lO, 7,0, 2) _5(4’32’22’]2) - 5(33’22’13) - 5(33’23’]) - 5(33’2’15)

T54,32,2,14) T542,3,2,13)
D(10,8,0,2) 73‘(4,3,23,13) - 5(32!24!12) - 5(3223‘14)
D(10,9,0,2) _S(3,25,13)

Then we define

AME(fi, )=y max(ay, by)s,.
v
The following lemma gives a recurrence relation for Dy (m, i, a, b).
Lemma 6.8 Form>i>b>a>0andk =1,2, 3, we have
Dy(m,i,a,b) = AV (Dem —1,i —1,a,b—1), De(m —2,i — 1,a,b— 1)).
Proof We shall consider only the case k = 2, that is,
S, 2y S(n-imty = AV (st -y sneicn), @bt pi1-a)Sn-iz)-

The cases k = 1 and k = 3 can be dealt with by the same argument.

First, we need to show that if s, appears in the Schur expansion of
S(i-b-1 1b+i-a)Som—i-1y With multiplicity n, then the multiplicity of syuqa) in
S(i-b-1 1b+2-a)Som-i-1y is at least n. To this end, we shall construct an injective
map ¢ from the set of Littlewood—Richardson tableaux 7' of shape A/(2"~~1) and
type (217b=1 15+1=4) (o the set of Littlewood—Richardson tableaux 7’ of shape
AU (1)/@m =1y and type (2i=b=1 1b+2-ay For given T, let T’ be the tableau
obtained from T by appending one row consisting of a single square filled with
i + 1 —a. Clearly, T’ is a Littlewood—Richardson tableau of A U (1)/(2"~/~!) and
type (2172~1, 1P+2-4) See the first two tableaux in Fig. 8.

Moreover, we proceed to show that if s, appears in the Schur expansion
of si-b-1 1p+1-a)Som-i-2) With multiplicity n, then the multiplicity of s,u3) in
S(i-b-1 1p+2-a)Som-i~1y 1s at least n. To accomplish this task, we shall construct
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*[(x]1]1
*[=[1]1 *|x|2]2
x[x[2]2 x[x[3
x| %3 *|%[4
* [ |4 * %[5
*| %5 = [x[*[6
* | x| 6 * | *
EIES 317
317 418
418 19|
T T’
x|*|1[1/ x[x[1]1
*[x[1]1 *|{x[1]1/ x| %[22/ *x[x[2]2
x[x1212 *x|x (22 3/ *[%13
x[x[3 x| % |3/ x| x[4 x| x4
* x4 x| % |4/ *x|[*x[5 x|[x[5
*[*%]5 = [%[*]|5 = *[x]6 = *[x]6
* |k * | * * | * |k
316 316 37 3(7
417 417 4’18 418
18] 18] 19 19 ]
T T T* T’

Fig. 8 Two ways to construct 7’

an injective map Y from the set of Littlewood—Richardson tableaux 7 of shape
A/(2"~1=2) and type (201, 15+179) to the set of Littlewood—Richardson tableaux
T’ of shape A U (3)/(2" 1) and type (2i=b=1 1642-a) Fora given T, let us con-
sider the corresponding tableau 7', defined just before Lemma 6.2. Suppose that T
has n rows of length 4 (setting n = 0 if no such a row exists). Let T* be the tableau
obtained from T by inserting one row of three squares in the (n 4 1)th row in which
the rightmost square is filled with (n + 1)’, and then increasing all numbers below
the (n + 1)th row by 1, namely, changing j to j' and j' to j + 1. Let T’ be the
tableau obtained from T* by replacing j’ with j for each j. It is straightforward to
verify that 7’ is a Littlewood—Richardson tableau of shape A U (3)/(2"~!) and
type (2/76=1, 12+2-4) as desired. Clearly, the map 1 is injective. See the last four
tableaux in Fig. 8.

Finally, it remains to show that if s, appears in the Schur expansion of
S(2i-b-1 1b+2-a)S(om-i~1y With multiplicity 7, then one of the following two cases must
occur: (i) there exists a partition u such that A = p U (3) and the multiplicity of s, in
S(i-b-1 1b+1-a)Som-i-2y is at least n; (ii) there exists a partition v such that A = v U (1)
and the multiplicity of s, in $(pi-b-1 1p+1-aySom-i-1y is at least n. We claim that if 3 is
a part of A, then case (i) must occur. This is readily seen in view of the reverse map
of v, since for a given Littlewood—Richardson tableau 7’ of shape A/(2" 1) and
type (2072=1,1°72-49) we can uniquely determine a Littlewood—Richardson tableau
T of shape 1/(2"~2) and type (2~>~1, 1>+1=¢) If 3 does not appear as a part of
A, then we need to show that case (ii) must occur. This is true, because we can obtain
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a Littlewood—Richardson tableau T of shape v/(2”~'~1) and type (2!~0~1, 1P+1-4)
from T’ by using the reverse map of ¢. To be more specific, it is possible to apply the
reverse map of ¢ to T' since the lattice permutation property requires that A should
contain a part of size 1 and the bottom square should be filled with i + 1 — a. This
completes the proof. g

Now we are ready to finish the proof of Theorem 3.1.

Proof of Theorem 3.1 We use induction on the difference b — a. For a = b,

m m m-—a
ZD(m, i,a,b)= ZD(m —a,i—a,0,0)= Z Dy—ais
[ i=0

i=0 i=a

which, according to Theorem 6.7, is Schur positive. Suppose b — a > 1. By
Lemma 6.8, the negative terms of D(m,i,a,b) come from either AV (D(m — 1,
i —1l,a,b — 1) or AYDm —2,i —1,a,b — 1)). They always vanish in
Y iLoD(m,i,a,b), since by induction both Y /L D(m — 1,i — 1,a,b — 1) and
sz=0 D(m —2,i —1,a,b— 1) are Schur positive. This completes the proof. O
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