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Abstract An expression for the multi-parameter Klyachko idempotent as a linear
combination of Lie base elements is given.
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1 Introduction

Let F be the free associative algebra with generators ag, as, ..., over the field of
complex numbers C. Its elements are associative polynomials in non-commuting
variables ay, ay, ..., with coefficients from C. Let 7~ be the Lie algebra of F un-
der commutator [a, b] = ab — ba. Endow F with the structure of a Hopf algebra by
defining a coproduct § such that §(a;) = a; ® 1 + 1 ® a;. Let L be the Lie subalgebra
of F generated by ay, ay, .... So L is the free Lie algebra on generators ay, ap, . ...
An element X = f(ay,...,a,) € F is called a Lie element if X € L. There is a
well-known criterion for X to be a Lie element (Friedrich’s criterion): X is a Lie
element if and only if X is primitive element of F (considered as a Hopf algebra),

(X)) =X®1+1®X.

If X is a homogeneous Lie element of degree m, the Dynkin—Specht—Wever theorem
allows us to construct its Lie expression

X =mX,
where 7 X denotes Lie element corresponding to X constructed by

ma; = aj, (aiy .. ai,) = [aiy, [ i,y ai, 1 ]].
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See [4] or [9] for details. For example, af is not Lie element, but X = —a%az +
2ajaza; — azajay is a Lie element with X = —[ay, [a1, a2]].

A.A. Klyachko in [5] has constructed the following idempotent in the group alge-
bra of the permutation group:

1 .
k==Y ¢"¥ .
=24

o€eS,

Recall that the major-index maj(o) is defined as a sum of descent indices,

maj(o) = Z i.

I<i<n,o(i)>oi+1)

An important property of the Klyachko idempotent is that the element
1 .
kn (al LR} a}’l) = ; Z':qmaj(o-)ao(l) .. .ao(n)

is a Lie element, assuming ¢ is a primitive n-th root of unity. For example,
2ka(a1, az) = a1az — aza1 = a1, az] € L.

The case n = 3 is not so evident. If

then
3ks(a1, a2, a3) = a1aza3 + g arazaz + q axaraz + q*axazar + q azayay + g  azazay.
By Friedrich’s criterion
ky(ai, az,a3) € L,
and by the Dynkin—Specht—Weber theorem,
3ks(ar, az, az)
= [la1, a2], a3] + ¢*[la1. a3], a2 ] + q[laz. a11, a3] + ¢*[laz, a3, a1 ]
+q[las, a1l, a2] + ¢*[[a3, a2, a1 ).

But one can check that the following is a simpler expression for k3 as a Lie element,
k3(ay, a2, a3) = [a1, a2, a3]] + q[az. [a1, a3]] € L,

where in all summands the last element a3 seats in the last place.

In this paper we show that this kind of construction exists for any n. We give ex-
pression of the Klyachko element as a Lie element in a more general context. Let
[n] ={1,2,...,n} and S, be its permutation group. We will use one-line notation
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for permutations: instead of ( g D 6(22) " o(m) We will write o'(1) - - o' (n). More gen-

erally we will consider words in the alphabet [n] that have at most one occurrence
of each letter i € [n]. If every element of [n] appears in such a word u =iy ...i,
then kK = n and we can consider w as a permutation. For a word u =i ..., say that
k = |u| is its length and that s € [n — 1] is a descent index if iy > i;z+1. Denote by
Des(u) a set of descent indices of u. The sum of all descent indices, as we mentioned
above, is called major index of u and is denoted maj(u),

maju)y =Y .

Jj€Des(u)

Define the multi-parametric q-major index majq(u) of word u by

[T} epesu quc -+ quij)

majq(u) = — 1 :
1”:'1 (I = quy - quy)
where q1, ..., g, are some variables.
Letu =iy ---ix and iy = max{iy, ..., ir} be maximum of the letters of u. Call the

subwords L(u) =ij...is—1 the left part and R(u) = is4 - - - i the right part of u.
For a word u =iy - -i;_1i; denote by rev(u) = iyix—1---i1 the word u written in
reverse order. For example, if u = 513942, then

lu| =6, Des(u) ={1,4,5}, maj(u) =1+44+5=10,

4293949393
(1 —g5)(1 —q195)(1 — q19395)(1 — 91939599) (1 — q193G44599)
L(u) =513, R(u) =42, rev(u) = 249315.

majq(”) =

Let K(q) be the field of rational functions in q over the field K and K (q)S, be
group algebra of symmetric group with coefficients in K (q). There is a natural left
action of S, on K(q): if f(q) = f(q1,-...,qn) € K(q), then we define

o[f@]=F@oy, - dom)-

The “correct” product for K (q)S, is not the straightforward analogue of the product
for K S,,. Instead we need the twisted product of f(q)o and g(q)t, denoted f(q)o x
g(q)t, defined by

f@o % g(@1 = (f(@o[g(@]or.
For example,

q293 23 q193

213 X =
(I —=q2)(1 — q293) (I -q)—q193)

We recall the following multi-parameter generalization of Klyachko idempotent
introduced in [7]. Namely, an element k, (q) € K(q)S, defined by

k(@) = ) majg(0)o

oeS,
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is an idempotent in K (q)S, under multiplication x. Moreover, k,(q)(ai, ..., a,)
is a Lie element, if qig2---g, =1, but g;,q;, ---q;, # 1, for any proper subset
{i1, ..., i/} C[n].

The multilinear part of the free Lie algebra of degree n is (n — 1)!-dimensional
and any multilinear Lie element should be a linear combination of base elements
of a form [as (1), [ [@5m—1),anl---1]. The existence of a Lie expression for the
Klyachko element as such a linear combination was established in many papers (see
for example [1-3, 8]).

In our paper we give an explicit such expression of the multi-parameter Klyachko
element as a Lie word.

Theorem 1 Ifqiq>---q, =1, but q;,qi, - - - qi, # 1, for any proper subset {iy, ..., i}
of {1,2,...,n}, then

b@= Y. majg@)[o).[0@. [om—1).n]-]].

o€eS,,o(n)=n

Equivalently,
. majq(t)lacy, lar @), - [ac@m-1), anl - -+ 1]
Z majq(0)ae (1) don) = Z 4 0 g ) )
o€ES, T€8,_1 g1 qn-1

ey

Example Let us demonstrate calculations for the case n = 3. Denote by H the right-
hand side of equality (1). We have

. 1 . 9193
maj,(123) = , maj,(132) = ,
T4 (I—an(—qi192) Y4 d—an( —qi193)
. 92 . 093
maj,(213) = , maj,(231) = ,
Ja (I —a)(1—qi192) Y4 (-1 — 243
q3 612‘132
maj,(312) = : , maj,(321) = ,
Ta (I —g3) (1 —q1g3) Y4 (-1 — 293
and
abc qi1g3acb
kz(q)(a,b,c) =
1 T—q0(—qig) U —an(—qiq3)
g2 bac q2q3 bca
(I =g —q192) (1 —g2)(1 —g2q93)
q3 cab qzqz% cba
1—g3)(d—qiq3) (1 —g3)(1 —qq3)
On the other hand,
1 9
maj,(12) = ———, maj,(21) = ,
Ja 1 —q1 Ja I—q
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and
1 ([a, [b,cll | qulb, la, C]])
= +
I—qig2\ 1—qi l—q2
_ 1 <abc —ach — bca + cba 4 q2(bac — bca — acb + cab))
1 —q192 l—q l—q2

_ (= go)abe = (1 — qig2)ach + (92 — q1g92)bac — (1 — q1g2)bea + (q2 — q192)cab + (1 — ga)cba)

(I =g —q2)(1 —q192)

_ abc acb + g2 bac
(I=gD—=qi1q2) (T—q)1—q2) (1—g2)(1—q192)
bca g2 cab cba

— + + .
(I-q)(d—-q) A—-g)(A—q192) A—-q1)1—-q192)

Since g1g2¢g3 = 1, this means that
k3(q)(a,b,c) =H.

If ¢ is a primitive root of 1 of degree 3 and ¢; = ¢, then (1 —¢)(1 —¢*)=1—¢q —
g% + g> = 3. Therefore in this case we obtain the Klyachko element

k3(q) = k3.

These kind of calculations can be done for any n.
As a corollary of Theorem 1 we obtain an exact expression of k,(ay, ..., a,) as a
Lie element.

Corollary 2 Ifg" =1,4" # 1,0 <m < n, then

3 " a0y agm = Y @ ac [ares [ s larens anl - ]]

oeS, TES, —1

Let L1 be the shuffle product on a space of words A. For elements u =
X1...Xk, v =y1...y € A recall that uLLlv is defined as the sum of elements of the
form w =z;...zx4; such that {z1, ..., k) ={x1, ..., %, y1,..., ) and if z;) =
Xlyeoos Zig =Xky Zjy = V1»---25; =Y, then iy <ip < -+ <ig, j1 < o <--- < ]I
For w € A we say that w is a part of the shuffle product uLLlv and denote w € ulLlv
if w appears as a summand in uLLlv. For example,

abllicd = abcd 4 acbd + acdb + cabd + cadb + cdab
and acdb is a part of abLLicd, but adcb is not.
By Lemma 5 (see below) one can reformulate the above results in terms of major-

indices and shuffle products.
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Corollary 3 If q1---qn =1, but q;, - - - q;, # 1, for any proper subset {iy, ...,i,} C
[n], then for any permutation o € S,

. (=D*lg .
majy (o) = (617_1)” Z majq(w),
n weL(o)Wrev(R(0))

where L(0) and R(o) are the left and right parts of 0.

Corollary 4 Ifq" =1,9™ # 1,0 < m < n, then for any permutation o € S,

qmaj(tf) =(— l)lR(G)I Z qmaj(w)’

weL(o)LLrev(R(o))

where L(0) and R(o) are the left and right parts of 0.

2 Proof of Theorem 1
Let S, be the set of shuffle permutations,

Spr = {0 eSlo)<---0(r),c(r+1)<---< o(n)}.
Lemma 5 Foranyay,...,a, €A,

la1, [a2, [ [an—1. an] -]
n—1

=Y Y (=D asqy o @n rev(do(ri1) - done1)-

r=0 oeSn,l_,
Proof Follows from Theorem 8.16 [9]. [l

Lemma 6 Let u and v be complementary words on [n] with |u| =k, |v| =1. Then

. (I—q1...qn) . .
E ma]q(w) = 1 T ma]q(u)ma]q(v).
e (I = quqy - quio) (1 — quary -~ quy)

Proof Let (, ) be inner (scalar) product on F defined by (u, v) = §,, for any words
u and v and extended to F by linearity. By the following statement (see end of Sect. 2
of the paper [7]),

(kn (@), uLLIV)
(Tjena quy -+ quen) AT jepw) v - - qumy)
x 1
(Tizi quqy - qui) AT 21 vy - qui))

=1 —q1--qn)

we have
(1 = q1 -+ - gn)majq(uymajq (v)
(1= quty quie) (L = gty qo@))

(kn (@), uLLiv) =
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It remains to note that

(kn (@), utiv) = Z majg (w).

weuLllv

Lemma 7 Foranyt € Sy,

1 -1
(=Dl (HjEDes(rev(r)) ge(1) " qr(n—j))

majy(v) = —
a H;Lll(l —(gety - qr)™H

Proof For T € S, let

Des(t) ={i € [n — 11]7(i) > t(i + D},

Rise(r)={ie[n—1]|t() <T@+ 1)}

be sets of descent and rise indices. Then

Des(t) URise(t) ={1,2,...,n— 1},

Des(t) N Rise(t) =0,

|Rise(t)| =n—1-— |Des(r)

Des(rev(r)) ={n,...,n}— rev(Rise(r))
(here (n, ..., n) is a sequence with components n and length |Rise(t)|). Thus,
Rise(t) = {n — j|j € Des(rev(r))}.
Therefore,

(_1)n+1

—1 _
[T epestrevcey ar) == dre—jp [TiZ1 (1 = (gety -+ qra) ™)

DTS @y - 4o y)
-1
HjeDes(rev(r)) qr(1) " "Gr(n—j) H?:l =1+ @y - qe)

—1
[T 2 (@eqy - gz6))
1
[T epestevey 4z - Gen—p [Ti2) A = ey -+ - qeay)

_ HieDes(r) qc(1) 4t (i)
- —1
[T2 (= gey - Gei))

=majq(t). Il
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Lemma 8 Let u and v be complementary nonempty words on [n —1]. Let q1 -+ - g, =
1, but g;, - - - qi, # 1, for any proper subset {iy, ...,i,} C{1,...,n}. Then

(—D"majy (wymajq (v)
(=TT, qu) 1 =TT, quiin)

majq (u n rev(v)) =

Proof Let 0 =unrev(v). Note that o~ ') =|u|+1 and |u] & Des(o). Therefore,

majq (o)
[1epeso) @o ) -+ 4o )
—1
[T = g0y o)

HjeDes(a),j<|u| qu(1) " qu(j)
1
Hzluzll (I = quy - quiy)

(gn Hl;l:|1 9o (j))
X
(I = quay - Guiup) A = qu) -+ * qu(u)gn)

[T eesrevvy) Quct) * = Qu(tun@nGv(vi—j+1) * * du (o))
X o .
IL2, (= quq) - ququ)@ngoi+i) -~ Qo))

Now use the condition

qu) - Qu(u))dnqv) - qu(v)) =41 qn = 1.

We have
majy(o)
) 1
=maj,(u) x
4 (I = quy - Gququp) (=1 + quy - - qu(up)
-1
HjeDes(rev(u)) (C[v(l) e QU(\v|—j))
1 — .
lil (= (qu1) - qvi)) ™"

It remains to use Lemma 7. U

Proof of Theorem I For any o € S, let us calculate the coefficient of ag (1) - - G (n).
On the left hand side of (1) it is majq (o).

Now consider the coefficient on the right hand side of (1). Denote it as A,. If
r=o"1(n), thenu=L)=0()---0(r—Dandv=R©0)=0c@+1)---c(n).
Then ay (1) - - - a5 (n) appears only in terms of a form

majq(w)[awy, [ - [awm-1), anl - - -1l
(I=q1-gn-1)

’
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where w € uLLirev(v), with coefficient (—1)!*!. Hence, by Lemma 5,

—_ll
Ao = Z émajqw.

weuLLirev(v) (=q1-qn-1)
Since u and v are complementary words on [n — 1], by Lemma 6

G
(= quaty qu) (= go() -+ Go))

majq(u)majq (rev(v)).

By Lemma 8 we see that
Ao = majq(u nv)

So, coefficients at a4 (1) - - - do (n) on the left and right hand sides of (1) are equal for
any o € S,. Theorem 1 is proved. g

3 Additional remarks

Remark 1 Tt will be interesting to study associative algebra as an n-algebra under k,
as an n-ary multiplication. For example, for n = 3 the 3-multiplication [a, b, c] de-
fined by

[ai,az,a3] = Z qmaj(g)ag(l)ag(z)aao), q=—==i

0ES3
can be re-written as
[a, b, c] = (ab)c + (cb)a + q((ba)c + (ca)b) + ¢*((ac)b + (be)a)
It satisfies the cyclic g-identity of 3-degree 1,
la.b,c]=qlc,a,bl,
and the following 25 terms identity of 3-degree 2
—q*[a,b,[c.d,el] —qla. b, [d,c,el]+[a,c,[b.d,el] +q[a, c,[d,b,e]]

—[a.d,1b.c,el] +q*[a.d.[c.b,el] = [a,e. b, c.d]] +q*[a, e.[c, b, d]]
+¢*[b,a,lc.d,el]+ [b,a,[d, c,el] — q[b,c,la,d, el]] — [b,c.[d, a,el]
+q[b.d.la.c,el] — ¢*[b.d.[c.a,el] +q[b.e.[a,c.d]] — ¢*[b. e, [c.a,d]]
—[c,a,[b,d,el] — ¢*[c.a,[d, b,el] + q[c. b, [a,d, e]] +q*[c. b, [d,a,e]]
—qle.d.la,b,el]+ [c.d.[b,a,el] —q[c,e,[a,b,d]] + [c,e [b,a,dl]
+(q —q*)[d,e,la,b,c]] =0.
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Remark 2 The Dynkin—Specht—Wever theorem allows us to check whether an ele-
ment X € F can be presented as a linear combination of Lie commutators. Let us
give some modification of this theorem that allows to write a multilinear Lie element
as a linear combination of Lie base elements. The algorithm is the following:

Step 1 Write multilinear element X as a linear combination of Lie commutators.
One can use here the Dynkin—Specht—Wever theorem.

Step 2 Write all Lie commutators in a right-bracketed form by the rule (Jacobi iden-
tity) [[a, blc] := [a, [b, c]] — [, [a, c]].

Step 3 Write any right-bracketed Lie commutator [a;,, [- - - [ai,_,,a;,]- -] as a lin-
ear combination of multilinear base elements [as (1), [ - - [@o(i—1), @n]- -+ 1],
where o € §,,_1. Here one can use the following formula:

[Cln, [611, [ - lap—a, an—l]]]]

n—2
:Z Z [Clg(l), ["'[aU(I‘)v [al’l—17 [aa(n—Z),

r=00€S,-1,+1,0r+1)=n—-1
[+ Lo eny. anT]1T]]- @)

Example Let us present an element X = [[az, as], [[a3, a4], a1]] as a linear combina-
tion of Lie base elements. We can begin from step 2,

X = [az, [as. [a3, [as, a1]]]] — [a2. [as, [as. [a3, a11]]] — [as. [a2. [a3. [a4, a11]]]
+ [as. [a2, [as, [a3, a11]]].
By (2) we have
[as.[a3. [a4. a1]1]] = —[a3. [aa. [a1. as]]] + [a3. [a1. [a4. as]]]
+ [aa. [a1. a3, as]]] — [a1. [as. a3, as]]].
and,
[a2, [as. [a3. [a4, a1]]]]
= —|az, [a3, [a4.[a1, as]]]] + [a2, [a3. [a1, [a4, as]]]] + [a2, [as. [a1, [a3, a5]]]]
— [a2. a1, [a4, [a3. as]]]]-
Similarly,
[a2. [as. [a4. [a3, a1]]]]
= —[a2. [a4.[a3. a1, as]]]] + [a2. [as. [a1. (a3, a5]]]] + [a2. [a3. [a1, [a4. as]]]]
— [a2.[a1. a3, [a4, as]]]]-
By (2),

[as, [az, [613, [as, al]]]]
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=[a1, [as, [a3. a2, as]]]] — [a2. [a1. [a4. [a3. as]]]] + [a2. [a3. [a1. [aa, as]]]]
— a2, [a3, [as, a1, as]]]] + [a2, [as, [a1, a3, as1] ]
= a3, [a1. [as, a2, as]]]] + [a3, [as. [a1. [a2, as1]]]
— [as, [a1, [a3, [a2, a51]]],
[as, [a2, [as. [a3, a11]]]
=[a1.[as. [a4. [a2. as5]]]] — [a2. [a1. [a3. [a4. as]]]] + [a2. [a3. [a1. [a4. as]]] ]
+[a2. [as. [a1. a3, as1]]] = [a2, [as, [a3. [a1. as]]]]
— a3, [a1, [as, [a2, as]]]] = [aa, [a1, [a3, [a2, as1]]]
[a3 ]

+ [a4, [a3, [a1, [a2, as]]]]-

Therefore,

X = a1, [a3, [as. (a2, as1]]] — [a1. [as, [a3. (a2, as51]]] — a3, [aa. [a1, [a2. as]]]]
+[as. [a3. [a1. a2, as]]]].

Remark 3 Klyachko element has one more generalization. In [6] a Lie idempotent
was constructed that generalises three other well-known idempotents. This general-
ization is the g-Solomon idempotent

(— 1)de€(a) maj(o)— (d(”Hl)

¢n(q >——Z ] o.

o€eS, d(o) q

It has the following properties:

On(@) = ky(w),

is the Klyachko element if w is a primitive root of degree n,

¢ (0)=1[---[1,2],....n]

is the Dynkin idempotent in case of ¢ =0 and

¢n()=")

€S, (dZs(i))

(_ 1)des(a)

gives us the (first) Euler idempotent if ¢ = 1. Here [”;1] denotes a g-binomial
q
coefficient.
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One can establish that the g-Solomon idempotent has a similar Lie presentation
by base elements,

1
AOEEEEDY

€S, ,o(n)=n [3(_01)]11

(— 1)des(a)qmaj(c)—(d(az)ﬂ)

o],

where [o] denotes the Lie commutator [ (1), [---[o(n — 1), n]---]]. It follows from
the following property of major indices

2

Laest]
weulllrev(v) des(w) q

(= 1)|”|qmaj(w)_(des(z;>+1)

(—1)des(u)+des(v) qmaj(u)+maj(v)+(|u|+1)(des(v)+1)—("“‘””‘2’”‘”)*2)

P
In particular, the Lie presentation for Dynkin element is given by
[[ - [ay, az], - ..]’an]
= Z (=D agqy, [+ [am-1y anl---]]

ces, ,nij(a):(des(;)+l),U(l’l):n

and the Euler element has the following Lie presentation:
(_l)des(o) (_1)des(0)

Z a1y Go() Ao = Z n—1 [acr(l)’["‘[aa(nfl),an]"']]-
o€eS, (des(cr)) €S, ,o(n)=n (des(cr))
Acknowledgements I am grateful to the anonymous referee for careful reading of the text and essential
remarks.
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