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Abstract Let V be an n-dimensional vector space (4 < n < o0o) and let G (V) be
the Grassmannian formed by all k-dimensional subspaces of V. The corresponding
Grassmann graph will be denoted by (V). We describe all isometric embeddings
of Johnson graphs J(I,m), | <m <l —11in I';(V), 1 <k <n — 1 (Theorem 4).
As a consequence, we get the following: the image of every isometric embedding of
J(n, k) in I (V) is an apartment of G (V) if and only if n = 2k. Our second result
(Theorem 5) is a classification of rigid isometric embeddings of Johnson graphs in
I,(V),l<k<n-—1.
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1 Introduction

A building [10] is a simplicial complex A together with a family of subcomplexes
called apartments and satisfying a certain collection of axioms. Maximal simplices
of A are called chambers. They have the same cardinal number n (the rank of A)
and we say that two chambers are adjacent if their intersection consists of n — 1
vertices. Denote by Ch(A) the set of all chambers. Consider the graph I';,(A) whose
vertex set is Ch(A) and whose edges are pairs of adjacent chambers. Let A be the
intersection of Ch(A) with an apartment and let I" (A) be the restriction of the graph
I'tn(A) to A. There is the following characterization of the intersections of Ch(A)
with apartments (see, for example, [2] p. 90).

Theorem 1 A subset of Ch(A) is the intersection of Ch(A) with an apartment of A
if and only if it is the image of an isometric embedding of I' (A) in I'ch(A).
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The vertex set of a building can be labeled by the nodes of the associated diagram
(the labeling is unique up to a permutation on the set of nodes). The set of vertices
corresponding to the same node is called a Grassmannian (more general Grassman-
nians defined by parts of the diagram were considered in [9]).

Let A be a building and let G be one of its Grassmannians. We say that two dis-
tinct elements a, b € G are adjacent if there exists a simplex P € A such that P U {a}
and P U {b} both are chambers; in this case, the set of all ¢ € G such that P U {c} is
a chamber is said to be the line joining a and b. The Grassmannian G together with
the set of all such lines is a partial linear space (each point belongs to a line, each
line contains at least two points, for any two distinct points there is at most one line
containing them). This partial linear space will be called the Grassmann space corre-
sponding to G. The associated collinearity graph is the Grassmann graph I'g whose
vertex set is G and whose edges are pairs of adjacent elements. The intersections of
G with apartments of A are said to be apartments of the Grassmannian G.

In [4-7] apartments of some Grassmannians were characterized in terms of the
associated Grassmann spaces. It is natural to ask whether there are metric characteri-
zations of apartments of Grassmannians similar to Theorem 1.

Every building of type A,—1 (n > 4) is the flag complex of a certain n-dimensional
vector space V. The Grassmannians of this building are the usual Grassmannians
Ge(V), ke{l,...,n — 1}, where Gr(V) is formed by all k-dimensional subspaces
of V. The corresponding Grassmann graph is denoted by (V). The restriction of
Iy (V) to every apartment of Gi (V) is isomorphic to the Johnson graph J (n, k). Re-
call that the vertex set of J(n, k) is formed by all k-element subsets of an n-element
set; two such subsets are adjacent (joined by an edge) if their intersection consists of
k — 1 elements.

Every apartment of G (V) is the image of an isometric embedding of J(n, k) in
I'x (V). We show that the image of every isometric embedding of J(n, k) in I'x (V)
is an apartment of Gi(V) if and only if n = 2k. This statement follows from our
classification of isometric embeddings of Johnson graphs J(I,m), ] <m <[ —1in
the Grassmann graph I, (V), 1 <k <n — 1 (Theorem 4).

If 2k < n then any finite (2k)-independent subset X C G (V) (every (2k)-element
subset of X is independent) defines an isometric embedding of J(n’, k), n’ = |X| in
I'x (V). The image consists of all S € G;(V) such that S is the sum of k elements
from X. All other isometric embeddings of Johnson graphs in (V) are some mod-
ifications of this construction.

Our second result (Theorem 5) is a classification of rigid isometric embeddings
of Johnson graphs in I'; (V). The term rigid means that every automorphism of the
restriction of I3 (V) to the image can be extended to an automorphism of Ix (V).
In the case when n # 2k, apartments of Gy (V) satisfy this condition; but there exist
other rigid isometric embeddings of J(n, k) in I, (V).

2 Grassmannians of type A, _{
Let V be an n-dimensional left vector space over a division ring R and let4 <n < co.

Two elements of Gy (V) are adjacent if their intersection is (k — 1)-dimensional; this
is equivalent to the fact that their sum is (k + 1)-dimensional.
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Let M and N be subspaces of V such that M C N and
dimM <k <dimN.

Denote by [M, N]i the set of all § € Gy (V) satisfying M C SC N.If M =0 or
N =V then this set will be denoted by (N ] or [M ), respectively. If

dimM=k—1 and dimN=k+1

then [M, N is a line of the Grassmann space corresponding to G (V); we denote
this Grassmann space by & (V). In the case when k = 1, n — 1, this is the projective
space ITy associated with V or the dual projective space [T, respectively.

If k =1,n — 1 then any two distinct vertices of the Grassmann graph I'; (V) are
adjacent. In the case when 1 < k < n — 1, there are precisely the following two types
of maximal cliques of I'; (V) (see, for example, Sect. 3.1 [8]):

o the stars [M)x, M € Gi_1(V);
o the tops (N1x, N € Gra1(V).

The set of all maximal cliques of I, (V') coincides with the set of all maximal singular
subspaces of &, (V) (a subspace of a partial linear space is called singular if any two
distinct points of this subspace are joined by a line), see Sect. 3.1 [8].

Denote by d the distance in I';(V). For all S, U € Gx(V) we have

di(S, U) = k — dim(S N U) = dim(S + U) — k.

If X C Gx(V) then we write I'(X) for the restriction of the Grassmann graph I} (V)
to X.

Every apartment of G (V) is defined by a base of V; it consists of all elements of
G (V) spanned by subsets of this base. Let B be a base of V and Ay C Gy (V) be the
associated apartment. Clearly, A; and A4,,_; are bases of the projective spaces ITy
and I1y;, respectively. Suppose that 1 < k < n — 1. It was noted above that I" (Ay) is
isomorphic to J (n, k). The maximal cliques of I" (Ay) are of the following two types:

o the stars Ay N [M)y, M € A1,
e the tops Ay N (N, N € Ag41-

Every maximal clique of I" (Ay) is an independent subset of &, (V) spanning a max-
imal singular subspace (a subset X of a partial linear space is independent if the
subspace spanned by X is not spanned by a proper subset of X).

For every subspace S C V the annihilator S° is the subspace formed by all x* €
V* that vanish on S. If X C Gx(V) then we write X0 for the set formed by the
annihilators of all S € X. The annihilator mapping of Gy (V) to G,_x(V*) is the
bijection transferring every S € G (V) to the annihilator S°. The following statement
is well-known.

Fact 1 The annihilator mapping of Gi(V) to G,_x(V*) is an isomorphism of I, (V)
to I,_x (V*) sending apartments to apartments, stars to tops and tops to stars.
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Let M and N be subspaces of V such that M C N and
dmM=m <k <l=dimN.

Then [M, N]i is a subspace of &, (V); subspaces of such type are called parabolic
[5]. Let B be a base of V such that M and N are spanned by subsets of B. The in-
tersection of the associated apartment of Gi (V) with [M, N] is said to be an apart-
ment of the parabolic subspace [M, N ]i. The natural collineation (isomorphism) of
[M, N]i to the Grassmann space &_,, (N /M) establishes a one-to-one correspon-
dence between apartments. The restrictions of I'x (V) to apartments of [M, N]i are
isomorphic to J(I — m,k — m). It is clear that the annihilator mapping G (V) to
Gn_i(V*) transfers [M, N to [N°, M°],_x; moreover, it establishes a one-to-one
correspondence between apartments of these parabolic subspaces.

It was noted above that maximal cliques of the restriction of I';(V) to an apart-
ment of G (V) are independent subsets of &; (V) (the same holds for apartments of
parabolic subspaces). This property characterizes apartments.

Theorem 2 (B.N. Cooperstein, A. Kasikova, E.E. Shult [5]) Let 1 <k <n — 1 and
[, m be natural numbers satisfying k <l <n and 0 <m < k. Let X be a subset of
Gk (V) such that I" (X)) is isomorphic to the Johnson graph J (I —m, k —m) and every
maximal clique of I'(X) is an independent subset of (V). Then X is an apartment
in a parabolic subspace of Gy (V); in the case when k =m and n =1, this is an
apartment of Gy (V).

Remark 1 Also, in [5] such kind of characterizations were established for apartments
of dual polar spaces and half-spin Grassmannians. More general results can be found
in [6, 7].

Let V' be a left vector space over a division ring R’. A mapping u : V — V' is
called semi-linear if it is additive, i.e.

ulx +y)=ulx)+uy)
for all x, y € V, and there exists a homomorphism o : R — R’ such that
u(ax) =o(a)u(x)

for all x € V and a € R. A semi-linear bijection u : V. — V' is called a semi-linear
isomorphism if the associated homomorphism of R to R’ is an isomorphism. Every
semi-linear automorphism of V induces an automorphism of the flag complex A(V)
whose restriction to each G (V) is an automorphism of I (V).

Let u be a semi-linear isomorphism of V to V*. The mapping transferring every
subspace S C V to the annihilator of u(S) is an automorphism of A(V'). The restric-
tion of this automorphism to G¢ (V) is an isomorphism of I'x (V) to I,—x(V). In the
case when n = 2k, this is an automorphism of (V).

Recall that V* is a left vector space over the opposite division ring R* (the division
rings R and R* have the same set of elements and the same additive operation, the
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multiplicative operation % on R* is defined by a x b := b - a if - is the multiplicative
operation on R). Semi-linear isomorphisms of V to V* exist only in the case when
R and R* are isomorphic. Note that R = R* if R is commutative.

By the Fundamental Theorem of Projective Geometry [1], every automorphism of
the complex A(V) is induced by a semi-linear automorphism of V or a semi-linear
isomorphism of V to V*. Two semi-linear mappings define the same automorphism
of A(V) if and only if one of them is a scalar multiple of the other. Denote by PGL(V')
the group of all automorphisms of A(V') induced by linear automorphisms of V. This
group coincides with the group of all automorphisms of A(V') induced by semi-linear
automorphisms of V only in the case when every automorphism of R is inner (for
example, if R =R or R is the division ring of real quaternion numbers).

Theorem 3 (W.L. Chow [3]) Every automorphism of I(V), 1 <k <n — 1 has
a unique extension to an automorphism of A(V), in other words, it is induced by a
semi-linear automorphism of V or a semi-linear isomorphism of V to V*. The second
possibility can be realized only in the case when n = 2k.

Remark 2 Some generalizations of Chow’s theorem can be found in [8].

Let u : V — V’ be a semi-linear isomorphism. The contragradient ii is the semi-
linear isomorphism

@ v v

(the inverse of the adjoint mapping), see Sect. 1.3.3 [8]. It transfers the annihilator of
every subspace S C V to the annihilator of u(S). The contragradient i is linear if and
only if u is linear. If  is a semi-linear automorphism of V then the mapping trans-
ferring every subspace S C V* to u(S°)? is the automorphism of the flag complex
A(V*) induced by .

3 Isometric embeddings of Johnson graphs in I'; (V)

In what follows the images of isometric embeddings of Johnson graphs in I (V') will
be called J-subsets of G (V).

In this section we give several examples of J-subsets and state our first result
(Theorem 4)—a classification of isometric embeddings of J(I,m), ] <m <[ —11in
I'v(V), 1 <k <n — 1. The existence of such embeddings means that min{m, [ — m}
(the diameter of J (I, m)) is not greater than min{k, n — k} (the diameter of I (V)).

A subset X C G (V) is called m-independent if every m-element subset of X is
independent in the projective space [Ty, in other words, the sum of any m elements
from X belongs to G, (V). An n-independent subset of G (V) consisting of n ele-
ments is a base of ITy.

An m-independent subset of G (V) consisting of m + 1 elements is called an m-
simplex of ITy if it is not independent. If Py, ..., Pyu41 € G (V) form an m-simplex
then there exist linearly independent vectors x1, ..., x,, € V such that

Pr={x1),...., Pp="{xm) and Ppyi={(x1+ -+ xm).
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Proposition 1 If the division ring R is infinite then for every natural number n' > n
there exists an n-independent subset of Iy consisting of n’ elements.

Proof The statement can be proved by induction on n’. Suppose that X C G;(V) is
an n-independent subset consisting of n’ — 1 elements. Denote by ) the set of all
S € G,—1(V) such that S is the sum of n — 1 elements from X. Since R is infinite,
there exists P € G(V) satisfying P ¢ S for every S € ). The subset X U {P} is
n-independent. g

Now we generalize Example 1 from [4] (Sect. 9).

Example 1 Suppose that 2k <n and X ={Py, ..., Py} is a 2k-independent subset of
G1(V). We denote J; (X) the set of all k-dimensional subspaces of type P;, 4 - - +
P;, . The mapping

{it,....ix} > Pi, +---+ Py,

is an isometric embedding of J (n/, k) in I}, (V); indeed, it is easy to see that
dim[ (P, + -+ Pi) N (Pjy 4+ Pi)] = [lin, . ikd N (s i)

If n’ =n and X is a base of [Ty then J;(X) is an apartment of G¢(V).If n’ <n + 1
and X is an (n’ — 1)-simplex then J; (X) is the set of its (k — 1)-faces.

A subset Y C G,—1(V) is called m-independent if every m-element subset of X is
independent in the projective space /Ty, this means that the intersection of any m ele-
ments from X" belongs to G,,—,,, (V). An n-independent subset of G,,_{ (V) consisting
of n elements is a base of ITj;. An m-independent subset of G,,_1(V) consisting of
m + 1 elements is said to be an m-simplex of IT;; if it is not independent. The anni-
hilator mapping of G;(V), i =1,n — 1 to G,_; (V*) transfers m-independent subsets
to m-independent subsets, in particular, simplices go to simplices.

Example 2 Suppose that 2k > n and Y = {81, ..., Sy} is a (2n — 2k)-independent
subset of G,_1(V). The intersection of any n — k elements from )/ belongs to Gy (V)
and we denote by 7;*()) the set of all such intersections. This is a J-subset. In-
deed, )V is a (2n — 2k)-independent subset of G;(V*) and the annihilator mapping
of Gp_x(V*) to Gi (V) transfers J,_ (V°) (see Example 1) to TEY). If n’ =n and
Y is a base of IT;; then J;*()) is an apartment of Gx (V). If n’ <n 41 and ) is an
(n’ — 1)-simplex then T () is the set of its (n — k — 1)-faces.

We will need the following modifications of Examples 1 and 2.

Example 3 Let M be a (k — m)-dimensional subspace of V such that m > 1 and
m +k <n. Then

2m <n—k+m.
Consider the (n — k + m — 1)-dimensional projective space [M)r_n+1 (it can be

identified with ITy,p). Let X be a finite (2m)-independent subset of [M)g_,41. By
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Example 1, J,,(X) is a J-subset contained in the parabolic subspace [M )y; it is the
image of an isometric embedding of J(I,m), [ = |X| in I (V). In the case when
M =0, we get the J-subset constructed in Example 1. Let N be the sum of all ele-
ments from X’ (possible N = V). If X is a base of the projective space [M, N lx—m+1
then 7, (X) is an apartment of the parabolic subspace [M, N]i. If

l<n—k+m+1
and & is an (/ — 1)-simplex of [M)—_,+1 then J,, (X) is the set of its (m — 1)-faces.

Example 4 Let N be a (k+m)-dimensional subspace of V such that 1 < m < k. Then
2m < k+m. Consider the (k+m — 1)-dimensional projective space (N Jx4,—1. Let Y
be a finite (2m)-independent subset of (N ]x+,—1. As in Example 2, the intersection
of any m elements from ) is k-dimensional and we define Jk* ()). This is the image
of an isometric embedding of J(I,m), [ =|Y| in I} (V). If N =V then we get the
J-subset constructed in Example 2. Let M be the intersection of all elements from )
(possibly M = 0). If ) is a base of the projective space [M, N |x4m,—1 then Jk* ) is
an apartment of the parabolic subspace [M, N]i. If

I<k+m+1
and Y is an (I — 1)-simplex of (N]¢4,—1 then JF (D)) is the set of its (m — 1)-faces.

By Proposition 1 and Examples 1-4, isometric embeddings of J (I, m) in (V)
exist for all pairs [, m satisfying

min{m,l —m} <min{k,n — k}
if the division ring R is infinite.

Theorem 4 Let n,k,l, m be natural numbers satisfying n,l >4, 1 <k <n —1,
l<m<lIl—1and

m' :=min{m, ! —m} <min{k, n — k}.
If J is the image of an isometric embedding of J(I,m) in I'y(V) then one of the
following possibilities is realized:

o there exists M € Gy_,v (V) such that J is defined by a (2m')-independent subset
of [M)j—py+1 consisting of | elements (Example 3),

o there exists N € Gy (V) such that J is defined by a (2m')-independent subset
of (Nlx4m'—1 consisting of | elements (Example 4).

The image of every isometric embedding of J(2m,m) in I' (V) is an apartment in a
parabolic subspace of type

(M, Nk, M €Gi—m(V), N € Gigm(V).

We assume that Go(V) = {0} and G,, = {V}.
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Corollary 1 Let J be the image of an isometric embedding of J(n, k) in I (V),
1 <k <n — 1. Then the following assertions are fulfilled:

(1) if 2k < n then J is defined by a (2k)-independent subset of Ily consisting of
n elements (Example 1) or there exists N € Gox (V) such that J is defined by a
(2k)-independent subset of (N lor—1 consisting of n elements (Example 4),

(2) if 2k > n then J is defined by a (2n — 2k)-independent subset of I}, consisting
of n elements (Example 2) or there exists M € Gog—, (V) such that J is defined
by a (2n — 2k)-independent subset of [M)oy—n+1 consisting of n elements (Ex-
ample 3),

(3) if n =2k then J is an apartment of G (V).

Therefore, the image of every isometric embedding of J(n, k) in I (V) is an apart-
ment of Gy (V) if and only if n = 2k.

4 Proof of Theorem 4

Let W be an /-dimensional vector space and let B be a base of W. For each number
i €{l,...,1—1} we denote by A; the associated apartment of G; (W). Let f : A, —
Gr (V) be an isometric embedding of I"(A,,) in I, (V). Since J(I,m) and J(I,] —m)
are isomorphic, we can assume that m <[ — m (in other words, m’ = m). Then the
diameter of I"(A,,) is equal to m and we have

m <min{k,n — k}.

The image of this embedding will be denoted by 7. Then f is an isomorphism of
I'(Ay) to I'(J); moreover, for any S, U € A, we have

dn (S, U) = di(f(S), f(U)).

The proof of Theorem 4 will be given in several steps.
1. Our first step is the following lemma.

Lemma 1 Every maximal clique of I'(J) is contained in precisely one maximal
clique of T' (V).

Proof Let ) be a maximal clique of I"([J). Suppose that it is contained in at least
two distinct maximal cliques of I'x (V). The intersection of two distinct maximal
cliques of I (V) is the empty set, a point, or a line. Thus ) is contained in a line
[M, N]i. Clearly, f~!()) is a maximal clique of I"(A,,) and there is a maximal
clique Z # f “1Y) of I'(An) intersecting f ~1()) in two vertices. Then f(2)is
a maximal clique of I"(J) intersecting Y in two vertices. Every maximal clique of
I, (V) contains a line or intersects this line at most in a point. Therefore, every max-
imal clique of I'; (V) containing f(Z) contains the line [M, N]i; hence it coincides
with the star [M); or the top (N]i. The latter means that all vertices of f(Z) are
adjacent with all vertices of ) which is impossible. O
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A maximal clique Y of I"(J) is said to be a star of J or a top of J if the maximal
clique of I'; (V) containing ) is a star or a top, respectively.

If the intersection of two distinct maximal cliques of I"(A,,) consists of two ver-
tices then these maximal cliques are of different types (one of them is a star and the
other is a top). The same holds for maximal cliques of I" (7). For any distinct maxi-
mal cliques S and S’ of I' (A4,,) there is a sequence of maximal cliques of I"(A;,)

§=8,81,....5 =8

such that |§;_1 N §;| =2 for every j € {1,...,i}. This implies that for the mapping
f one of the following possibilities is realized:

(A) stars go to stars and tops go to tops,
(B) stars go to tops and tops go to stars.

In the next two steps we assume that the mapping f satisfies (A).
2. Denote by Ji— the set of all (k— 1)-dimensional subspaces of V corresponding
to the stars of 7. The mapping f induces a bijection

fm—1:Am_1 = T
satisfying
FARNS)m) =T N[ fn-1(S)),
forall S € A,,—. Then
Fn-1(An—1 0 ({Uln=1) = Tt N {F O],

for all U € A,,. The latter implies that f,,_; sends adjacent elements of A,,_; to
adjacent elements of Ji_1.
Now we show that for all S, U € A,,_1

dn-1(S,U) = di—1(fin-1(S), fn-1(V)).
Since f;,—1 sends adjacent elements of A,,_; to adjacent elements of J;_1,
dn—1(S,U) = di—1(fin-1(S), fn—1(V)).

The condition 2m < [ guarantees the existence of §’, U’ € A,, such that S C §’,
U cU’' and

SNU=8nU".
Then
dm-1(S,U) =dn(S",U") — 1 (1)
(indeed dp—1(S,U) =m — 1 —dm(S NU)=m — 1 — dim(S N U =
dn(S’,U") — 1). The mapping f is an isometric embedding and
dn(S',U") = di(f(S"), FWU"). @)
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Since f,,—1 is induced by f, we have
fm-1($) C f(§) and  fu—1(U) C f(U)
which implies that
dim(fin—1(8) N fu—1(U)) < dim(f(S) N f(U"). 3
By (1)-(3),
dn-1(S,U) =du(S', U = 1=di(f(S), F(U)) -1

=k—1—dim(f(S)N fU)

<k —1=dim(fn-1(8) N fn1 (V) = die1 (fin-1(8). fin1 (V).
Thus

dm-1(S, U) < dg—1(fin-1(8), fu-1(U))

and we get the required equality.
3. S0, fin—1 is an isometric embedding of I" (A,,—1) in I',_1 (V). Step by step, we
construct a sequence of isometric embeddings

fitAi = Gy (V), i=m, ... 1,

of I'(A4;) in I_;+i(V) such that f,, = f. Denote by Jx_,+; the image of f; for
eachi.If i > 1 then

fi(AiNI8)i) = Teomsi O [fic1 ()i VS € Aii 4)
and

fimt(Aim1 0 (UTi-1) = Tkemri-t V)] _ppiiy YU €A (5)

This means that every element of J;, j > k —m + 1 is the sum of two adjacent
elements from J; 1. Thus every element of J = Ji is the sum of some elements

from Ji—m+1.
Denote by Py, ..., P; the elements of A;. Then

Ty := fi(P),.... Tr := fi(P)
form Jx_m+1. Using (4) and (5) we establish that
S(An OIPm) =T O[Tk (©)

Lemma 2 A subspace of V belongs to J if and only if it is the sum of m elements
from Jx_pm+1.

Proof Suppose that iy, ..., i, €{l,...,1} are distinct. Then

S:=P,+--+P

Im

e A
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belongs to A, N [Pj)m if and only if j € {iy, ..., i;n}. Thus, by (6), T; is contained
in f(S) only in the case when j € {i{, ..., i;}. It was noted above that f(S) is the
sum of some elements from Ji_,,+1; hence

F(Py 4t P =T+ +T,
and we get the claim. g
Lemma 3 The sum of any 2m elements from Ji_m+1 is (k + m)-dimensional.

Proof Suppose that iy, ..., iy, €{1,...,1} are distinct and consider
S=T+---+T, ad U:=T,  +--+T,.
The intersection of the subspaces
fNS)=Py+-+ P, and fTNU) =P, o+ Py,

is zero. Hence d,, (f~1(S), f~1(U)) = m and, by our hypothesis, di (S, U) = m. The
latter means that S + U is (k + m)-dimensional. O

The set Jr—m+1 is formed by / mutually adjacent elements of Gi_,,+1(V). It is
not contained in a top (if Jx—;;+1 is a subset of a top then the sum of all elements
from Jix_m+1 is (k —m + 2)-dimensional which contradicts Lemma 3). Thus

jk—m-i—l C [M)k—m—Hv M e gk—m(v)-
Let N be the sum of all elements from J;_;,+1. Then
k4+m<dmN<k—m+1 @)

(this follows from Lemma 3 and the fact that | Jx—,,+1| =1). It is clear that M C N
and 7 is contained in [M, N]y.

By Lemmas 2 and 3, X = Jy_;m+1 is @ (2m)-independent subset of [M)x_;;+1
and J coincides with 7, (X'), see Example 3.

If I = 2m then, by (7), the subspace N is (k 4+ m)-dimensional and J—_,,+1 is a
base of the projective space [M, N ];—m+1. This implies that 7 is an apartment of the
parabolic subspace [M, N]i.

4. Suppose that f satisfies (B) and consider the mapping g : A,, — J° which
transfers every S € A,, to the annihilator of f(S). This is an isometric embedding of
J(,m) in I},_;(V*) satisfying (A), see Fact 1.

As in the previous step, we establish the existence of M € G,__,,(V*) and a
(2m)-independent subset X C [M),—x—m+1 such that J 0 coincides with 7, (X).
Then M° € Gk+m (V) and X Oisa (2m)-independent subset of (M O]k+m_1. It is clear
that 7 coincides with 7 (X’ 0, see Example 4.

If I = 2m then J9 is an apartment of the parabolic subspace [M, N],_k, where
N € Gy—k+m(V*). Thus J is an apartment of the parabolic subspace [N 0 M9, and
N € G (V).

@ Springer



566 J Algebr Comb (2011) 33: 555-570

5 Permutations on finite subsets of projective spaces induced by semi-linear
automorphisms

Every permutation on an independent subset of ITy can be extended to an element of
PGL(V), such an extension is not unique even if our subset is a base of ITy. Indeed,
we take a base (x1), ..., (x,) of [Ty and consider any linear automorphism u : V —
V which transfers every x; to a;x;; if at least two a; are distinct then u induces a
non-identity element of PGL(V') whose restriction to the base is the identity.

Proposition 2 Every permutation on an n-simplex of Ily can be extended to an
element of PGL(V); it can be uniquely extended if and only if the division ring R is
commutative.

Proof See Propositions 1 and 2 in Sect. II1.3 [1]. O

By Proposition 2, every permutation on an m-simplex, m < n can be extended to
an element of PGL(V); such an extension is not unique, since our simplex spans a
proper subspace of [Ty .

Proposition 3 Let X C G (V) be a finite subset such that every permutation on X is
induced by a semi-linear automorphism of V. Then X is an independent subset or a
simplex.

Corollary 2 Let X C G{(V) be a finite subset. In the case when R is commutative,
the following conditions are equivalent:

e every permutation on X can be uniquely extended to an element of PGL(V),
o X is an n-simplex.

Proof Let Py, ..., P, be the elements of X. For each i € {1,...,n'} we take a non-
zero vector x; € P;. Suppose that { Py, ..., P,} is a maximal independent subset of X'.
If m < n' then the subset X is not independent. In this case, each x;, j >m is a
linear combination of x1, ..., X,,. If this linear combination contains x, and does not
contain x, for some p,q < m then every semi-linear automorphism of V inducing
the transposition (P,, P;) does not leave fixed P; which is impossible. Therefore,
for every j > m we have

Xj=ajjxy+---+ajmXm,

where each aj; is non-zero. Then Py, ..., Py form an m-simplex and we can as-
sume that

Xm+l =X1+ -+ Xm)

in particular, X is an m-simplex if n” = m + 1. So, we need to show that the inequality
n’ > m + 2 is impossible.
Suppose that n’ > m + 2 and

Xm42 =a1X1+ -+ amXm-
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Consider any semi-linear automorphism u : V. — V which induces the transposition

(Pm+1, Pm+2). Then u(xy4+1) = ax;,42 for a non-zero scalar a € R and s := alu

is a semi-linear automorphism of V transferring x;,41 to x;,+42. Since s(P;) = P; if
i <m, we have

s(xj)=ajx;, i<m and s(x;2) =a%x1 4+ —{-aixm € Ppai.
This implies the existence of a non-zero scalar b € R such that
a%:-n:afn:b.
Thus for any i, j <m we get a; = %a;. Since x,;41 and x,, 2 are linearly indepen-

dent, the equality a; = a; does not hold for all pairs i, j. Therefore, up to a permuta-
tionon {1, ..., m}, we have

Xmpr=a (X1 + -+ Xp —Xpp1 — - — Xip) ®

with 1 < p <m and non-zero a’ € R.
Now suppose that u is a semi-linear automorphism of V' which induces the trans-
position (Py, Py+1). Then

u(xy) =c(xy+--+xm)
and
uxi+--+xp)=clx1+---+x,) +c2xo+ -+ cpmxy, € P1.

This implies that ¢; = —c and u(x;) = —cx; foralli € {2, ..., m}. By (8),

Umy2) = a"u(xg + -+ Xp = Xpy1 — - — Xp)
=a//(C(x1 +"'+Xm)—Cx2—-~~—Cxp+cxp+l+...+cxm)

=a"c(x1 +2(pp1 + -+ Xp))

does not belong to P42, a contradiction. O

Every bijective transformation f of a subset X C G (V') defines a bijective trans-
formation of X which maps every S € X% to £(S°°. The following statement is
trivial.

Lemma 4 A bijective transformation of X C Gy (V) is induced by a semi-linear au-
tomorphism u : V — V if and only if the corresponding transformation of X° is
induced by the contragradient of u.

This lemma implies that the direct analogs of Propositions 2 and 3 hold for the
dual projective space ITy.

@ Springer



568 J Algebr Comb (2011) 33: 555-570

6 Rigid embeddings

A J-subset J C Gy (V) is called rigid if every automorphism of I"(7) can be ex-
tended to an automorphism of I;(V), in other words, 7 is the image of a rigid iso-
metric embedding of a Johnson graph in I} (V). In this section all rigid J-subsets
will be classified.

The following observation is trivial.

Fact 2 Let J(I, m) be the Johnson graph whose vertices are the m-element subsets
of an l-element set 1. If | # 2m then every automorphism of J (I, m) is induced by a
permutation on the set I. In the case when | = 2m, the group of all automorphisms
of J(I, m) is spanned by the automorphisms induced by permutations on 1 and the
automorphism transferring each m-element subset of I to its complement.

Let us consider several examples.

Example 5 Let A be the apartment of Gy (V') defined by a base B = {x;}7_, of V. If
n # 2k then every automorphism of I"(A) is induced by a permutation on the set

{Pl ={x1),..., Py = (xn>};

thus it can be extended (not uniquely) to an element of PGL(V). Suppose that n =
2k. In this case, the automorphism of I"(A) transferring every element of A to its
complement can not be extended to the automorphism of I';(V) induced by a semi-
linear automorphism of V. Assume that R and R* are isomorphic; this guarantees
that semi-linear isomorphisms of V to V* exist. Let {x;'}?_, be the base of V* dual to
B;ie. x;"x j = 8;j (8;; is Kronecker symbol). Consider any semi-linear isomorphism
s : V — V* which sends every x; to x; and denote by g the associated automorphism
of I'y(V) (it maps every S € G (V) to the annihilator of s(S)). Then

g+ +P)=Py+--+Pj, {,--,gt={L....n}\{i1,..., ik}

in other words, the restriction of g to 4 is the automorphism of I"(A) sending every
element of A to its complement. Therefore, apartments of G (V) are rigid (under
assumption that R and R* are isomorphic if n = 2k).

Example 6 Let A be an apartment of a parabolic subspace
[M,Nlk, M€G—m(V), N€Grii—m(V).

If [ # 2m then every automorphism of I"(4) can be extended (not uniquely) to an
element of PGL(V). Suppose that [ = 2m. If n # 2k then the automorphism of I"(A)
transferring every element of A to its complement can not be extended to an auto-
morphism of I'x(V). In the case when n = 2k, the codimension of N is equal to the
dimension of M and such an extension is possible if R and R* are isomorphic.

Now consider a J-subset J C G (V) distinct from an apartment of G (V) and an
apartment of a parabolic subspace of &, (V). Then I'(J) is isomorphic to J (I, m)
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with [ # 2m. We assume that m <[ — m. By Theorem 4, one of the following possi-
bilities is realized:

o J =Jn(X), where X is a finite (2m)-independent subset of [M)_;,+1 and M €
gkfm (V) >

o J =J}(X), where X is a finite (2m)-independent subset of (N];4,,—1 and N €
gk+m(v)-

By our hypothesis, X is not independent. Since I"(J) is isomorphic to J(/, m) and
| # 2m, every automorphism of I"(7) is induced by a permutation on X. It follows
from the results of the previous section that every automorphism of I'(J) can be
extended to an automorphism of I} (V) if and only if X is a simplex. Also, every
automorphism of I"(J) can be uniquely extended to an element of PGL(V) only in
the case when R is commutative and X" is an n-simplex of [Ty (then 2k < n) or an
n-simplex of [T}, (then 2k > n).
So, we get the following.

Theorem 5 Let n, k,l, m and m’ be as in Theorem 4. Let also J be the image of a
rigid isometric embedding of J(I,m) in I (V).
If 1 # 2m then one of the following possibilities is realized:

o [ <n—k+m'+1 and there exists M € Gy_,,y (V) such that J is the set of all (m" —
1)-faces of an (I — 1)-simplex in the projective space [M)y_,y+1 (Example 3),

o [ <k+m'+1 and there exists N € G,y (V) such that J is the set of all (m’ —1)-
faces of an (I — 1)-simplex in the projective space (N ly+n/'—1 (Example 4),

o [ <n—k+m and there exist M € Gy_py (V) and N € Gy (V) such that J
is an apartment of the parabolic subspace [M, N .,

o [ <k+m' and there exist M € Gyypy—;(V) and N € Gy (V) such that J is an
apartment of the parabolic subspace [M, N .

Therefore, if | > max{k,n —k}+m'+ 1 then there are no rigid isometric embeddings
of J(I,m) in I (V).
If1 =2m then J is an apartment of a parabolic subspace

M, Nk, M €Gr—m(V), N € Gigm(V),

n =2k and R is isomorphic to R*.
If every automorphism of the graph I" (J) can be uniquely extended to an element
of PGL(V) then R is commutative and one of the following possibilities is realized:

o l=n+1,m' =k, 2k <nand J is the set of all (k — 1)-faces of an n-simplex in
ITy (Example 1),

el=n+1,m"=n—k,2k>n and J is the set of all (n — k — 1)-faces of an
n-simplex in IT; (Example 2).

Corollary 3 Let J be the image of a rigid isometric embedding of J(n, k) in I' (V)
distinct from an apartment of G (V). If 2k < n then one of the following possibilities
is realized:

o 7 is the set of all (k — 1)-faces of an (n — 1)-simplex in [Ty (Example 1),
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e n=2k+ 1 and there exists N € G,_1(V) such that J is the set of all (k — 1)-faces
of an (n — 1)-simplex in the projective space (N1,_2 (Example 4).

In the case when 2k > n, we have the following two possibilities:

e J is the set of all (n — k — 1)-faces of an (n — 1)-simplex in IT}, (Example 2),
e n =2k — 1 and there exists M € G (V) such that J is the set of all (k — 2)-faces
of an (n — 1)-simplex in the projective space [M ), (Example 3).

Acknowledgement I express my deep gratitude to the first referee for attracting my attention to rigid
embeddings and to the second referee for useful information concerning an example in [4].

Open Access  This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.

References

. Baer, R.: Linear Algebra and Projective Geometry. Academic Press, New York (1952)
. Brown, K.: Buildings. Springer, Berlin (1989)
. Chow, W.L.: On the geometry of algebraic homogeneous spaces. Ann. Math. 50, 32-67 (1949)
. Cooperstein, B.N., Shult, E.E.: Frames and bases of Lie incidence geometries. J. Geom. 60, 1746
(1997)
5. Cooperstein, B.N., Kasikova, A., Shult, E.E.: Witt-type theorems for Grassmannians and Lie inci-
dence geometries. Adv. Geom. 5, 15-36 (2005)
6. Kasikova, A.: Characterization of some subgraphs of point-collinearity graphs of building geometries.
Eur. J. Comb. 28, 1493-1529 (2007)
7. Kasikova, A.: Characterization of some subgraphs of point-collinearity graphs of building geometries
II. Adv. Geom. 9, 45-84 (2009)
8. Pankov, M.: Grassmannians of Classical Buildings. Algebra and Discrete Math. Series, vol. 2. World
Scientific, Singapore (2010)
9. Pasini, A.: Diagram Geometries. Clarendon Press, Oxford (1994)
10. Tits, J.: Buildings of Spherical Type and Finite BN-pairs. Lecture Notes in Mathematics, vol. 386.
Springer, Berlin (1974)

A L=

@ Springer



	Isometric embeddings of Johnson graphs in Grassmann graphs
	Abstract
	Introduction
	Grassmannians of type An-1
	Isometric embeddings of Johnson graphs in Gammak(V)
	Proof of Theorem 4
	Permutations on finite subsets of projective spaces induced by semi-linear automorphisms
	Rigid embeddings
	Acknowledgement
	Open Access
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


