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Abstract The present paper was inspired by the work on polarized embeddings by
Cardinali et al. (J. Algebr. Comb. 25(1):7-23, 2007) although some of our results in it
date back to 1999. They study polarized embeddings of certain dual polar spaces, and
identify the minimal polarized embeddings for several such geometries. We extend
some of their results to arbitrary shadow spaces of spherical buildings, and make a
connection to work of Burgoyne, Wong, Verma, and Humphreys on highest weight
representations for Chevalley groups.

Let A be a spherical Moufang building with diagram M over some index set /,
whose strongly transitive automorphism group is a Chevalley group G (F) over the
field IF. For any non-empty set K C I let I" be the K-shadow space of A. Extending
the notion in to this situation, we say that an embedding of I" is polarized if it induces
all singular hyperplanes. Here a singular hyperplane is the collection of points of I”
not opposite to a point of the dual geometry I"*, which is the shadow geometry of
type opp; (K) opposite to K. We prove a number of results on polarized embeddings,
among others the existence of (relatively) minimal polarized embeddings.

We assume that G (IF) is untwisted. In that case, the point-line geometry I” has an
embedding ex into the Weyl module V (A K)% of highest weight Ax = Zke K M. We
show that this embedding is polarized in the sense described above. We then prove
that the minimal polarized embedding relative to ex exists and equals the unique ir-
reducible G (F)-module L(Ag) of highest weight Ax. More precisely we show that
the polar radical of eg (the intersection of all singular hyperplanes) coincides with
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the radical of the contravariant bilinear form considered by Wong to obtain the irre-
ducible (restricted) representations of G (IF) in positive characteristic.

This viewpoint allows us to “recognize” the irreducible G (IF)-modules of highest
weight L g geometrically as minimal polarized embeddings of the appropriate shadow
space.

Keywords Building - Shadow space - Grassmannian - Polarized embedding -
Chevalley group - Highest weight module - Representation theory

1 Introduction and preliminaries
1.1 Basic definitions

Vector spaces, group actions and modules Throughout this paper I shall denote a
field. By a field we shall mean a commutative division ring. Unless otherwise spec-
ified, vector spaces will be left vector spaces. Actions of groups, or algebras on a
vector space shall therefore also be left actions, unless otherwise specified.

Point-line geometries, hyperplanes and embeddings We assume the reader is famil-
iar with the concept of a point-line geometry I' = (P, L) (also called a partial linear
rank two incidence geometry), see e.g. [10, 33]. In a partial linear space we can and
shall often identify each line with the set of points incident to it. By a subspace of I"
we mean a subset S C P such thatif / € £ and [ N S contains at least two points, then
I C S. Clearly the intersection of subspaces is a subspace and consequently it is nat-
ural to define the subspace generated by a subset X of P, (X), to be the intersection
of all subspaces of I" that contain X. A hyperplane of I is a proper subspace meeting
every line. A set of points is called connected if its collinearity graph is connected.
We recall the following.

Lemma 1.1 If H is a hyperplane such that I' — H is connected, then H is a maximal
subspace of I'.

The projective point-line geometry of a vector space V is the point-line geometry
P(V) = (P(V), L(V)) whose points and lines are the 1-spaces and 2-spaces of V
with incidence given by symmetrized inclusion.

A full projective embedding (or simply embedding) of I is a pair (e, V'), where V
is a vector space and e: P — P (V) is an injective map such that

(E1) (e(P))y =V, and
(E2) e maps every line of I" onto a line of P(V).

The dimension of (e, V) is dim(V). In the literature, this is sometimes called the
vector dimension of the embedding to distinguish it from its projective dimension.
The collection £(I") of all full projective embeddings of I" over a division ring (or
field) I, is a category where a morphism between embeddings (e, V1) and (e, V»)
is an [F-semilinear map 7: V] — V5 such that e; = Toe. We sometimes indicate this
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by writing e; > e>. We have the usual notions of mono-, epi-, and isomorphisms. An
embedding of I' is called absolutely universal or absolute if it is a source in E(I"); if
it exists, we denote it by (e, V). A source relative to (e, V) always exists by a result
due to Ronan [36]; it is called the embedding universal relative to (e, V) and will be
denoted (e, V).

An embedding (e, V) of I' is called minimal if it is a sink in £(I") and minimal
relative to (e, V) if it is a sink relative to (e, V'); the latter will be denoted (e, V).

Let (e, V) be a full projective embedding for I". For a point set X C P, let (X), =
(e(X))v. The following is well-known and elementary.

Lemma 1.2

(@) If U is a hyperplane of V, then H = e~ (U N e(P)) is a hyperplane of I".
(b) If H is a maximal hyperplane of I', then (H), either equals V or it is a hyper-
plane of V; in the latter case e(H) = e(P) N (H),.

The hyperplane H in (a) is said to be induced by U in (e, V).

Buildings and Chevalley groups Every geometry we shall study in this paper is de-
rived from a spherical building A. The building A has spherical diagram M over
the index set I = {1,2,...,n}. We shall label M as in [7]. We shall think of A
as a chamber system, also denoted A, with a distance function 6: A x A — W,
where (W, {r;};cr) is a Coxeter system of type M; we shall use the terminology from
[37, 53]. Thus, for i € I, we say that two chambers ¢ and d are i-adjacent, and write
c~id,if §(c,d) =r;. For asubset J C I, the I — J-residue on c is the collection of
chambers {d € A | d(c,d) € W;_;}.

Sometimes it will be convenient to talk about A in terms of the associated in-
cidence geometry G = G(A). This is a diagram geometry with a set of elements
& = £(4), an incidence relation * and a type function typ: £ — I; for G(A) we
shall use the terminology from [10, Chap. 1]. Thus, for J C I, a flag of type J
(or J-flag) in G is a collection F' = {f}};jes of pairwise incident elements and
Resp(F) ={ec & — F|ex f;j Vj € J} is the corresponding residue of type / — J
(or I — J-residue).

For buildings of finite rank these two viewpoints are equivalent (see e.g. [33, 49]);
namely flags of type J C [ in the diagram geometry G correspond to residues of type
I — J in the chamber system A and incidence in the diagram geometry corresponds
to non-empty intersection in the chamber system.

Whenever a spherical building A is Moufang, it has a strongly transitive automor-
phism group G from which A can be recovered via a BN-pair in the manner described
e.g. in [37, Chap. 5] or [53, Chap. 11]. Namely, pick an apartment X' and chamber
c € X, then B = Stabg(c) and N = Stabg(X) form a BN-pair for G. Conversely,
given a BN-pair (B, N), one can construct A by setting A = G/B and defining the
W -valued distance function using the Bruhat decomposition of G (see Sect. 4). For
the spherical buildings under consideration in the present paper we take G to be a
Chevalley group of rank n > 2. In Sects. 2 and 3, G can be of any twisted or un-
twisted type; in Sects. 4, 5, 6, and 7, we require G to be untwisted. We also assume G
to be the universal Chevalley group with diagram M over F, denoted M(IF), although
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Table 1 Diagrams and groups

M G M G M G
An SLyy1(F) Eg E¢F) %Ay SUyy1(F)
By Spiny,y1.(F) E7 E7(F)  ZAz,_; SUy,(F)
Cn  Spy,(F) Fy F4(F)  Dpyy Sping, ()
D, Spinj, (F) G, Gy

Untwisted universal Chevalley groups ~ Some twisted Chevalley
groups

this does not affect A. In Sect. 9 we also include the twisted types Ao, 2A2n+1,
and 2D, ». Finally, Sects. 8 and 10 only concern the A, case.

The correspondence between their diagrams M, the (commutative) field of defini-
tion I, and concrete universal Chevalley groups G is given in Table 1.

Shadow spaces For any subset L C I, we denote by Sy (A) = (Pr(4), LL(A))
the L-shadow space of A (The term “L-Grassmannians” is also used, e.g. in [33]).
This is the point-line geometry whose point set Py (A) consists of the flags of type
L of G(A) and whose line set £ (A) consists of the collections of points incident
to a flag of cotype {I} for some [ € L (We call [ the type of that line). This is a
partial linear space (see e.g. [16, 18]). If L = {/} for some / € I, this is sometimes
called the /-Grassmannian of A. In case A is a building of type A, (IF), this is the
usual Grassmannian of the vector space F"*!. These single-node shadow spaces are
also called Lie incidence geometries, see e.g. [17]. Note that if L = @, then P (A)
consists of a single point. At the other extreme, if L = I, then P (A) is the collection
of chambers of A, and £, (A) is the collection of panels of A. Fixing a non-empty
subset K C I, we shall denote I" = Sg (A) = (P, L) (so for this fixed geometry we
drop the subscripts K and A).

Keeping L as above, we define the L-shadow of an arbitrary set of chambers
X C Atobe

Par(X)={xePr(A) |xNX #0}.
Here we view x and X as sets of chambers. We also set

Sa.L(X) = (Pa,L(X), La,L(X)),
where £4,(X) ={l € L1(A)

[INPALX)] =2}

Note that SA,L(A) =S51(A).

We are mostly interested in the case where X is a residue. Fix J € I. We let My
denote the subdiagram of M induced on the nodes indexed by J. Then, (W,, {r;}jecs)
is a Coxeter system of type M (see e.g. [37, Corollary 2.14]).

Lemma 1.3 (Theorem 3.5 of [37]) Let R be a J-residue of A. Then R is a building
of type My ; the distance function is given by the restriction §: R Xx R — Wj.
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Lemma 1.4 (See also [29, 30]) Let R be a J-residue of A.

(a) Forany L C I, we have a natural isomorphism Sa 1, (R) =S 1ns(R).

(®) If Ly, Ly € I are such that Ly NJ = Ly N J, then we have a natural isomorphism
Sa,L,(R)=84,1,(R).

(©) If LC I, then S L(R) =SLns(R).

Proof (a) Viewing the elements of Py (A) as sets of chambers, the isomorphism is
induced by the map x = x N R, for x € P r(R). For more details see the refer-
ences [29, 30]. Part (b) is an immediate corollary to part (a). Part (c) follows from
part (b) and the simple observation that Sa_1nj(R) = Srns(R). O

Note that in part (c) of Lemma 1.4, Sy~ (R) is a shadow space of the building R
as in Lemma 1.3. Thus, part (c) allows us to view the L N J-shadow space of R as a
subspace of the L-shadow space of A.

In addition to the references mentioned above, there are a few texts in preparation
that deal extensively with shadow spaces: [11, 42].

1.2 Main definitions
In order to present the main results of this paper, we need some new definitions.

The opposition relation and the dual geometry Let R be a residue of A of type
JCI.

Conjugation by the longest word w of the Coxeter system (W, {r;}jcs) induces
the opposition relation opp; on the set J: i opp; j if and only if r; = r}”’ . We set

opp,;(L)y={jeJ|jopp,!forsomeleL}.

In case J = I, we shall drop it from the notation.

The opposition relation between the chambers of R is given by x oppy y if and
only if §(x, y) = wy. We extend the opposition relation to residues S and T of R by
setting Soppy T if every chamber of S is opposite some chamber of T and conversely.

Lemma 1.5 (See [53, Proposition 9.9 and Lemma 9.10]) Let S be an L-residue
of R and let t € R be a chamber opposite some chamber of S. Let T be the
opp;(L)-residue on t. Then T is the unique residue of R opposite to S and con-
taining t.

Let L C J and let S be an L-residue of R. Define

oppg(S) = {c € R | c oppy d for some chamber d € S},
nearg(S) = R — oppy(S).

In case R = A, we shall drop it from the notation. The following is immediate from
Lemma 1.5.
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Corollary 1.1 Let S be an L-residue of R. Then, oppp(S) and nearg(S) can be
partitioned into residues of type opp;(L).

Recall that I = (P, £) is the K-shadow space of A. The geometry dual to I' in
A will be denoted I'* = (P*, L*); it is equal to Sopp(k)(A). The geometry dual to
SL(R) in R will be denoted S1.(R)*; it is equal to Sopp , (1) (R).

We will call the points and lines of I'* dual points and dual lines. We shall make
use of the fact that I"** = I". All statements made about I" can also be dualized and
so we may and shall freely apply results stated for I" also to I"*.

Opposite and Far 'We briefly mention a concept related to the opposition relation.
For residues S and T of R we set

SFarg T if and only if s oppp ¢ for some chambers s € S, € T.

Using the correspondence R <> G(R), this then also defines a relation Fargg) for
flags of G(R).

Let Fargg)(S) be the incidence system of all objects of G(R) ‘far’ from § with
incidence inherited from G(R). It is proved in [4] that this is a transversal geometry
with a Buekenhout-Tits diagram whose flag system can be identified with the col-
lection of all residues of R intersecting oppg(S) (as chamber sets) non-trivially. In
particular, the set oppg () is exactly the chamber system of Fargg)(S). This means
that two flags that are far from S are incident exactly if they share a chamber that be-
longs to oppx (.S). In particular, for any type set L < J, the subspace Sg.1.(oppg(S))
of S (R) coincides with the L-shadow space defined by Farg(g)(S) in the obvious
way.

Singular hyperplanes and polarized embeddings We continue the notation from
above. There are two important geometric structures associated with oppy(S) and
nearg (S).

Pr..(0Ppg(S)) = {x € PL(R) | x Noppg(S) # B},
Pr.L(nearg(S)) = {x € PL(R) | x Nnearg(S) # 0}.

If L is clear from the context, we shall omit it to unburden the notation. These sets
are not always disjoint. However, we have the following simple observation.

Lemma 1.6 Let R be a J-residue of A. Let L, L* C J and let S be a residue of
type J — L* in R. Then Pg p(nearg(S)) N Pr.L(oppr(S)) = @ if and only if
opp; (L*) € L. In particular, the K -shadows of opp ,(p*) and near(p*) are dis-
Jjoint subsets of P if p* € P*.

Proof We have Pr 1 (nearr(S)) NPr,(oppr(S)) =9 if and only if every (J — L)-
residue of R that meets oppy(S) is entirely contained in oppg(S). By Corollary 1.1,
this happens if and only if J — L € opp;(J — L*) = J — opp,;(L*), that is, if
opp;(L*) C L. O
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Definition 1.1 Given a J-residue R, a subset L C J and a dual point x* in P (R)*,
we shall define the following subspace of Sp (R):

Hgr.L (x*) =Pr.L (nearR (x*))

Note that by Lemma 1.6, we have Hg 1 (x*) = Pr(R) — Pr,L(0oppgr(x*)). In case
R = A or L = K, we shall drop that subscript from the notation. As we shall see
in Proposition 1.1, H(x*) is often a (maximal) hyperplane of I". Hyperplanes of the
form H (x*) are called singular or attenuated.

Definition 1.2 We call a full projective embedding (e, V) of I" polarized if every
singular hyperplane is induced by (e, V). In that case the polar radical of e is the
subspace

prer*

Remark 1.1 Our notion of “polarized” specializes to the notion of “polarized” defined
in [13, 48] if we let K = {k} refer to an end-node of a diagram M of type B,, C,,
or %A,. Since in those cases the map opp; is equal to the identity it happens that
I'* =T in loc. cit. In the present paper we do not restrict ourselves to that situation.
In particular, when M = A,, D, (n odd), or Eg it may happen that I"* and I are
different, if isomorphic, geometries.

1.3 Main results and organization of the paper

In Sects. 2 and 3 we consider a shadow space I" of a spherical Moufang building A
associated with a twisted or untwisted Chevalley group G. The opposition relation
gives us the right perspective on polarized embeddings of shadow spaces as we shall
see; many fundamental properties of spherical buildings translate transparently into
properties of polarized embeddings. In particular, the following is proved in Sect. 2.
The case where |K| = 1 was proved in [3, 5].

Proposition 1.1 For any dual point p* of I'*,

(a) H(p*) is a hyperplane of ', and
(b) Sa,x(oppA(p*)) is a connected subgeometry of I, except if M,k (F) is one of
the following:
(1) G2,11y(F2) (1 denoting the short root), G2 1,2y(IF2), G2 (1,2) (IF3),2F4,{1}(F2),
2F 4,11,2)([F2),
(i) Cpn x(F2), or F4 x (F2), where n > 2 and K contains both nodes of the dou-
ble bond in the diagram.
As a consequence, except in cases (1) and (i), H(p*) is a maximal subspace
of I'.

Thus, apart from a few exceptions, the geometry I" contains a maximal singular
hyperplane for each point of the dual geometry I"*. As a step up to the major results of
the paper, Theorem 1.1 says that singular hyperplanes of I" are “residually singular”.
As a consequence, polarized embeddings of I" are “residually polarized”.
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Theorem 1.1 Let A be a spherical building with type set I and let I be its K -shadow
space for a non-empty set K C I. Let R be a J-residue of A.

(a) For any dual point p*® of Pxnj(R)*, there is some dual point p* of I'* such
that Hr kny(p*R) corresponds to Pa k(R) N H(p*) under the isomorphism
Skns(R) =84,k (R).

(b) If (e, V) is a polarized embedding of I', then the isomorphism Sgnj(R) =
Sa .k (R) composed with e yields a full polarized embedding of Sknj(R) into
P(VR); here Vg = (e(x) | x € Pa k (R)).

Theorem 1.1 is proved in Sect. 2.2. In short, part (b) follows directly from part (a).
Part (a) follows from a fundamental relation between the opposition and projection
maps of spherical buildings. This relation is conveyed in Theorem 2.1, which was
proven in [4] to show that in a “Far away” geometry obtained from I" by removing
the hyperplane H (p*), the residues are themselves “Far away” geometries and that,
as a consequence, this Far away geometry has a Buekenhout-Tits diagram.

We also prove the following general property of polarized embeddings.

Proposition 1.2 If a point-line geometry © possesses a polarized embedding e and
an absolute embedding ¢, then ® possesses a unique minimal polarized embedding ¢.
Namely we have ¢ =¢/R5.

We note that many shadow spaces of spherical buildings do have an absolute em-
bedding [6, 31].

In Sects. 4 and 5 we consider the following setup. Let A be obtained from an
untwisted Chevalley group G over a field F (see Table 1). Fix a non-empty subset
K C I and let I" be the K-shadow space of A. Let V (ALg)F be the weak Weyl mod-
ule for G with maximal vector v of highest weight Ag, as defined in Sect. 4.2,
and let VO = FGuvt. Let p be the point of I" corresponding to the parabolic group
stabilizing v™. Then, the map

ex: I — P(VY),
gp > (gv™)

defines a full projective embedding for I".

Theorem 1.2

(a) The embedding ek is polarized.
(b) The codomain VO /R, « Of the minimal polarized embedding relative to ek is the
unique irreducible G-module L(Ak)F of highest weight Ak .

The general idea of the proof is the following. In Sect. 5.2, following [27, 52, 54]
we define a t-contravariant bilinear form 8 on V(Ag)r with the property that
B, v") = 1. This means that there is an involution 7 of G that interchanges two
opposite Borel groups BT and B, such that, for g € G and u, v € V (Ag)F, we have

B(gv,u)=B(v,g" w)).
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This form is symmetric and non-degenerate on V° and has the property that weight
spaces corresponding to distinct weights are orthogonal with respect to . Then, in
Sect. 5.3, we show that the subspace ker(8(vt, —)) of V* induces a singular hyper-
plane H(p*) of I', for some dual point p* opposite to p, and part (a) follows by
contravariance. From the preceding discussion it follows that the polar radical R,
coincides with the radical of §. It is known, and not hard to prove, that this radical
is the unique largest submodule of V. Thus, the quotient VO/R, ¢ 18 an irreducible
G-module of highest weight Ag. Proposition 1.2 and Theorem 1.2 directly imply
Theorem 1.3.

Theorem 1.3 Let A be a spherical building obtained from an untwisted Chevalley
group and let I' be its K-shadow space, for some non-empty type set K C I. If I
possesses an absolute embedding, then the unique irreducible G-module L(Ag)F of
highest weight Lg affords the unique minimal polarized embedding for I .

Motivation for this paper The main motivation for the style in which this paper is
written is to exhibit a connection between the geometry of shadow spaces of buildings
and the representation theory of groups of Lie type. This builds on the connection
between a number of results that seem to be known only to a handful of colleagues,
but is, to the best of my knowledge, not written down anywhere. I have made an
attempt to bring these results (on embeddings, buildings, Chevalley groups and their
highest-weight representations) together in the hope that this makes this connection
as well as the new results presented here accessible to a wider audience.

As for the results presented here themselves, let us mention at least two moti-
vations. First of all, Theorem 1.2 allows us to “recognize” the fundamental weight
modules geometrically as the minimal polarized embeddings of I". This opens the
door to studying (certain) modular representations of Chevalley groups by geometric
means. A pilot project formulated by Blok, Cardinali and Pasini to study the decom-
position series of the Weyl modules of the symplectic groups from this perspective
and reinterpret the results from [2, 34] is in progress.

Secondly, we would like to show that the notion of a polarized embedding of a
shadow space is rather fundamental, as it relates directly to fundamental properties of
the corresponding spherical buildings. This is for instance evidenced in Theorem 1.1.

Problems

(1) Modify the above results to include twisted Chevalley groups.

(2) Give a geometric proof that if a geometry I with sufficiently transitive auto-
morphism group G has a minimal polarized embedding, then that embedding is
irreducible for the automorphism group G, assuming that the automorphisms in
G lift to linear isomorphisms of that embedding.

(3) Use the above connection to find decomposition series of G-modules that afford
embeddings for I".

In Sects. 6, 8, 9, and 10 we study polarized embeddings of various shadow spaces
in detail.
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2 Polarized embeddings of shadow spaces

In this section we prove Proposition 1.1 which tells us when the set H(p*) is a max-
imal hyperplane of I". Then we prove Theorem 1.1 which says that a full polarized
embedding of I" induces full polarized embeddings on each residue of I". Both are
closely related to fundamental properties of buildings.

2.1 In which shadow spaces is H (p*) a maximal hyperplane?

Recall from Lemma 1.6 that, for a dual point p* € I'*, the subsets H(p*) =
Pa.k (near(p*)) and Pa g (opp(p*)) are disjoint subsets of I". We begin by prov-
ing Proposition 1.1.

Proof of Proposition 1.1 (a) Choose a line /. By definition this is the K-shadow of
a k-panel 7 for some k € K. Either & C near(p*) or = N opp(p*) # @. In the latter
case proj, (p*) is the unique chamber of = Nnear(p*). By Lemma 1.6, a point g of P
meeting 7 is in H(p*) if and only if ¢ N7 € near(p*). Thus either one or all points
of [ are in H (p*). This means that H(p*) is a hyperplane of I".

(b) It follows from [1, 3, 4, 9] that under the restrictions (i) and (ii), the collection
opp(p™*) of chambers opposite to p* is connected as a chamber system. By Corol-
lary 1.1, Pk (opp(p*)) is exactly the collection of points all of whose chambers are
opposite to some chamber of p*. Thus, connectedness of the chamber system implies
connectedness of the subgeometry Sa x (opp(p*)) of I". That H(p*) is a maximal
hyperplane of I" now follows from the above and Lemma 1.1. g

2.2 Polarized embeddings are residually polarized

We prove Theorem 1.1, which says that singular hyperplanes of I" are “residually
singular”. That is, given a residue R of A, the K -shadow of a singular hyperplane in-
tersected with the K-shadow Pg (R) of R, is a singular hyperplane, or all, of P (R).
As a consequence, polarized embeddings of I" are “residually polarized”. This re-
sult stems from Theorem 2.1, proved in [4], which describes the interaction of the
opposition and projection maps, two of the most fundamental maps in the theory of
spherical and twin-buildings. For convenience we quote this result here.

Theorem 2.1 (Lemmas 3.5 and 3.6 of [3] and Lemmas 6.2 and 6.4 of [4])

(a) Let W be a Coxeter building of spherical type. Then for any two residues R and
S of W we have oppg (projg(S)) = projg (oppy (5)).

(b) Let R and S be residues containing opposite chambers in the spherical build-
ing A. Then the set of residues meeting opp 5(S) and contained in R equals
the set of residues in oppg(projg(S)). In particular, every object in G(R) meets
opp A (S) (as a set of chambers) if and only if projg(S) = R, that is, if and only if
opp; (typS) Styp R.

We shall now prove Theorem 1.1.
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Proof of Theorem 1.1 (a) Let p*® be a dual point of Pgn,(R)*. For some apartment
X on p*R, let p* be the unique dual point in I'* meeting opp 5 (0ppgn s (P*F)).
Then, by Theorem 2.1(a) we have p*® = proj,(p*) and so by Theorem 2.1(b) p*
satisfies the claim.

(b) Clearly (e, Vg) is a full embedding for Sk (R). Now consider a dual point
p*R of Pxns(R)* and let X and p* be as in (a). Moreover, let p be the point of I”
meeting oppRmz(p*R) C oppx(p*). Then, p & H(p*) and since H(p*) is induced
by V, also e(p) & (H(p™)). It follows that also Hg = Vg N (H(p™)). is a proper
hyperplane of Vg.

To see that Hg induces Hg (p*R), note that, by (a) (Hg(p*®)). < Hg. As both the
former and the latter are hyperplanes of Vg, we must have equality. That is, Hg (p*¥)
is induced by (e, Vg). O

3 Covers and quotients of polarized embeddings

In this section we obtain some general properties of polarized embeddings. In par-
ticular we consider absolute and minimal polarized embeddings. In [13] several of
these results were obtained for dual polar spaces. As it turns out, many of these can
be generalized to arbitrary shadow spaces.

3.1 The polar radical

We first consider an arbitrary point-line geometry I” and a full projective embed-
ding (e, V).
Definition 3.1 Call R <V a factoring subspace for (e, V) if

(QEl) RNe(p)={0} for every point p of I", and
(QE2) for any two distinct points p, g € I" we have (R, e(p))v # (R, e(q))v.

For any factoring subspace R < V, we define the mapping e/R, called the quotient
of e over R, as follows:

e/R:I' - P(V/R),
p— (R, e( p)).
The following are immediate (cf. [13]):
Lemma 3.1 Let (e, V) be a projective embedding of a point-line geometry I' and
let R be a factoring subspace. If e is a full embedding, then so is e/R and if e/R is

polarized, then so is e.

Corollary 3.1 If I" has a polarized embedding, then its absolutely universal embed-
ding, if it exists, is also polarized.
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We now return to the standard situation of the paper, where I" is the K shadow
space of the spherical building A. Recall from Definition 1.2 that the polar radical
of a polarized embedding (e, V) is the subspace

Re= () (H(p")),-

prelr*

Any subspace of R, is called a radical subspace. The significance of radical sub-
spaces is given by the following result.

Proposition 3.1 Let (e, V) be a polarized embedding of a shadow space I" and let
R<V.

(@) If R <'R., then R is a factoring subspace and e/ R is polarized.
(b) If R is a factoring subspace such that e/ R is polarized, then R <R,.
(c) e/Re is the minimal polarized quotient of e.

Proof (a) (QE1) Let p be any point of I". Then it is opposite some dual point p* €
I'™* so that p ¢ H(p*). Since H(p*) is induced by e this means that e(p) N R C
e(p) N {H(p*))e = {0} and so (QE1) is satisfied.

(QE2) Clearly (R, e(p)) < (Re,e(p)) < (H(x*)), for any dual point x* satisfy-
ing p € H(x*). Now let p and ¢ be distinct points of I". Pick an apartment X' on p
and ¢ and let p* = oppx(p) and ¢* = opps (¢). Then p* is not opposite to g and
g™ is not opposite to p. Hence, e(q) & ﬂx*eH*(p)(H(x*))g > (Re,e(p)) > (R, e(p))
and e(p) € ﬂy*eH*(q)(H(y*))e > (Re,e(q)) > (R, e(q)). Here H*(x) denotes the
hyperplane of I'* consisting of dual points not opposite to the point x. This proves
(QE2). By Lemma 3.1 ¢/R is again a full projective embedding.

Moreover, since R < (H(p*)), for every dual point p* and (H(p*)), is a hyper-
plane of V, (H(p*))./r is again a hyperplane of V/R. Thatis, e/ R is again polarized.

(b) Suppose R £ R.. Then there is some dual point p* such that R £ (H(p™))..
As a consequence, {(e/R)(H (p*))) = V/R, contradicting that ¢/ R is polarized.

(c) This follows immediately from (b). Il

3.2 Absolutely universal embeddings
Combining Corollary 3.1 with Theorem 1.2 we find the following.

Corollary 3.2 Let A be a spherical building obtained from an untwisted Chevalley
group and let I" be its K-shadow space, for some non-empty type set K C I. Then,
the absolutely universal embedding of I', if it exists, is polarized.

In [31] and [6] it is shown that for many buildings A and type sets K, the shadow
space I" does possess an absolutely universal embedding. So Corollary 3.2 ensures
that this embedding is polarized whenever that building is obtained from an untwisted
Chevalley group.

For several special single-node shadow spaces I" even more is known; namely,
that a particular embedding induces all hyperplanes of I". Then, since Veldkamp lines
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Table 2 Shadow spaces whose universal embedding affords all hyperplanes

Type of geometry Source
1 Desarguesian projective spaces of finite rank. [51]
2 Embeddable non-degenerate polar spaces of rank at least 3 and embeddable [12, 22, 32, 50]

generalized quadrangles which do not possess ovoids.

3 All embeddable point-line geometries with three points per line. [36]

4 The Grassmannian of projective lines over a field (A, »(F), n > 3, F a field) and low  [19, 21]
rank geometries D5 5 and Eg .

5 All embeddable Grassmannians A, ;(IF), n > 2,1 <k <n — 1, F afield. [38]

6 All half-spin geometries Dy, , (F), n > 4. [39]

7 All orthogonal spin geometries By, (IF), where IF is such that B, 5 () has no ovoids.  [43]

8 The exceptional geometry E7 7(IF), I a field. [41]

exist in those cases (see [40]), that particular embedding is the absolutely universal
embedding. Clearly, in those cases the absolute embedding is polarized. Table 2 lists
some of these shadow spaces. The entries 1-6 come from [43]. In this table we find
all embeddable non-degenerate polar spaces, (including those coming from untwisted
Chevalley groups with diagrams M,, x equal to one of B, 1, Cp.1, Dy.1). Note that all
minuscule weight geometries of untwisted Chevalley groups are present: they are
the geometries of type A, x (any k), B, , (n >2), Cy1 (n >3), Dy.1, Dy n—1, Dy
(n>4), E¢,1 and Eg 6, and E7 7 (for a definition of a minuscule weight see Sect. 6).

3.3 Minimal polarized embeddings
We first prove Proposition 1.2.

Proof of Proposition 1.2 Let e be any polarized embedding of the point-line geo-
metry ©. Let R = Rz be the radical of the absolute embedding of ® and set
¢=2¢/R and V = V/R. By Corollary 3.1 'is polarized as well. Since ¢ is absolute,
there is some subspace R such that ¢/R = e. Since e is polarized, it follows from
Proposition 3.1 that R < R. The canonical maps corresponding to the inclusions
{0} <R< R yield morphisms ¢ — ¢ — ¢. Since ¢ does not depend on e, ¢ is the
unique minimal polarized embedding of &. g

We return to the situation where I” is the K-shadow space of a spherical building
A for some non-empty subset K of /. In Theorem 1.1 it was shown that any full po-
larized embedding e of I" induces a full polarized embedding on each of the residues
of I'. The next result shows that the same is true if we replace “full polarized” by
“minimal full polarized”.

Theorem 3.1 A minimal polarized embedding of I' induces a minimal polarized
embedding on each residue of I'.
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Proof Let (e, V) be a minimal polarized embedding for I". That is, R, = {0}. Let R
be a J-residue of A. Identify Sgny(R) = Sa x (R). Let (¢/, V') be the embedding
induced by e on Sa g (R), that s, ¢’ is the restriction of e to P4 g (R), with codomain
V' =(Pa.k(R)).. By Theorem 1.1, (¢’, V') is polarized. It suffices to show that the
polar radical R, is trivial.

Instead we prove a slightly stronger claim from which the result immediately fol-
lows. Namely

ReNV =R,

First of all, if x* is not opposite to any point of Pa x(R), then (H(x*)), >
e((Pa,x(R))) =V’ and so

ROV = () (HE), 0V = HE), 0V

x*ep* x*

where x* runs over all dual points in P* that are opposite some point of Pk (R).

Now suppose that x* is opposite some point x of P g (R). By Theorem 2.1
part (b), we have H(x*) N Pa x(R) = HR,Km(x*R), where x*B = projg (x*) and
by part (a) of Theorem 2.1, x*X € Pgn;(R)*. Moreover, by Theorem 1.1(a), as x*
runs over all dual points in P*, x*K runs over all dual points in Pxny(R)*. Combin-
ing this with the previous equality, we find

ReOV'= () (Hekns (), =R 0

X*RePyny(R)*

4 The Weyl embedding

Let I" be the K -shadow space of the spherical building A, for some subset K of 7. We
prove Theorem 4.2, stated below, which says that if A is obtained from an untwisted
Chevalley group G, then I" can be embedded into a subspace of the Weyl module of
suitably chosen highest weight. We shall call this embedding the Weyl embedding.
A special case, where I is a single node shadow space was considered in [3, 5].

4.1 I obtained from a BN -pair of G

We shall assume that A is obtained from the universal Chevalley group G = M(F)
over the field ' with Dynkin diagram M over the set I = {1, 2, ..., n} via its thick
B N-pair in the canonical way (see [37, 50, 53]). That is, we let A be the chamber
system whose set of chambers is G/B and in which the distance function is given by
8:AXA—->W=N/H, where H=BNN,

(gB,hB)+— w, where Bg~'hB = BwB.

@ Springer



J Algebr Comb (2011) 34: 67-113 81

Let ¢ be the chamber corresponding to B and let ¥ be the apartment corresponding
to the collection of B cosets N B. For every J C I, let P; be the standard parabolic
subgroup of G of type J. This is the stabilizer of the J-residue and the I — J-flag
on c.

We now construct the K-shadow space I" = (P, L) of A as follows:

P=G/Pg,
L= L.
keK

where Ly = {{ghP;_k |h € P} | g € G} foreachk € K.

So L is the union of G-orbits of the “fundamental” lines {hP;_x | h € Pyy}. Inci-
dence is symmetrized containment.

Remark 4.1 For the above construction there is no need to restrict to the case where G
is universal. As is proved for instance in [45, §3] if G’ is any other Chevalley group of
type M over IF, then G’ is a central quotient of the universal Chevalley group G. Since
the center of G is contained in B N N, replacing G by G’ in the above construction
yields canonically isomorphic A and I".

4.2 The Weyl module V(A)%

Given a weight A of the complex semi-simple Lie algebra of type M and a field F,
we construct the Weyl module V = V(A)% and an associated Chevalley group G, (F)
along the lines of [27, Chap. 4]. Another, ultimately equivalent, approach was taken
in [54].

The Kostant Z-form of the universal enveloping algebra Let gc be the semi-
simple Lie algebra with Dynkin diagram M indexed by 7 = {1,2,...,n} over C.
Let 4l = ${(gc) be its universal enveloping algebra. Fix a Cartan subalgebra h¢ of gc
and a choice of positive roots &+ with fundamental roots «q, ..., &y, along with a
Chevalley basis C in g¢ consisting of co-roots Hi, ..., H, € hc, H; being the co-root
associated with «;, as well as a positive root vector X, and a negative root vector Y,
for each o € @*. Let gz be the Z-span of this Chevalley basis C; it is stable un-
der the Kostant Z-form {7 of L[, which is generated by 1 along with all products
H;(Hi—1)---(Hi —a+1)/a'and all X{/a!and Y¢/a!. Then we can find a triangu-
lar decomposition 4 = U~ 4UU™ relative to a fixed ordering of the set of all positive
roots «p, ..., o, compatible with ilz. For example, ilg has as a Z-basis all products
Xay/(ar) -+ Xa., [ (ar").

The Verma module M (A)c and admissible lattices Let E be the real subspace of
the dual space hi, of hc spanned by the root system @. The set A, = {1 € E|
A(Hj) € ZVj € I} forms a lattice and is called the weight lattice. It has a Z-basis
{Xi | i € I}, where A; is the fundamental dominant weight associated with the ith
node of M (labeled as in [8]) and has the property that A;(H;) = §;; forall i, j € I.
Roots are also weights and, accordingly, the root lattice A, < Ay, is the Z-span of the
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fundamental system IT = {«; | i € I}. There is a natural ordering on weights given by
setting 4 < v, whenever v — w is a sum of positive roots (i, v € Ay).

Now given any weight A, there is a gc-module M (1), called the Verma module,
having a unique maximal submodule M’ and unique simple quotient V (1) (also de-
noted L(A)c) (see e.g. [15, Chap. 10]). It is a well-known result that this simple mod-
ule is finite-dimensional if and only if A is dominant. That is, A = Zi e NiAi, where
n; € N are not all zero. Since this is the case we’re interested in, we shall henceforth
assume that A is dominant. Of particular importance for us are the following weights

Ak = Z A for some non-empty subset K C [.
keK

The module V ()¢ is generated, as a gc-module, by a vector v of weight A. We
pause here to insert an important observation on weight spaces of a finite-dimensional
gc-module V. For any € by, let Vy ={ve V| H-v=upu(H)vforall H € hc}
be the weight space of V corresponding to 1. The weight-lattice of V' is defined by
AV)y={un e [j(’(‘: | Vi, # 0} It satisfies A, < A(V) < Ay, [45, §3]. We shall denote
A(A) = A(V(A)c). Now A is the highest weight of V(A)c in the sense that it is
maximal in A()\) with respect to the ordering <. Accordingly we call v a maximal
or highest weight vector.

Following [25, Chap. 27] an admissible lattice in V (A)c is a finitely generated
Z-submodule of V (A)c that spans V (A)c over C, has Z-rank at most dimc (V (A)¢)
and is invariant under ${7. The minimal choice would be Apmin = V(L)z = UzvT.
There is also a unique maximal admissible lattice, denoted A,y ; it can be obtained
as the dual of a minimal admissible lattice in the dual module (see also Example 5.1).
Any other admissible lattice A for V(A)c satisfies Amin < A < Amax. For any p €
A, weset Ay =ANVR))u-

In the remainder of this section, unless otherwise specified, we shall work with the
minimal admissible lattice Apin = V(1)7.

Proposition 4.1

(a) V(M is an irreducible gc-module generated by a vector v™ of highest weight A.
(b) V(M) is the direct sum of its weight spaces. That is, V (A)c = @ueA(A) Ve, us
where V(M) = Co™.

Let A be any admissible lattice in V(A)c and let Ay, = ANV (X)), u-

(c) We have A =@, c ) An and Ay = Zv™ for suitable choice of v™.
(d) For each weight u of V(X)c, Ay spans V(A)c, .-

Proof Proofs can be found in the following references. (a) [15, Chap. 10],
[25, Chap. 21]; (b) [15, Chap. 2], [25, Chap. 20]; (c¢) [25, Chap. 27]. In particu-
lar Theorem 27.1 and its proof. (d) Clearly, for each weight u of V(1)c, we have
(Au) < V(Mc,u- Now note that, by definition, A spans V (A)c. Combining (b) and
(c), we see that A spans V (A)c if and only if, for each u, (A,) =V (A)c,u. O

As an example the minimal admissible lattices for gc = sl (C) are described in
Lemma 4.1.
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Lemma 4.1 [25, Chap. 7] Let gc = sh(C) and let . = mA| for some m € N. Also
write ¢« = «y. Then, we have

(a) Amin = V(\)z is a free Z-module with basis {vg,vi,..., vy}, where v; =
(YL/ihvt.
(b) Setting v_1 = vj+1 =0, we have

Hyv; = (m —2i)v;, Xoqvi=(m —i+ v, Yovi = (i + Dvjg1.

(¢c) The maximal lattice Amax corresponding to Amin is a free Z-module with basis
{fo, f1,-.., fin}, where the action is given by

Hy fi = (m = 2i) fi, Xofi=ifi-1, Yo fi=(m+1—=10)fit1.

Here fi,41 = f—1 =0. In fact we have v; = ('f)fifor all i.

Passage to an arbitrary field ' We now pass to an arbitrary field FF. We follow Chap.
27 from [25]. Let g(1)z be the stabilizer in gc of V(X)z; it contains the Z-span of
the Chevalley basis C for gc. In fact

sMz=bhz e P ZX. & P 7V,

aedt acPt

where h(AM)z ={H e h | Yu € A(X) : u(H) € Z}. Now we pass to the field F by
setting

Vir = Fez V()z,
gMr = F®z g(M)z.
The module V (A)r shall be called the weak Weyl module of highest weight A over F.

Remark 4.2 The construction of g(X)z, h(A)z and V(L) can be done using any
admissible lattice A instead of the minimal lattice V (1)z. It is shown in loc. cit. that
up to isomorphism, g(A)z and h(A)z only depend on V(X)c (or in fact A(A)), not
on the choice of A. However, it does affect the g(})r-action on V (1), as one can
deduce from Lemma 4.1.

Remark 4.3 For any weight 4 € A(A) and a € A,, we have (1 ® H;) - (1 ®a) =
Ww(H;) ® a, where w(H;) € F. Thus, if F has characteristic 0, distinct weights of
V(A)c induce distinct weights of V(A)r. On the other hand, if F has positive
characteristic p, then it may occur for distinct weights p and v of V(A)¢ that
w(H;) =v(H;)(mod p) foralli =1,2,...,n. In particular F ®7 A, and F ®z A,
belong to the same weight space of V().

Definition 4.1 For each weight u € A(A), we shall set V(M)r,, =F ®z A, and call
this the reduced p-weight space.

We continue the example from Lemma 4.1 in Lemma 4.2.
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Lemma 4.2 Let g\ = sl (F) and let . = mA | for some m € N.

(a) Then, V(M) is an sly(F)-module of dimension m + 1.

(b) The module V (M)F has a basis {vo, v1, ..., vy} such that the formulas describing
the sly (IF)-action are as in Lemma 4.1(b).

(c) If Char(IF) = 0 or Char(IF) = p and m is restricted, i.e. 0 <m < p, then V(M)f
is cyclic as an sly(IF)-module.

Proof Parts (a) and (b) follow immediately from Lemma 4.1. Part (c) follows
from the fact that under these conditions all coefficients in the action formulas of
Lemma 4.1 are non-zero in Z and remain so on reduction modulo p. g

Remark 4.4 1f one constructs the module V (A)r and the sl (IF)-action from the max-
imal lattice Amax, then there is a basis { fo, ..., fiu} such that the formulas describing
the sl (IF)-action are as in Lemma 4.1(c).

Remark 4.5 Irreducible modules with non-restricted weights can be constructed from
those with restricted weights as described in [44, 46].

The Chevalley groups For any a € @, and n € N, the elements x, , = X9 /a! and
Ya,a = Y /a! belong to 417 and hence leave V (1)z invariant under their action on the
module V (A)c. Hence they also induce endomorphisms of V(L)r =F ®z V(1)z, via
a representation that we shall call p. Note that for large a, these elements represent
the null operator on V (A)c. Therefore, for any constant ¢ € IF, the element

Xo (1) = Zta;o(xa,a)

a=0

is an endomorphism of V(A)p. It is a purely formal fact that x, ()~ = xq(—1).
We now let

Magy @) = (xa (), Yo () | € @™, 1 € F) < SL(V(A)r) < End(V (V).

The group operation is the multiplication of End(V (1)F), i.e. composition of endo-
morphisms. This group is a Chevalley group of type M over F. Up to isomorphism
it only depends on A(A), but not on the choice of A. We shall also use the notation
My (F) = M) (F).

The group My, (F) is called the adjoint group and denoted Myq(IF). It can be ob-
tained from the adjoint representation of gc, whose highest weight is the “highest
root”, denoted o* (see column 3 in Table 3). The group M, (F) is called the uni-
versal group and denoted M(F). Given A we have A, < A(A) < A,, and central sur-
jective homomorphisms M(F) — M A0y ) and My (F) = Muq(F). We also have
Z(M(F)) = Hom(A, /Ay, F*) [45, §3]. In particular, we can always view V (L) as
a M(IF)-module, regardless of the choice of A.

For types Eg, F4 and G, we have A, = A,, so that Myq(F) = M(FF). Table 3 lists
the possible Chevalley groups for the other spherical types, along with some weights
giving rise to these groups. Most of Table 3 comes from [45, §3]. In columns 3, 4,
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and 5, we list the group along with some weights A for which My, is the desired
group. Dynkin diagram labelings are as in [8]. The first weight in column 3 is «o*.
The remaining weights can be found from Chaps. 8 and 13 in [15] with an easy
calculation.

Remark 4.6 Steinberg’s table [45, §3] also points out that PSOz,+1 = SOp,41.
From Ree [35], we also have B aq = P$22,+1, B, = $29p41, Dyaga = P.Q;n, and
D, =25,

There does not seem to be a standard notation distinguishing the adjoint and uni-
versal Chevalley groups of types Eg¢ and E7. We shall write E,(F) = Ej o(IF) (and
E,(F) = E,(F)).

From now on we shall write Goq = Maq(F), G = M(F), and G (F) = M4, (F).

The module V (1) is in general not cyclic. In some cases it may depend on the
choice of A. However, when for instance co > dim(V (A)¢) > |G, (IF)[, so that V (L)F
has F-dimension strictly greater than the size of the group algebra, the module cannot
be cyclic.

Definition 4.2 We shall denote the G; (IF)-module generated by v* by V = V(A)%
and call this the Weyl module of highest weight A.

For V (M) itself we reserve the name weak Weyl module. Note that in some cases,
such as when Char(IF) = 0, these modules coincide.

We illustrate what may happen using the example from Lemma 4.2.

Lemma 4.3 Let M = Ay. Write o = o1 and let A = mA| for some m € N. Let V =
V (M)F be obtained from V (A)z. Then all of the following hold.

(@) The G, (F)-module V has dimension m + 1 and F-basis {vg, v1, ..., Uy}, where
vi = (Yi/ihvt.

(b) IfF has sufficiently many elements, then V is cyclic and generated by v™ as a
G, (F)-module. This is the case if | is infinite or if F is finite, but |F| > m + 1.

(c) If Char(IF) =0, or Char(IF) = p > 0 and m is restricted, then V is irreducible as
a Gy, (F)-module.

Proof (a) Follows immediately from Lemma 4.2.

(b) Consider the element y, (t) = Zg’;o();—?_")ti. We have yq (vt = Y1 tly;.
Therefore, if F contains distinct elements fg, ..., ;;, then (t;.)l’.’f =0 is a Vandermonde
matrix. Hence the elements y, (fo)v™", ..., Yo (t,)v™" are linearly independent over F.

(c) If V/ is any submodule then it has a highest weight vector. Thus this highest
weight vector is (a scalar multiple of) v; for some i. Note that, due to the fact that m
is restricted, all of the coefficients appearing in part (b) of Lemma 4.1 are non-zero
over IF. Hence an argument similar to that of part (b) shows that V' also contains
Vitl,-- - Un. Applying the argument of (b) to x4 (¢f)v,,, we see that V/ also contains
v0,...,Vi—1andso V' =V, O
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Remark 4.7 Suppose that we pick some finite field F,, p prime and a weight A = ma;
with m > |SLy(F)|. Then, from Lemma 4.3 we see that while V (A)¢ is irreducible
for SL,(C), the module V(A)FP is not cyclic since its dimension exceeds that of

the group algebra I, SLo(IF,). So in this case V = V(k)%p is a proper submodule
of V(MF,-

The BN -pair of G, (F) To finish this subsection we identify some relevant sub-
groups of G, (IF), following [14].
The group

Go = (xa(t), yu(t) | 1 €TF)

is a Chevalley group over F with diagram A;. By the above discussion therefore,
G, (F) is a quotient of SL;(F), the universal group of type Aj, and it has the ad-
joint group PSL;(F) as a quotient. More precisely, for each « we have a surjective
homomorphism

$o:SL2(F) — G,

<(1) i) > Xq (1),
(1) o

The Steinberg presentation theorem [45] says that in case G (IF) is universal, G, (IF)

can be viewed as being generated abstractly by elements of the form x,(¢#) and

ya(), (@ € @T, t € F) subject to the Chevalley commutator relations (see e.g.

[14, Chap. 5]), and such that the above homomorphisms are in fact isomorphisms.
Foreacha € @t andt € IF, let

mm=%@ ﬂ), wm=%(f16)

Foreacha € @7, let

Uo =(xa(t) |t €F),  Hy=(ho(t) |1 €F),
U_o =(ya(t) |t €F), Ny =(na) |t €F).

We now have the following distinguished subgroups of G, (F):

Ut=(Uy|ee®t), H=(H,|aec®t), B'=UTH,
U =(Uy|ee®), N=(Ny|ae®dT) B =UH.

We also set n; =ng, (1), foralli € I.

Theorem 4.1 (See [14]) Let B = B*. Then, the pair (B, N) is a BN-pair of type
M for G, (IF). More precisely, setting W = N/H and r; = n;H, for i € I, the pair
(W, {ri}icr) is a Coxeter system of type M.
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4.3 The Weyl embedding

Continuing the notation from this section we now let
A=Ak, V=V, G =M(F).

Let U=U"%,U~, B=B", B~, N and H be defined as in Sect. 4.2, starting with
the universal Chevalley group G. We assume that A is obtained from the BN -pair
(B, N) of G. We also assume that I" is the K-shadow space obtained from A as in
Sect. 4.1

Theorem 4.2 The shadow space I' = (P, L) has a full projective embedding into the
Weyl module V for G as follows

ew: P — P(V),
gp > (gvt),

for any choice of a point p of I'.

Proof The proof is the same as the proof of Lemma 3.1 in [5], after noting that the
weight A = A is restricted for any characteristic, and V is cyclic by definition. [

Definition 4.3 We shall call the map ey from Theorem 4.2 the Weyl embedding.

Remark 4.8 Clearly if we consider an arbitrary weight A = )", _; m;A;, where
m; € N, and we define the support of A to be the set supp(A) ={i € I | m; > 0}, then
V= V(k)% affords some kind of embedding of the shadow space of type I — supp(A).
The arguments used in the proof of Theorem 4.2 show that the point-set is mapped
into the set of 1-spaces of V. The standard line of type k is now mapped to an arc in
the (my + 1)-dimensional subspaces V; = (gv™ | g € P;)y. Such modules are well-
known, so studying such embeddings is within reach and some of them might be
interesting.

5 The minimal polarized embedding obtained from the Weyl embedding

In this section we show that the Weyl embedding is polarized and that its minimal
polarized quotient is the unique irreducible module L(A g )r of highest weight Ag .

5.1 Opposite structures, actions and representations

The reader familiar with opposite structures can skip this subsection. In general, if K
is a category, then the opposite category K°PP is the category with the same objects as
K, but with arrows reversed. Thus the identity map id: K — K°PP is a contravariant
functor. For example, if G is a group with operation *, then the opposite group G°PP
is the set G equipped with the opposite operation *°PP given by x *°PP y = y % x for
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all x, y € G. Note that if G is commutative, then id: G — G°PP is an isomorphism.
Similarly, if R is a ring with multiplication *, then the opposite ring R°PP is the
additive group of R equipped with the opposite multiplication *°PP,

Now let R be a commutative ring with 1. The definition of the opposite of an
associative R-algebra A now follows from the definitions above. If £ is a Lie algebra
over R with bracket [-, -], then the opposite Lie algebra £°PP is the R-module £
equipped with the opposite bracket given by [x, y]°PP = [y, x]. For an associative
R-algebra A with multiplication x, let £(A) denote the Lie algebra on the R-module
A equipped with the bracket [x, y] = x %y — y*x. Then, we have £(A°PP) = £(A)°PP.

An isomorphism between a group, ring, algebra, or Lie algebra X, and its opposite
XOPP is called an anti-automorphism of X.

5.2 The contravariant form on V (A)F and the irreducible quotient L(A)p

In this section we follow the approach sketched in [27, Sect. 3.8] and [52, 54]. We
first define an automorphism t of the vector space underlying gc by setting, for each
o€ P, (seee.g. [26]):
X, =Yy, H; = H,, Yy =Xo

and extending C-linearly. It follows from the isomorphism theorem for semi-simple
complex Lie algebras [28, Chap. IV] that T induces an anti-automorphism of gc.
Naturally this extends to an isomorphism, also denoted 7, between 4 = (gc) and
il(g?cpp). We can view ﬂ(g%pp) as UO°PP as follows.

First note that, as vector spaces, gc = g%pp and that the tensor algebra T (gc)
and its opposite 7 °PP (g%pp) are isomorphic via the map r, given on pure vectors by
XIQ Qx> x,®---Qx1 (n €N, x; € gc). Thus we can construct 4 = T (gc) /T
and Ll(g?cpp) = T"pp(gf)cpp)/j"pp (seee.g. [15]), where TI=(x®y —y®x — [x, y] |
x,yegc)and JPP = (x PPy — y @PP x — [x, y]°PP | x,y € g%pp) are two-sided
ideals of the associative algebras. Now note that J = J°PP as subspaces of the vec-
tor space T (gc) = T°PP (g%pp), so that as vector spaces il = il(g?cpp). Hence il(g%pp)
can alternatively be constructed by taking the opposite associative algebra of 4l
and taking its Lie algebra, or, equivalently, by taking the opposite Lie algebra struc-
ture of (. Thus, T extends to a proper anti-automorphism of the universal envelop-
ing algebra 4 and its underlying associative algebra structure inherited from 7 (gc).
Since t preserves C, it restricts to a proper anti-automorphism of the Kostant Z-
form 4.

From 7 one creates a symmetric bilinear form Bz on V(A)z. Namely, one first
defines a twisted gc-module ¥V (L)c. The module *V (A)¢ is the dual vector space
V(M) with a twisted action defined as follows:

(g NHw)=f(g" () forallgege, feVE,veVRc.

One verifies that *V (A)¢ has highest weight vector f+ of weight A, defined by

fr)=cifvecv™ + @ V), u-
HFEL
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The map ¢:V(A)¢c — *V(A)c given by uvt — uf™ (u € ) induces a unique
$l-module isomorphism. Clearly it restricts to a Lz-module isomorphism
¢:UzvT — Uz fT. We now define a bilinear form 8 on V (A)¢ by setting

B, v2) =¢(v)(v2) forallvy,va e V(A)c.

The form B has the following properties (see §3.8 and §2.4 of [27]).

Lemma 5.1

(a) The bilinear form B is contravariant. That is,
B(gu,v) = ﬂ(u, grv) forall g el and allu,v e V(A)c.

(b) The form B is symmetric and non-degenerate on V(1)c.

(c) Weight spaces corresponding to distinct weights of V()\)c are orthogonal with
respect to B.

(d) We have B(vT,v") = 1. Hence, it restricts to B: Amin X Amin — Z. Mutatis
mutandis, (a), (b), and (c) also hold for this restriction.

We note that in Lemma 5.1 part (c) is a consequence of (a).
Tensoring 8 over Z with F, we obtain a symmetric F-bilinear contravariant form
B on V(A)F.

Corollary 5.1

(a) The form B induced on V (M)F is a symmetric F-bilinear contravariant form such
that B(vT,v) = 1.

(b) Reduced weight spaces of V (A)r corresponding to distinct weights of V (A)c are
orthogonal with respect to 8. Hence, weight spaces corresponding to distinct
weights of V (M) are orthogonal with respect to f3.

Statements (a) and (b) also hold when V (M)F is replaced with the submodule V()\.)%
generated by v™.

Example 5.1 Let gc = slp(C) and A = mA;, for some m € N. The minimal ad-
missible lattice Apin = V(A)z is the Z-span of the basis V = {vg, ..., v,} from
Lemma 4.1 part (b). We now construct *V (A)c. Let {fo, fi1,..., fm} be the basis
of V()‘)Ekc dual to V, i.e. such that f;(v;) =§; ; for 0 <17, j < m. Using the for-
mulas from Lemma 4.1 part (b), together with the fact that 7 fixes H,, and in-
terchanges Xy, and Y,, we find that the action of sl,(C) on 'V (A)c is given by
the formulas in part (c) of that lemma. The isomorphism ¢: V(X)c — "V ()¢ is
given by v; — (':') f; for all i =0,1,...,m. Hence, with respect to the basis V,
B is given by the diagonal matrix with entry (’l”) in the ith row and column. We
have A(X) = {(m —2i)A; |i =0,1,...,m} with Ayin, m—2i)n, = Zv;, for each i.
Lemma 5.1 and Corollary 5.1 are easily verified in this case. Also, the maximal lat-
ticein V(A1) corresponding to Amin 1S Amax = {f € V(M) | B(f,a) € ZVa € Amin},
which is the Z-span of {v;/("7) | i =0,...,m}.
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We now extend the preceding results to the Chevalley groups.

Proposition 5.1 The map t induces an anti-automorphism of G, (IF) that satisfies

X)) =x_q@) forallac ®,tcT.

Before we prove Proposition 5.1, we introduce some notation connecting the var-
ious module structures involved with the corresponding representations.

Let p:gc — gl(V(AM)c) denote the representation corresponding to the left-
module structure: p(x)(v) = x * v. Let (-,-): V(W) x V()¢ — C be the stan-
dard pairing given by (f,v) = f(v). One verifies that the C-linear map p': gf)cp P
gl(V(2)E) denoted p™(x)(f) =x *' f and given by (x ' £, v) = (f, x » v), for all
X € g%pp, fe V(A)E, and v € V(A)¢ is a homomorphism. The composition p* =
p'ot is the representation p*: gc — gl(V ()¢ that turns V()7 into the gc-module
TV ()c. We denote the action x x* f = pT(x)(f). It satisfies x +* f =x7 x! f.

We then have natural extensions to the universal enveloping algebras 4(, ${°PP that
we denote p, p*, and p' as well. The isomorphism ¢ sends x v+ > x «* f+, for all
x € 4. Setting V(M)z = Uz * vt and V(L) =0 7 f+ =4z " fT, we see that ¢
restricts to ¢: V(L)7 — V(X)Z. Since we also have (f T, v™) = 1, the pairing restricts
to (-,-): V(1)7 x V(A)z — Z. Therefore we have restrictions p: Uz — gl(V(1)z),
pT:ilozpp — gl(V(M)73), and p*:Uz — gl(V(X)7), such that ¢ induces an isomor-
phism between p and p®, and, for every f € V(1)7, x € Uz, and v € V(1)z, we
have (x *f f,v) = (f, x »v). Combining all this we find that, for v, vy € V(4)z,
we have B(x * v1,v2) = (p(x * v1), v12) = (x *7 B(v1),v2) = (x" * P(v1), v2) =
(p(v1), xT xv2) = B(vy, x¥ xvp),i.e. B is T-contravariant.

As stated in Corollary 5.1, when we pass to the field F, these properties are
preserved. First tensor T to get an isomorphism tp: Up — u{gpp. Next, we tensor
the representations p, /oT and p®. For example, we define pp: U — gl(V (L)) by
c®x > ¢ ® p(x) and with corresponding action (¢ ® x) * (d @ v) =cd @ x x v.
The others are defined similarly. Note that pr also defines a homomorphism be-
tween the underlying associative algebras. One verifies that pp = p];[oqp. Ten-
soring the i7-module isomorphism ¢ gives an isomorphism of F-vector spaces
¢r: V(M)r — V(X)5. Conjugation by ¢y ! gives an isomorphism of associative alge-
bras ¢p: End(V (M)r) — End(V (A)5), which also induces an isomorphism between
the corresponding Lie algebras ¢*: gl(V (AM)F) — gl(V (1);). Thus we have the fol-
lowing commutative diagram of associative algebra morphisms.

fr —5 End(V (W)

PE
T]FJE El%’i 1)

U —— End(V()R)
PE
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Proof of Proposition 5.1 We shall construct the Chevalley group G, (F) as well as
the group G (IF) for g%pp. We then show that G} (F) is naturally isomorphic to the
opposite group G, (F)°PP and that t induces an isomorphism G, (F)* = G, (IF)°PP.

The group G, (F) is generated as a subgroup of the multiplicative group of
End(V (XM)F)) by images under pr of elements of the form X, (t) = ZZO:O 1" Q@ Xqq-
Thus we have pp(xy (1)) = 2210 t* ® p(xq,q) and the action on V(A)r =F ®z
V(M)z is therefore given by xq (1) * (1 @ v) =Y 02 (1 ® (xq,q * V), for any o € @,
teF,andveV(Q)z.

If V is the category of finite dimensional F-vector spaces and linear transforma-
tions and D: V — V denotes the duality functor, sending each V € V to its dual V* €
V and each linear transformation E to E*: f +> foFE, then D is contravariant and
DOPP: V — VOPP js covariant. Now view End(V (1)f) as the subcategory with single
object V (A)F in which the morphisms are those of V having V (A)F as starting point
and end point. Since V (M) is finite dimensional, we have V (A)5* = V (A)r and it fol-
lows that D°PP restricts to an isomorphism between End(V (A)r) and End(V (3);)°PP.

Composing D°PP with pp: Ur — End(V (A)F) we get a dual representation p;‘)pp =
DPPopp: Up — End(V (A)5)°PP. Taking opposites in the domain and codomain of

pp '¥, one verifies that we recover the representation ,OI:-Z Y — End(V (1)) intro-

duced above. Thus all triangles in Diagram (2), which includes Diagram (1), com-
mute.

e — s End(V()p)

ot
rl:\ = | g

PP ——— End(V(W)E) @
ot
>~ | popp
\
End(V ()r)°PP

Let G; (F) be the Chevalley group for g%pp obtained using pﬁ;. Clearly D: End(V (A\)F)

— End(V(A)fg) satisfies pp(xy (7)) — p%(%(t)), for all « € @ and r € IF, and, be-
ing bijective and contravariant, it restricts to an anti-isomorphism between G (F)
and G} (IF).

From the commutativity of Diagram (2), we deduce that T induces an isomor-
phism ¢*: G, (F) — G, (F)* satisfying p (x4 (t)) — ,oT(E(t)) as well as an anti-
automorphism: D°PPog*: G, (F) — G, (IF)°PP which satisfies p (xq (1)) > p(Xx—(2)).
This is the sought anti-automorphism. g

We shall denote the anti-automorphism of G, (F) induced by t also by t.
It is now straightforward to verify the following.

Lemma 5.2 For any g € G, (F) and u, v € V(L) we have

B(gu,v) = B(u, g v).
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Recall from Sect. 4.2 that n; =ng, (1), fori e I.

Lemma 5.3 The subgroup No = (n; | i € I) < N of the universal Chevalley group G
is an isometry group for the form B.

Proof First we note that for each « € @ and r € F we have x4 (#)" = x_q(f) and it
follows that 1 (f)" = (Xg (1)X—a (—t )X (1)) = ng(—t~1). In particular, nq (1)° =
ng(1)~!. Recall also that T is an anti-automorphism, meaning that (gh)” = h'g"
for any g, h € G, (F). It follows that if n = n;, ---n;,, then n* = n~!. Hence, for
u,v € V(AM)F, we have B(nu, nv) = 8(u,n"nv) = B(u, v). O

It follows from Lemma 5.3 that weight vectors in one Np-orbit have the same
length with respect to S. It should be pointed out that in Lemma 5.3 Ny cannot be
replaced by N in general.

Our motivation for introducing the contravariant form g is that it gives a connec-
tion between the Weyl module V = V(A)% and the unique irreducible module L (A)p
of highest weight A (see [27]).

Proposition 5.2 (cf. [27, §3.8]) The Weyl module V = V(A)% has a unique maxi-
mal G (F)-submodule and this submodule equals the radical of B in V. As a conse-
quence, B induces a non-degenerate contravariant form on the simple quotient L(A)F.

Proof The proof is the same as that of Proposition 3.8 of [27] after noting that V =
V(A)% is cyclic. O

5.3 The Weyl embedding is polarized

Recall that G, (F) is a central quotient of the universal Chevalley group G. Hence
any G, (IF)-module is automatically a G-module.

Proposition 5.3 The Weyl embedding ew of I' into P(V) is polarized. More pre-
cisely, for each point p of I there is a dual point p* of I' such that

ew(p)* =(H(p")),,-
Proof Let X be the apartment of A corresponding to N and let ¢+ be the chamber
corresponding to B. Let p be the point of I" on ¢™.

Recallthat V=1V ()»)HO;. For any weight u € A(L), let V, denote its reduced weight
space as defined in Definition 4.1. Recall that ey (p) is the subspace V, of V spanned
by 1 ® v, where v is the highest weight vector. Also note that for any point ¢ of X
we have g = wp for some w € W — {1} so that ey (q) = wV, =V,. Nowif p #g¢,
then since dim(V;,) = 1, we must have u = wA # A. Thus, B(ew (p), ew(q)) = 0 for
all points ¢ on X' different from p.

Note that the chamber ¢~ opposite to ¢ in X corresponds to B~ = woB T wy,
where wy is the longest word in the Coxeter system (W, {r;};c7). Now let p* be the
dual point of I'* on ¢~ and let H(p*) be the hyperplane of I" consisting of points
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not opposite to p* in A. Then for every point ¢’ € H(p*) there is an apartment X’
on g’ and ¢~. The group B~ stabilizes p* while being regular on such apartments.
So there is some b € B~ with bX = X’ and there is some point ¢ on X such that
bg = q’. Since ¢’ was not opposite to p*, g # p.

Turning back to the embedding we note that by contravariance and since b? €
BT = B, we have B(ew(p), ew(q) = Blew(p), bew(q)) = B(b"ew (p). ew(q)) =
B(ew(p), ew(q)) = 0. Thus the hyperplane ew (p)t = ker(8(vT, —)) contains
(H(p*))ey - Since H(p*) is a maximal subspace of I and using Lemma 1.2, we
find

ew(p)* =(H(p*))

Part (b) of Lemma 1.2 moreover tells us that the hyperplane H (p*) is induced by V.
Since G and hence also G (IF) are transitive on dual points, and since § is contravari-
ant, the same holds for all other dual points of I"*. Thus V is polarized. U

ew”

Corollary 5.2 Let ey be the Weyl embedding of I' into the Weyl module V and let R
be the polar radical of ew. Then the codomain of the minimal polarized embedding
with respect to ey is the unique irreducible G, (IF)-module L(\)F of highest weight ).

Proof From Proposition 5.3 it follows that

R= () (H(p*)), =) ew ()" =Rad(®).
p

*el™* pel’

Therefore the codomain of the minimal polarized embedding with respect to ey is
V/R = V()\.)% /Rad(B), which by Proposition 5.2 is the unique irreducible G, (F)-
module of highest weight A. g

Theorem 1.2 now follows from Proposition 5.3 and Corollary 5.2.

6 Minuscule weight geometries

Let A = A; be a fundamental dominant weight that is minuscule. This means by de-
finition that the weight lattice of V (1) equals the orbit of A under the action of the
Weyl group W. In particular, all weight spaces have dimension 1. Recall that Ay is a
minuscule weight for the diagram M if M is one of the following: A, i (any k), By,
n=>2),Cy1(n>3),Dy1,Dpp-1, Dyn (n>4), Eg 1 and Eg ¢, or E7 7. For names
and dimensions of these embeddings see Table 4.

Call e = ey the embedding of I' = Ay into V = V()»)%. The weight spaces of V
are precisely the images of the point set of the apartment X' = W Py_y; of I" cor-
responding to W, and in almost all cases these points generate I" (see [5, 20] for a
precise statement). By Theorem 1.2 the embedding e into V is polarized. Moreover,
V(AM)r =V = L(A)F since if V(L) had any proper submodule, it would be the di-
rect sum of its weight spaces. But the weight spaces of V(A)r are all of dimension
1 and form a single orbit under W. Hence, no proper submodule exists. In view of
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Table 4 Minuscule weight

embeddings G k v dim(V)
Ay SL,+1(F) k Grassmann " Z 1)
By, Spiny,, | (F) n Spin 2"
Cn Spy,, (F) 1 Natural 2n
Dy, Spin], (F) 1 Natural 2n
non—1 Half-spin -l
Eg Eg(F) 1,6 L(A) 27
E7 E7(F) 7 L(A7) 56

Lemma 5.3 it also implies that V has a basis of weight-vectors that is orthonormal
with respect to 8. Therefore, 8 has trivial radical, which by Theorem 1.2 again im-
plies that V(L) =V is irreducible.

We finish this section with a brief remark on generating singular hyperplanes. Let
p be a point of X opposite some dual point p* also on X. We now see that the
hyperplane (H (p*)), is exactly the hyperplane of V spanned by the set {e(q) | p #
q apoint of X'}. It is proved in Blok [3] that often the hyperplane H (p*) itself is
generated, as a subspace of I" by the set of points of X' different from p; this is the
case for instance if the diagram M is one of A,, D, E¢ or E7.

In Table 4 we list the Weyl embeddings of the minuscule weight geometries.
Here I is the k-shadow space of a building associated with the universal Cheval-
ley group G =M(F) and V = V (,)r = V = L(A)F-

7 Grassmannians

As a preliminary to Sects. 8, 9 and 10, we collect some information on tensor prod-
ucts and exterior powers of modules for the Lie algebra g = g(A)F and its associated
Chevalley group G, (IF). In particular, we shall study the form B and the automor-
phism 7.

It is well known (see e.g. [15]) and easy to check that, whenever Vi, ..., V; are
g-modules, then so is V| ® - -- ® V; under the action given on pure vectors by

ﬁ®~

!
Z VI ® - QU1 QgViQV+1 Q- Quy, 3

forall gegandv; € V; foralli =1,...,[. Similarly, if V is a g-module, then so is
/\k V under the action given on pure vectors by

k
g'/\vi=zv1/\-~-/\vi—1/\gvi/\vi+1A--~/\vk, @

i=

—_
—_

=

forall gegandv; e V foralli =1,...,k. As for the action of G, (IF), it is well
known and it follows easily from (3) and the definition of G, (IF), that whenever
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Vi, ..., V; are G, (IF)-modules, then so is V] ® --- ® V; under the action given on
pure vectors by

I
g Rui=gn® g @ ®gu. ©)
i=1

forall g € G,(F) and v; € V; foralli =1, ...,[. Similarly, if V is a G, (IF)-module,
then so is /\k V under the action given on pure vectors by

Vi = QUL A AGUi At A gk, (6)

.>»

I
<N

1

forallge G, (F)andv; e V foralli =1,...,k.
Next, we describe how a covariant or contravariant form on a collection of modules
for g or G, (F) induces a similar form on their tensor product or exterior powers.

Lemma 7.1 Let Vi, ..., V| be finite dimensional F-vector spaces, let o be an auto-
morphism of F of order at most 2 and let §; be a o-sesquilinear form on V;. Then

(a) there is a unique o -sesquilinear form t® on Vi ® --- ® V; given by
P ® - Quiv ®--Qu) = H§:1 Ci(ui, vi);

(b) if each ¢; is non-degenerate, so is ¢ ®;

(c) ifeach t¢; is symmetric bilinear, so is £®;

(d) ifeach ¢; is skew-symmetric, then ¢ ® is skew symmetric if | is odd and symmetric
otherwise;

(e) ifeach V; is a module for g and ¢; is T-contravariant, then so is ¢®;

(f) if each V; is a module for G; (IF) and ¢; is T-contravariant, then so is {®;

(g) if each V; is a module for G, (F) and G, (F) preserves ¢;, then G (IF) pre-
serves ¢ ®,

Proof (a) For each i we have a o-semilinear map ¢;: V; — Vl* so that ¢;(u,v) =
(¢i(u), v), where (f,v) = f(v) is the standard pairing V;* x V; — IF. Note that % =
P1®---Qp:VI®---®@V,— V' ®---® V" is again a o -semilinear map. We can
compose this map with the standard pairing V' ® --- @ V' x Vi ® --- @ V; - F
givenby (f1®--® f1,v1 Q@ --- Q) = Hi:l fi (v;) to get the form ¢®. It is im-
mediate from this construction that ¢® is o-sesquilinear. (b) The standard pairing is
non-degenerate and in this case ¢; and ¢® are isomorphisms. (c) and (d) are trivial
observations. (e), (f), and (g) are easily seen to follow from (3) and (5). O

Lemma 7.2 Let V be a finite dimensional F-vector space, let o be an automorphism
of I of order at most 2 and let ¢ be a o-sesquilinear form on V. Let k € N with
1 <k <dim(V). Then

(a) there is a unique o -sesquilinear form ¢ on /\k V given by
SN A N, vp A Avg) =det((ug, v)));

(b) if ¢ is non-degenerate, so is L,

(¢) if ¢ is symmetric bilinear, so is £,
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(d) if ¢ is skew-symmetric, then " is skew symmetric if k is odd and symmetric
otherwise;

(e) if V is a module for g and ¢ is T-contravariant, then so is ¢

(f) if V is a module for G, (F) and ¢ is T-contravariant, then so is {";

(2) if V is a module for G, (F) and G, (F) preserves ¢, then G, (F) preserves .

Proof (a) There is a o-semilinear map ¢:V — V* so that {(u,v) = (¢ (u), v),
where (f,v) = f(v) is the standard pairing V* x V — F. Note that ¢ = ¢ A
A /\k V- /\k V* is again a o-semilinear map. We can compose this o -semi-
linear map with the standard pairing /\k V* x /\k V — F given by (fi A--- A
fi,vr A+ Avp) = det(fi(v))) to get the form ¢”. Noting that det(¢(u;, v;)) =
ZpESym(k) sign(p) ]_[5;1 C(ui, vp(iy) we see that ¢ is o-sesquilinear because ¢® as
defined in Lemma 7.1, is o -sesquilinear. (b) The standard pairing is non-degenerate
and in this case ¢ and ¢” are isomorphisms. (c) This is because det(f;(v i) =
det(fj(v;)). (d) Same as in Lemma 7.1(e), (f) and (g). These follow from (4) and
(6) together with the definition of the determinant as in (a). O

Thus, we see that 8" and B8® are symmetric bilinear t-contravariant forms. Or-
thogonality of distinct weight spaces follows from contravariance as in Lemma 5.1.

8 The projective Grassmannians

Let A be the building of type A, over the field F. The universal Chevalley group
is G = SL(V), where V is a vector space of dimension n + 1 over F. Picking an
ordered basis A = {ay, ..., a,+1} for V, we identify G with SL,,+;(F). A BN-pair
for G is given by letting B be the upper triangular matrix group and N the monomial
matrix group. Then H = B N N is the diagonal matrix group and the Weyl group
W = N/H = Sym(n + 1) in its action on the 1-spaces spanned by the standard basis
elements.

For each integer k with 1 < k <n + 1, the exterior power /\k V is clearly a module
for G under the action g(vy A --- A vx) = gV A -+ - A gug. For any non-empty subset
JCI, letay = /\je jaj, where the a; appear with increasing subscripts. Recall

that AK ={ay | J €{1,2,...,n+ 1}, |J| =k} is a basis for /\k V. One verifies that
,,,,, k) is a vector of weight Ay that is stabilized by the subgroup U + of
unipotent upper triangular matrices (see e.g. [15, Chap. 13]). Thus v is a vector of
highest weight Aj. It is easy to see that A; is minuscule: the collection of 1-spaces
spanned by elements from A% forms a single orbit under W = Sym(n + 1). Thus,
/\k V is the irreducible Weyl module V (Ax)r =V = L(Ax)F-

The standard parabolic subgroup P;_yx; is precisely the stabilizer of the k-space
p = {ai,...,ar)y, which is a k-object of A. The k-shadow space I" of A is the
geometry whose points are the k-objects and where each line is the collection of
points incident to some {k — 1, k + 1}-flag.

vt =aq
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In accordance with Theorem 4.2, the Weyl embedding of 1" into /\k V is given by

k

P—>IP</\V)
p'—>/k\p

where /\kp = (p1 A --- A pg) for some basis p1, ..., pr of p. It is often called the
Grassmann embedding. This is well-defined since if g € SL(V) induces a change of
basis for p we have g(p1 A--- A px) =dp1 A --- A pi, where d is the determinant of
the restriction of g to p.

Next, we identify the form 8 on the module V. Since A is minuscule, Sect. 6 tells
us that AX forms an orthonormal basis for /\k V with respect to 8. Thus, if g is the
form on V (A1), then B = ", as described in Lemma 7.2.

Let us also identify 7. The anti-involution t of G as described in Sect. 5 satisfies
Xg ()T =x_o(t) for any t € F and @ € @. In the present A, case, the root system
is ® ={a;j|i,jel,i#j} where o j = —aj; with respect to the fundamental
system [T = {o; j+1 | i = 1,...,n}. With respect to the BN-pair chosen above we
have Xo; (t) = Inqy1 +tE; j, where E; ; is the elementary matrix whose entries ey ;
satisfy e ; = 6;xd j;. Thus, T is simply the transposition map.

9 Polar Grassmannians

In this subsection I” is a polar k-Grassmannian of a building A of type M,, over F,
where M, () is as listed in Table 5. The building A is constructed from a non-
degenerate reflexive sesquilinear or quadratic form ¢ of Witt index n on a vector
space V of dimension m over the field F. The type of ¢ is given in the table and m
is the subscript of the group, which is the full linear isometry group of ¢. In case ¢
is o-hermitian, we restrict to the case where o € Aut(IF) has order 2, F is a quadratic
extension over the fixed field F® = {x € F | x° = x}, and the norm N,:F — F? is
surjective.

We first present a way to see that the Grassmann embeddings for these polar Grass-
mannians are polarized. Then we shall analyze B and t for the untwisted cases (B,
Cp, and D).

The points and lines of I" are also points and lines of the projective k-
Grassmannian I of type A, —1.x(F) associated with V (see Sect. 8). The Grass-
mann embedding e, of T restricts to a full projective embedding eg; of I' into some
subspace V, of the exterior power /\k V. This is called the Grassmann embedding
of I'.

Proposition 9.1 Let I be a polar k-Grassmannian as in Table 5. Then the Grass-
mann embedding of I' is polarized.

Proof Let H be a singular hyperplane of I". Since opp; is the identity on /, we have
I' =T*and so H = H(p™*) consists of all points ¢ of I" not opposite to some point
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Table 5 Polar Grassmannians

M.« (F) ¢ Group n k

By, 1 (IF) Parabolic orthogonal Spiny,, 41 (F) >2 1<k<n

Cp i (F) Symplectic Spy, () >2 1<k<n
Dy, () Hyperbolic orthogonal .Q;n () >3 1<k<n-2
A 1k (F) o -hermitian Uspy1 (F) >2 l<k<n
20,1 1 () o -hermitian Uy, (F) >2 l<k<n
D, 1 4 (F) Elliptic orthogonal S03,.,,(F) >2 l<k<n

p*, which also belongs to I'. Viewing points of I" as k-spaces in V, this means that H
consists of all points ¢ of I" such that ¢ N (p*)* # 0. Here L denotes orthogonality
with respect to ¢ .

Keeping in mind that ¢ is non-degenerate we find that p* = (p*)-- is an (m — k)-
space of V, that is a dual point in (I")*. Let H = H(p™*) be the singular hyperplane
of I' defined by p*. Then H consists of all k-spaces g of V with g N p* # 0. Thus,
(H)e, < (H)s—. We claim that in fact

*)J_

Cer eor

(H)em = Vgr N <ﬁ>

eqgr egr-

Since the Grassmann embedding &g of I is polarized, (H)z, is a hyperplane of
/\k V that induces H. Since ¢ is non-degenerate, there is a point p in I" opposite
to p*, that is, not contained in (p*)L = p*. Thus we find that the codomain Ver

of I" under eg is not entirely contained in the hyperplane (ﬁ)g. Hence (H),,, is

contained in the hyperplane Vi N (H )¢ of V. By Proposition 1.1 and Lemma 1.2,
H, is induced by V. That is, ey, is polarized. O

Recall from Lemma 7.2 that ¢ induces a form ¢ on /\k V and hence on Vg as
follows. Namely, for uy, ..., ug, vi,...,vx € V, let

MWL A AUg, VLA ATE) =det(§(ui,vj)).

Let 1" denote the orthogonality relation on /\k V with respect to ¢”. For any sub-
space U < /\k V,letRad(U, M) =U+" nU. By Lemma 7.2, since G preserves £,
it also preserves ¢ and hence also its radical Rad(Vg, ¢).

Lemma 9.1 Let I" be a polar k-Grassmannian as in Table 5.
() For any (dual) point p* € I'* =T we have (H(p*))e, = egr(p*)LA;
(b) as a consequence R, =Rad(Vgr, ¢ M.

Proof (a) First note that, by Lemma 7.2, ¢ is non-degenerate sesquilinear on /\k Vv,
so that eg( p*)LA is a proper hyperplane of /\k V. On the other hand, by Proposi-
tion 9.1, we know that (H (p*))e,, is a proper hyperplane of V. Thus, it suffices to

prove that (H (p¥))e, < egr(p*)*".
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Letu =uj A--- Auy represent p* and let v = v A - - - A vy represent some point
g of I'. Now ¢”(u, v) = 0 if and only if the columns of the matrix (¢ (u;, v;j)) are
linearly dependent, which happens if and only if ¢ N (p*)* # 0 in V and the latter is
equivalent to saying that ¢ € H(p*). In particular, (H (p*))e, < egr(p*)lA. O

For the untwisted cases, we choose ¢ and the basis .4 for V in the following way.

M,: By, Ca, Dy,

2 0 0 0 I O, 1

0 In 0,, n n n n
A: {a0»~~-»a2n}’ {alv"'vazn}a {ala-~~a(12n}~

Lemma 9.2 Let I" be a polar k-Grassmannian as in Table 5, where M,, is untwisted,
that is, it is one of By, C, or D,,. Then, the Grassmann embedding is the Weyl em-
bedding.

Proof The Grassmann embedding is the restriction of the Grassmann embedding for
the projective k-Grassmannian into /\k V. The codomain Vj, is by definition the
subspace of /\k V spanned by the images of the points of I". Since we have G <
SL(V), the space Vg is naturally a G-module. Transitivity of G on the point set of I
shows that Vy is the G-submodule of /\k V generated by eg(p) for any given point
pofrI.

More precisely, under the Grassmann embedding the point p = {(ay, ..., ax) of I
is sent to the 1-space of /\k V spanned by ay, . Since G < SL(V) in all cases, we
see that the Grassmann embedding is given by

k
egr:P—>IP’</\ v),

gp > (gai, ), foranygeG.

.....

module generated by v+.

Passing to an arbitrary field IF, we see that V (L) is also a Gp-submodule of /\k 14
(where V is now an F-vector space) that contains the 1-dimensional highest weight
space V(A)r, = Fv™. The Weyl module V is by definition the Gg-submodule of
V (A\)r generated by v™. O

Remark 9.1 Note that we now have two proofs of the fact that the Grassmann embed-
ding of a polar k-Grassmannian associated with a polar space of type B,, C,, or D,,
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is polarized. Namely, Proposition 9.1 gives a direct geometric proof, whereas another
proof comes from combining Lemma 9.2 and Proposition 5.3.

We now describe t in terms of the description, given in [15], of the Lie algebra gc¢
and G in its action on the natural module. From the description of the root spaces in
the Lie algebras of type C,, and D,, in loc. cit., we see that 7 is given by the transpose
map on gc, and hence also on G. In the B, case t is given by g > h ™' g'h, where ¢
denotes transpose and / is the diagonal matrix diag{2, 1, ..., 1}. This formula, which
is initially computed for Char(FF) = 0, remains valid when Char([F) # 2.

Remark 9.2 The forms ¢ and 8 are not equal, but it follows from Lemmas 9.1 and
9.2 that for each p € I' there is a p* € I'* = I' such that egr(p*)J-A = egr(p)lﬁ,
where L# denotes orthogonality with respect to the contravariant form f. In particu-
lar this means that Rad(Vg, 8) = Rad(Vg, 7).

10 Projective flag-Grassmannians

We continue the setup from Sect. 8 except that now I" is a K-shadow space of A, for
some arbitrary non-empty subset K € I = {1, 2,...,n}. By Theorem 4.2, I" embeds
into the Weyl module V = V(AK)]% for gr = sl,+1(IF), which is the submodule of
V (Ak)F generated by the highest weight vector v*. In this section, we construct the
Weyl module from the natural s, (F)-module V, of highest weight 1;. We give
two constructions and study the form .

Write A = Ak . Our construction of V (A)F follows [23]. Starting from a D-module
V, where I is some integral domain, we shall give two descriptions of a space V2,
with the property that V' = V (A)r, when [ is a field (see Theorem 10.1). To unbur-
den our notation we shall drop the ID unless strictly needed. The condition that D be
an integral domain is not necessary in all that follows (see loc. cit.), but it is all we
need.

These constructions are valid for any weight A = )", _ ¢ [x Ak, where Ay is the kth
fundamental dominant weight. To this end we identify A with the Young diagram that
has Iy columns of length k. That is, the partition corresponding to the (rows of the)
transpose of the diagram A is o = (k% )<k, where k runs through K in decreasing or-
der; we sometimes write & = (i1, ..., M;), where [ = ZkeK li.. In the constructions
below we shall in fact assume K C [n + 1] ={1,2,...,n + 1} so as to also include
those modules V* involving determinantal representations.

A universal description of V*  Assume that A has d boxes. Let V** be a cartesian
product of d copies of V indexed by the boxes of A. Consider maps ¢: V>** — W,
where W is some D-module, with the following properties:

(i) ¢ is D-linear in each argument;
(ii) ¢ is alternating in each column of A;
(iii) for any x € V> p(x) = > ¢ (y), where y runs through all vectors obtained
from x by an exchange between two given columns of A with a given set of
boxes in the right chosen column.
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v3 | vs vs | v3
x = (v1,v2,v3,v4,05) v2 | v4 v2 | v < (va,v2,v5,v1,v3) =¥
V1 V4

Fig. 1 An exchange between two sets of two boxes in columns 1 and 2

If x and y are vectors indexed by the boxes of the same Young diagram A, then an
exchange between x and y is determined by choosing, in A, two distinct columns
i and j along with a set of s > 1 boxes in both columns; y is now obtained from
x by interchanging the coordinates of x corresponding to the s boxes in columns
i and j of A, while preserving their relative order within those columns. For an
illustration, see Fig. 1. For example, taking A = A3 4+ A, and using rules (i), (ii),
and (iii) with i =1, j =2, and s = 2, for vy,...,v5 € V and @ € D, we re-
quire that ¢ (avy, v2, V3, V4, V5) = o (V1, V4, Vs, V2, V3) — o (v2, V4, V5, U1, V3) +
ad (v, v4, Vs, V1, V2).

We shall denote the universal target of such maps ¢ by V*. That is, there is a map

i: V>** — V* satisfying (i)—(iii) such that, given any map ¢: V>** — W satisfying
(1) (iii), there is a D-linear map ¢ V* — W with ¢ = qboz This is called the Schur
module of shape ). In the next paragraph we shall show the existence of V*. More-
over, in Theorem 10.1 we shall see that, for a field IF, we have V(A)p = VH? if A has
at most n + 1 rows. In our situation this is satisfied always since K C [n + 1].

A concrete construction of V*  All tensor and exterior products taken over boxes in
) will be taken in order of the column word associated with A; this word is obtained
by concatenating the columns from left to right and by ordering the boxes in each
column from bottom to top.

We shall refer to this construction as the quotient construction of V* since it re-
alizes V* as a quot1ent of V® = v®d g5 follows. To enforce rules (i) and (ii), let
VM = Rk (/\ V)®% and consider the canonical map 75: V>** — V/* (which
is the composition of a D-d-linear map 7 : V>** — V® and a D-linear map
72:V® 5 V) To enforce rule (iii), let Q*(V) be the subspace of V/* gener-
ated by all vectors 7 (x) — > 7 (y), where y runs through all vectors obtained
from x by an exchange between two given columns of A with a given set of boxes in
the right chosen column. Then Q* (V) is the kernel of the surjective D-linear map

VM v

We shall denote by 72: V®* — V* the canonical map 7} o >.

Properties of VA filling of A from [m]={1,2, ..., m} is a function T: X — [m].
Given any ordered set of vectors B = {by, ..., b,+1}, and afilling T of A from [n+ 1],

n [23] the columns of A are numbered top to bottom.
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we get an element by of V ** by setting, for each box z of 4, its entry indexed by box
z equal to by (). Let

b =n(by) e V®,  bp=n2(0%) eV, br=n)(b}) eV

We shall employ Lemma 10.1 in the case where V is the natural module for
5lp+1(D) and D is Z or a field F.

Lemma 10.1 Suppose V is a module for some Lie algebra gp over D. Then, the
D-modules V®*, V™ and V* are gp-modules as well.

Proof By equations (3) and (4) of Sect. 7 it follows that V®* and V/* are gp-
modules. Now we show that Q*(V) is a gp-submodule of V.

Let g € gp and fix a subset A = {ay,...,dy+1, Anr2 = gai, ..., d2n+2 = gdp+1}
of V. Given afilling T: A — [n + 1], and a box z € A, let T* be obtained from T by
setting, for all boxes y of A:

T(y) ify #z;

T*(y) = :
T(@+n+1 ify=z

Thus, a7 is obtained from a/ by replacing the contents of box z by its g-image, so

we have gajp = D oen a.. Now let & be an exchange of A, viewed as a permutation

of the boxes in A and let T’ be the filling obtained by composing & and T, that is

T'=To&:A— [n+1]. Given a filling F: A — [n + 1] we let & - ar = apo¢. Then,

£g-ar =§Za§z = Za?%s’

zZeL zZEA
A AN A
gé . aT - gaToé - Z}La(]"og)z"
e

It is straightforward to verify that T%o& = (T of)¢ ~'@ Since & is a permutation of
A we can replace the last sum by ZE and conclude that &g - ap =

g& - af. Thus,

g<aT - ZéaT) =gar — Y gkar =gar — ) _&gar,
§ §

3

A
() a(rog)sfl(z)

where the sum is taken over all exchanges between two given columns of A with
a given set of boxes in the right chosen column. Hence, Q)‘(V) is a gp-module. It
follows that V* = VM/QX(V) is a gp-module as well. Il

From now on we shall assume that V is free over ID.

We shall now discuss bases. Given a basis B for V, it is clear that V ** and V®* are
free over . In fact, B%* = {b% | T}, where T: A — [n + 1] ranges over all possible
fillings, is a ID-basis for V®* Moreover, it is clear that V/* is free over D with basis
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B = {b} | T}, where T: A — [n + 1] ranges over all fillings that are increasing
down each column. Next, we identify certain bases of V*. A Young tableau of shape A
isafilling T of A that is weakly increasing along each row of A and strictly increasing
down each column of A. Let B* be the collection of all by, where T ranges over all
Young tableaux of shape A with entries from [n + 1].

Lemma 10.2 [23, §8.1, Theorem 1] Suppose V is free over D with basis B =
{b1,...,bnt1}, then & is free over D with basis B*.

Lemma 10.3 Let V be a module for a Lie algebra gp over D. Suppose that B =
{by,...,byy1} is a set of vectors such that b; has weight 6; for each i € [n + 1].
Then, for any filling T: ) — [n + 11, the vector by € V* has weight YL, 1i6;, where
t; is the number of occurrences of b; in by and m is the number of boxes in X.

Proof This is a straightforward calculation. g

The constructions of V* as well as Lemmas 10.1, 10.2, and 10.3, show that if V is
a module for a (simple) Lie algebra gc over C and A is an admissible lattice, then we
can construct AX*, A®* AN 0Q*(A) and A* replacing V by A, taking D = Z and
viewing A as a module for the Lie algebra gp = Ly, or gp = g(1)z. We summarize
this and a little more in the following result.

Lemma 10.4 Let V be a module for a simple Lie algebra gc over C and suppose
Vr =F ®gz A for some admissible lattice A.

(a) The Z-modules A**, A®*, A™, and A* are admissible lattices in V>**, VO,
VN and V*, respectively.

(b) For any field F we have (F ®, A* =F @y A*. In particular, if we construct
V(Wr =F ®z A%, then V(M = V.

() If A={ay, ..., any1} is a Z-basis of weight vectors for A, then A* is a Z-basis
of weight vectors for A*, where the weights are as described in Lemma 10.3.

Proof The admissible lattice A is a free Z-module as well as a module for the univer-
sal enveloping algebra $i7. The modules A**, A®*, A" and A* can be constructed
by replacing V by A and taking D = Z in the construction of V* above. Moreover,
taking gp = Lz, it follows from Lemma 10.1 that these are $z-modules.

Let A be the basis in (c). As we saw in the discussion preceding Lemma 10.2,
A canonically gives rise to bases A®* and A" for A®*, and A™*, respectively. By
Lemma 10.2 since A is a basis for V, A* is a basis for V* so in particular, A* is
independent over Z and of appropriate cardinality. The fact that A* spans A over
7 follows from the fact that A®* spans A®* and A” is a quotient of A®*. Thus (a)
follows. Part (b) is a special case of the remark preceding Lemma 1 in [23, §8.1]. Part
(c) follows from Lemma 10.3. Il

Remark 10.1 If in Lemma 10.4 we have gc = sl,+1(C), then the natural module V
has a basis A = {ay, ..., a,+1} whose weights satisfy ) > 6 > --- > 6,41 in the

@ Springer



J Algebr Comb (2011) 34: 67-113 105

natural ordering on weights. Namely, 6; — 6; 11 = «;, the ith fundamental root, for
i =1,...,n. It then follows that the highest weight vector of V* is ar, where T
is the tableau whose ith row is filled with i’s only. In view of the relation between
weights and Young diagrams, and using that 1 +--- +6; = A forany 1 <k <n, we
find that a7 has weight A.

Theorem 10.1 (Theorem 8.2 of [23]) If A has at most n + 1 rows and F = C, then
V* is an irreducible representation of highest weight A for GL,+1(F). These are all
irreducible polynomial representations of GL,, 11 (F).

Corollary 10.1 Forany fieldF, the sl 1 (F)-modules V (1)r and VH? are isomorphic.

Proof Since A was constructed from the subset K C [n+ 1], all V(é constructed in this
section are irreducible GL, 41 (C)-modules. Since GL,,+1 (C) is a central extension of
SL,,+1(C) it follows that V(é is also irreducible as an SL,,11(C)-module. Hence Vé‘
is naturally an irreducible sl (C)-module.

The well-known classification of finite dimensional irreducible modules for simple
complex Lie algebras (see e.g. [15, Chap. 10]) in particular ensures that, for each A
(which in our case is integral and dominant), there is a unique irreducible s, 41 (C)-
module of highest weight A. Since V(é is an irreducible s, 1 (C)-module of highest
weight A, L) =V M) = V4.

By Lemma 10.4 if A is an admissible lattice in V, then A* is an admissible lattice
in V*. The result follows, since by part (b) of that lemma, V(A)r =F ®z A =
(F®z7 A = Vlg‘, for any field FF. U

Note that by Lemma 10.2 (and 10.4) the dimension of V* is independent of the
field F. This is a special case of Proposition 4.1 parts (b) and (c).
As already noted in Remark 4.7, V* is in general not cyclic.

The Weyl embedding Now let A = Ak be as in Sect. 4.2, and F some field. Con-
sider the following point of I': p = (Ax)kek, Where Ay = (ay,...,ar)y. Then by
Theorem 4.2 the Weyl embedding satisfies

ew: P —P((v*)°),
pr—ar

where T is the Young tableau whose ith row is filled with i’s only. That is ar =
T (Qpex /\f-‘:l a;). For any subset K C I, let ex be the Weyl embedding of the
K -shadow space of A. Then we have

ex(p) =) (® ek<Ak>). @)

keK

Now note that 77} is a G-module homomorphism and that G is transitive on the points
of I'. Therefore we have equality (7) for any point p = (Ag)rex of I.
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The form B and a second construction of V* We first show that the contravariant
form B on V/* and V* can be obtained from the contravariant form on V. Recall
that B is constructed initially on the module V (A)c, then restricted to an admissible
lattice, and then tensored with [ to get its equivalent on V (1)r. Thus in order to
describe B, we can and shall work over C. Our aim is to find a result similar to part
(a) of Lemmas 7.1 and 7.2. To this end it is convenient to use the Schur functor (see
e.g. [23, §8.3] and [24]).

We first use the Schur functor (and its dual) to describe V* and (V*)*. We shall
consider (V*)* to be constructed from V* in the same way as V* is constructed from
V and denote the maps corresponding to 7,°, 7{", JT)? by putting a bar over them, so
that we get ﬁf, 74, and ﬁ%’. Fix A and let it have d boxes. Let C = C[S;], where
S4 is the symmetric group on the set [d]. In the sequel, for any right C-module A
and left C-module B, the tensor product A ®c B is the quotient of the usual tensor
product A @c B over C by the subspace generated by all expressions

(a-0)®b—a®(c-b) whereac A,o0€S;,beB.

We view V&4 (resp. (V¥)®4) as a left (resp. right) C-vector space and a right
(resp. left) C-module, where S; naturally (resp. reverse) permutes the components
of V®4 (resp. (V*)®9),

Then, we have natural isomorphisms V& = V® ¢ C and (V*)®¢ = C ®c
(V*)®4_ Note that the natural pairing p:V x V* — C given by (v, f) = f(v)
gives rise to the pairing p®: V& x (V*)®? - C by setting (v] ® --- ® vy, f1 ®
e ® fa) = ]_[fl:1 fi(v;), thus identifying (V*)®¢ and (V®?)*. Note here that we use
the conventional notation f(v) even though V* is a right vector space. It follows
from the above definitions that we now have

(W®co, 1 fl=(w®l,coR f) ®)

for any f € (V¥)® v e V® ¢eC,and o € S;. Here the pairing (-, -) is induced
by p® via the natural isomorphisms V&7 = V®¢ @ C and (V*)® = C®c (V).

A numbering U of X is a filling from [d] without repeated entries. Let U be the
numbering of X that agrees with the natural ordering of boxes of A taken in the quo-
tient construction of V*, that is, so that the column word of U is 1,2, ...,d.Let R )
and C(U) be the row group and column group of U; thatis, R(U) (resp. C(U)) is the
subgroup of S, that simultaneously preserves the subsets of numbers in U associated
with the rows (resp. columns) of 1. Let

pu= Y, o yw= Y, sie()y, ou=yupu, GU=puyy.
peRW) yeCw)

The Specht module $* with diagram A can be identified with the right C-module
oy C as well as the left C-module Coy (see e.g. [24, Chap. 4]). Using the Schur
functor, i.e. tensoring with the Specht module, we have isomorphisms

yh = yed ®c Coy,

TP ® - ®vy) > v ® - ®vy ®coy, and
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(V*)}” ~ 6yC ®c (V*)®d,

1
ﬁ?(f1®--~®fd)'—>Edu®cf1®-~-®fd,

where k) is the integer such that 05 = kyoy. The quotient construction of V* cor-
responds exactly to applying the Schur functor as above since by choice of U, we
have

yor = yed ®CC—> VM =V Q¢ CyU—> vV} =v® ®c Coy,
VI® - Qucl 1 ® - Q@ucyur V1 Q- ®vgQc YUpU

and nf’ = nfon/(? (cf. [23, §8.3]). In the construction of (V*)* one could use &y in-
stead of éay. Our choice is more natural, as we will see in the proof of the following
general lemma.

Lemma 10.5 We have an isomorphism (V*)* = (V*)* induced by the pairing:
P Vr x (V¥* = C given by

(TP @ ®u). T ® @ f))= D Y s1gn<y)1"[f,<v<yp><,>>
pERWU) yeCU)
where U is as above.
Proof Consider the isomorphisms
V= ve®d @ Coy,
(V) ZoyCoc (V¥)*.

It can be shown that alzj = kj oy, for some non-zero k) € 7Z, so that, for v € v®d and
f e (V"% we have

1
—o, 1®c f>. 9)

<U®CUUs1®Cf)=<U®C
ky,

It follows from (8) that the pairing p® has the property that,

1
—oy Qc f>~ (10)

1
v®c —0, 1®c f)=(v®cou,
k)L k)L

We have maps:

Ve ®c Coy <> V& @c € 5 V& @ Coy

where i is the identity and 7 is right multiplication by oy . The surjective map =
induces an injection 7*: (V& ®¢ Cop)* < (V& @ C)*. Since o, = ki.oy, we
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have moi = k; id so that for every g € (V®¢ ®c Coy)* we have g = éi*on*(g).
Thus i*: (V®? ®c C)* — (V& ®@c Coy)*, given by f — foi, induces the inverse
to kl 7* on the image of *. To see what this means, we identify V®¢ @ Coyp with
its image under i. Then g = k i*omr*(g) says that g € (V®4 @c Coy)* is simply
the restriction of some element of (V® ®¢c C)* (namely én*(g)). Now use the
pairing p® to view C @c (V*)®? = (V®? ®c C)*. Namely define a map b® by
setting c ®c f > (-, c®c f),forallce Cand f € (V*)®4_Then, from (9) and (10)
we can see that if this element g is represented by some f € C ®c (V*)®, then it is
also represented by éay ® f €oyC®c (V¥)® Hence, i*ob® is an isomorphism
between oy C ®c (V*)® and (V&4 @¢ Cop)*. The deﬁnition of 2, 72 and b®
imply that, for v € V®? and f € (V*)® we have (7,2 (v), T ®(f))=(vQoy, 1® f).
The conclusion of the lemma now follows from the meaning of v ® - Q@ vg Q oy
and the standard pairing p®. O

If V is a module for a simple Lie algebra gc over C, and 8 is a t-contravariant
form on V, we shall denote the forms on V®* and V/* defined using Lemmas 7.1
and 7.2 by %* and B It follows that B* is T-contravariant. We now extend this
to a form on V*.

Lemma 10.6 Let V be a finite dimensional F-vector space, let o be an automor-
phism of F of order at most 2 and let { be a o -sesquilinear form on V. Let k € N> .
Moreover, let C =F[S;] and let U and oy be as above. Then

(a) there is a unique o -sesquilinear form * on V®? @c Coy given by

é‘k(vl®"'®Ud®CO’U,M1®"'®“d®CUU)

= > ) sieny) Y, s1gn<y)]‘[c<v(ypy>(,>,u>

yeCU) peR(U) yeCW)

(b) if ¢ is symmetric bilinear, so is {*;
(c) if V is a finite dimensional module for a simple Lie algebra gr and ¢ is t-
contravariant, then so is ;“A.

Proof (a) The form ¢ can be obtained by composing the standard pairing V x V* — F
given by (v, f) = f(v) with a o-semilinear homomorphism ¢:V — V* so that
¢(v,u) = (v, ¢(u)). Now the following composition that we shall call ¢* is again
a o -semilinear homomorphism; note that if ¢ is an isomorphism, then so is ¢*.

V@ @c Coy — V® ®@c Coy — oyC ®c (V*)®d,
1
U1 Q- Qug@coy ~>u1 @ - Quqg c k_VUEU
A

1
— HUUVU Rcd) - &c ¢ uaq).
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Namely, the first map is the isomorphism given by right multiplication by %yu,
whose inverse is given by multiplication on the right by py. The second map com-
bines ¢®¢ with the isomorphism )", ¢ axx > Y. o axx~! between the left and
right regular representation of C. Note that C(U) and R(U) are closed under taking
inverses so that yy py yu is invariant under taking inverses. Note here that

YU @ - Qug ®c oy) = Z sign()?)ﬁk(mu);_l(l)) R--® ‘P(”;?—l(d)))-
yeCW)

We then set ¢* = p)‘ G, ¢’\(~)). It is immediate from this construction that {A is o-
sesquilinear. In order to obtain the formula we use that ]_[?:1 SWp)iy, Pup-14)) =
[T5=1 ¢ @apm iy ).

(b) Note that if ¢ is symmetric, then ¢ (v(,p5)i), %i) = S g-1p-1-1)(j)> Vj) for
Jj =ypy(i). Since the sums are taken over all y, 7 € C(U) and p € R(U) and these
are closed under taking inverses, we find that s symmetric as well. (c) This follows
from part (e) of Lemma 7.1. O

Lemma 10.7 Suppose A ={ay,...,ay} is an orthonormal basis for V with respect
to ¢ and T is the Young tableau of shape A whose ith row is filled with i’s only.
Then, ¢*(ar, ar) = k;.. Moreover, ¢*(ar, ar') = 0 for any Young tableau T' # T of
shape A.

Proof In view of Lemma 10.6 we have

DD s1gn<y>s1gn(y>Hc(awy)(l),al

yeCU) peRU) yeC(U)

Yoo D Y sign()sign(),

yeCU) peRU) yeC(U)

¢*ar, ar)

where the sum is taken over those y, p, ¥ such that ypyp =1 for some p € R(U).
This is because ¢ (a(, 7)), @) = 1 if and only if a(,,»5);) and g; are in the same row
and 0 otherwise. Now consider the equation yy py Yu pu = ki yu pu - The coefficient
of 1 € C on the right hand side is exactly the sum above and it clearly equals k;.
Now if T’ # T is a Young tableau with the same Young diagram as A then for any
permutation o € Sy, the fillings o T and T’ differ in some box. Since A is orthonor-
mal, this means that ]_[flz1 ¢ (as iy, a;) = 0. It follows that ;"\(aT, ar) =0. O

Corollary 10.2 Let B be the symmetric bilinear t-contravariant form on V as de-
fined in Sect. 5.2. Then éﬂ’” is the symmetric bilinear t-contravariant form on V*.

Proof This follows from Remark 10.1, Lemmas 10.6 and 10.7. O
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10.1 An illustration

We illustrate what happens in this section with a well-known example [47]. Let A be
the building of type A, and let I” be the {1, 2}-shadow space of A over a field F.

We have gc = s(3(C), which acts on its natural module V by matrix-vector mul-
tiplication from the left, where vectors are coordinate vectors with respect to a basis
A ={a1,az,az}. Writing X; ; for the elementary matrix whose non-zero entry is a
1 in the (i, j) position, and setting H; j = X;; — X jand ¥; j = X ; fori < j, we
have a Chevalley basis

C={X;jli<jlU{Hi2 Hy3}U{Y; ;i < j}

The multiplication is given by [X; j, X ;1 =68, xX;; — 8,,; Xk j foralli, j, k,l. Now,
in terms of Young diagrams, we have A = (2, 1) and V(é‘ is the adjoint representation,
i.e. it is s13(C) itself under the action ad x(y) = xy — yx. The highest weight vector
isvt=X% 1,3 and the minimal admissible lattice Apip is the Z-span of the Chevalley
basis C. Writing a; jx = a; ® aj ® a;y ® oy, and comparing the sl3(C) action on
itself with that on V(é, we find that the Chevalley basis elements are identified with
elements of V®3 ®c Coy as follows:

Xi3=ay1,1, Hip=a13—2a31,, Yi3=a323,
Xi2=—a31,, Hy3=a13+a31,, Yip=a32>,
Xr3=ay1,, Y23 =—a33.

We also have H| 3 =2a2,13 — a3, 2. If A is orthonormal with respect to 8, then by
direct calculation from Lemma 10.6 one verifies that 8% is given with respect to the
Chevalley basis C by the following matrix

Note that B has full rank in all characteristics except 3, where it has rank 7. In that
case Hi 2 — Hj 3 spans the radical of ﬂk. Note also that this form can be given as
B*(x,y) = trace(xy®), for all x, y € sl3(C) where y* denotes the transpose of y.

Now consider the geometric picture. Let [F be an arbitrary field. The shadow space
I’ is the geometry of point-line flags (p, [) of PG(VF). Identifying V]FA with the adjoint
module s[3([F), the Weyl embedding is given by

P — PG(V),

(p. D) > (wp.s = vpn),
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where v, is some (column) vector spanning p and n; is some (column) vector that is
orthogonal to [ with respect to the inner product 8 and T denotes transposition. Note
that trace(w ;) = 0 since p lies on /. Considering the apartment X' of A given by the
basis A, we find that ((a;), (a;, ar)) = (@ ®a; @ a; ® oy ) = {ak,i,;) = (X;,j), where
{i, j,k} ={1,2,3}. In particular ({(a1), (a1, az)) is sent to the space (az,1,1) = (v*)
of highest weight A = A1 4 A».

We now look at singular hyperplanes. Two point-line flags (p1,11) and (p2,[>)
are opposite if and only if p; ¢ [ and p; ¢ [;. Considering the matrices wp, ;, =
vmnl’1 and wp, ;, = vmnl’2 we find that (p1, [1) and (p», [3) are opposite if and only if
trace(wp, 1, Wp,,1,) 7 0. The singular hyperplane H (p, [) of I" of points not opposite
to (p,l) € I'* = I is therefore induced by the hyperplane ker(trace(w,  * -)) of
PG(VFA). It follows therefore that the polar radical of PG(VFA) is the radical of the
symmetric bilinear form ¢ (x, y) = trace(xy). Since the transpose map t simply sends
the image of I"* = I' to that of I", we see once again that Rad(¢) = Rad(,B)‘).

As for minimal polarized embeddings for I", we note that in characteristic 3, the
identity matrix I3 = Hj — H» 3 satisfies trace(J3wy,,,) =0 for all (g,m) e I'. It
follows that in this case the minimal polarized embedding is PG(6, [F). In all other
characteristics there is no radical and the minimal polarized embedding is PG(7, FF).
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