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Abstract In this paper, we prove that a refinement of the Alperin-McKay Conjecture
for p-blocks of finite groups, formulated by I.M. Isaacs and G. Navarro in 2002, holds
for all covering groups of the symmetric and alternating groups, whenever p is an odd
prime.
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1 Introduction

In order to understand properties of the p-modular representation theory of a finite
group G, one often tries to reduce to a problem about the p-local subgroups of G,
i.e., the normalizers of its p-subgroups. This is illustrated by many results, such as
Brauer’s three Main Theorems, and several conjectures, such as Broué’s Abelian De-
fect Conjecture, Dade’s Conjecture or the Alperin-McKay Conjecture.

.M. Isaacs and G. Navarro have formulated in [5] some refinements of the
McKay and Alperin—-McKay Conjectures for arbitrary finite groups. Consider a fi-
nite group G and a prime p. Let B be a p-block of G, with defect group D, and
let b be the Brauer correspondent of B in Ng (D). Throughout this paper, we will
use a p-valuation v on Z, given by v(n) = a if n = p?q with (p,q) = 1. The
height h(x) € Z>¢ of an irreducible (complex) character x € B is then defined by
the equality v(x (1)) = v(|G|) — v(|D]) + h(x). We denote by M (B) and M (b) the
sets of characters of height 0 of B and b, respectively. The Alperin-McKay Con-
jecture then asserts that |M(B)| = |M (b)| (while the McKay Conjecture states that
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|M(G)|=|M(Ng(P))|, where P € Syl,(G), and M(G) and M (N¢(P)) denote the
sets of irreducible characters of p’-degree of G and N¢ (P), respectively).

In [5], Isaacs and Navarro predicted that something stronger must happen, namely
that this equality can be refined when considering the p’-parts of the character de-
grees. For any n € N, we write n =npn,y, withn, = p*™ . Forany 1 <k <p — 1,
we define subsets My (B) and My (b) of M(B) and M (b), respectively, by letting
M(B) = {x € M(B); x(1),y = £k (mod p)} and Mi(b) = {p € M(b); p(1),y =
+k (mod p)}. We then have the following

Conjecture 1.1 [5, Conjecture B] For 1 <k < p — 1, we have |M(B)| = | My (b)|,
where c =[G : Ng(D)]p.

Note that Conjecture 1.1 obviously implies the Alperin-McKay Conjecture (by
letting k run through {1, ..., p — 1}), but also implies another refinement of the
McKay Conjecture; if we let My (G) = {x € Irr(G); x(1) = £k (mod p)} then, by
considering all blocks of G with defect group P € Sylp(G), we obtain |[My(G)| =
|Mr (NG (P))|, since [G: Ng(P)]=1 (mod p) (see [5, Conjecture B]).

Isaacs and Navarro proved Conjecture 1.1 whenever D is cyclic, or G is p-
solvable or sporadic. P. Fong proved it for symmetric groups S(n) in [2], and R. Nath
for alternating groups A(n) in [8]. In this paper, we prove that Conjecture 1.1 holds
in all the covering groups of the symmetric and alternating groups, provided p is
odd (Theorem 5.1). The proof makes heavy use of the powerful combinatorics under-
lying the representation theory of these groups. In particular, Conjecture 1.1 comes
from an explicit bijection, given in terms of the bar-partitions used to parametrize the
irreducible characters.

In Sect. 2, we present the covering groups ST (n) and S~ (n) and their irreducible
characters, first studied by I. Schur in [11], as well as their p-blocks. It turns out that
the main work to be done is on so-called spin blocks. We also give various results on
the degrees of spin characters, generalizing the methods used by Fong in [2]. Most of
these results are of a combinatorial nature, and the concepts they involve are also pre-
sented here. Section 3 is devoted to proving Theorem 3.4 which reduces the problem
to proving only that Conjecture 1.1 holds for the principal spin block of ST (pw).
This reduction theorem is a refinement of [6, Theorem 2.2] that G.O. Michler and
J.B. Olsson proved in order to establish that the Alperin—-McKay Conjecture holds
for covering groups. Finally, the case of the principal spin block of ST (pw) is treated
in Sect. 4.

2 Covering groups

In this section, we introduce the objects and preliminary results we will need about
covering groups and their characters. Unless stated otherwise, the following results
can be found in [6].

2.1 Covering groups

For any integer n > 1, I. Schur has defined (by generators and relations) two central
extensions S(n) and S(n) of the symmetric group S(n) (see [11], p. 164). We have
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S (H=S1)= Z./27, and, for n > 2, there is a nonsplit exact sequence
I — (2) — S(m) —> S(n) — 1,

where (z) = Z(S(n)) = Z/2Z.

Whenever n > 4, these two extensions are non-isomorphic, except when n = 6.
However, they are isoclinic, so that their representation theory is virtually the same.
Hence, for our purpose, it is sufficient to study one of them. Throughout this paper,
we will write S* () for S(n).

If H is a subgroup of S(n), we let HY =7~ (H) and H~ =n~'(H N A(n)).
In particular, H~ has index 1 or 2 in H*, and H* = H~ if and only if H C A(n).
We define S~ (n) = A(n)~ = A(n)*. Hence S~ (n) is a central extension of A(n) of
degree 2.

The groups A(6) and A(7) also have one 6-fold cover each, which, together with
the above groups, give all the covering groups of S(n) and A(n).

2.2 Characters, blocks and twisted central product

From now on, we fix an odd prime p. For any H < S(n), the irreducible complex
characters of H* fall into two categories: those that have z in their kernel, and which
can be identified with those of H (if ¢ = 1) or those of H N A(n) (if ¢ = —1),
and those that don’t have z in their kernel. These (faithful) characters are called
spin characters. We denote by SI(H?) the set of spin characters of H®, and we let
SIy(H®) = SI(H®) N M (H*®) (with the notation of Sect. 1).

If B is a p-block of H® then, because p is odd, it is known that either B N
SI(H®) =@ or B C SI(H?), in which case we say that B is a spin block of H®.

Any two x, ¥ € Irr(H¢) are called associate if x 17 =y +H" (if e = —1) orif
X Vg-=v L y- (if e = 1). Then each irreducible character of H® has exactly 1 or
2 associate characters. If yx is itself its only associate, we say that y is self-associate
(written s.a.), we put x* = x and let o(x) = 1. Otherwise, x has a unique associate
¥ # x; we say that x is non-self-associate (written n.s.a.), we put x¢ = ¢ and we
leto(x)=—1.

If HN £ H™, then x € Irr(H™) and ¢ € Irr(H ™) are said to correspond if
(x,o TH+)H+ # 0. In this case, Clifford’s theory implies that o (x) = —o (¢).

If Hi, Ha, ..., Hy < S(n) act (non-trivially) on disjoint subsets of {1, ..., n}, then
one can define the twisted central product H" = H;"x --- xH;" < ST(n) (see [11]
or [3]). Then |[Ht| = 2,+,1|H]+| |HS| -+ |H | =2|H\| - |Ha| - - | Hi|. Also, one ob-
tains SI(H ™) from the SI (Hﬁ)’s as follows:

Proposition 2.1 (See [11, §28]) There is a surjective map

5: SICH") x -+ x SI(H") —> SI(H™),
e 0 X ® - Rk,

which satisfies the following properties. Suppose xi,V; € SI(Hl.+) for 1 <i <k.
Then
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() o(u® - ®x) =0 (x1) o), and (- ®xp)(1) =262y (1) -+ x
xx (1), where s is the number of n.s.a. characters in {x1, ..., xx} and | | denotes
integral part.

() x1®--- ®xk and Y& - -- @Yy are associate if and only if x; and V; are asso-
ciate for all i.

(i) 1®-- - Qxx = Y1 --- Yy if and only if x; and V; are associate for all i and
lo(x1)---o(xi) =1 orlo(x1)--o(xx) =—1and [{i | xi # ¥i}l is even].

2.3 Partitions and bar-partitions

Just as the irreducible characters of S(n) are parametrized by the partitions of n, the
spin characters of ST (n) have a combinatorial description. We let P(n) be the set
of all partitions of n, and Py(n) be the subset of all partitions in distinct parts, also
called bar-partitions. We write A = n for A € P(n), and A > n for A € Py(n). We also
write, in both cases, |A| = n.

It is well known that Irr(S(n)) = {x,, A - n}. For any A - n, we write h(A) for
the product of all hook-lengths in A. We then have h(X) = hj ph; ,, where hy p
(respectively, h;_,) is the product of all hook-lengths divisible by p (prime to p,
respectively) in A. The Hook-Length Formula then gives x; (1) = ﬁi)

If we remove all the hooks of length divisible by p in A, we obtain its p-core A(p).
The information on p-hooks is stored in the p-quotient A7) of . If n = pw +r, with
A(py - r, then AP is a p-tuple of partitions of w, i.e., A" = (L@, ..., A(P=D) and
IO 4 ... 4 |]A?~D| = w. The partition A is uniquely determined by its p-core and
p-quotient. Also, for any integer k, there exists a (canonical) bijection between the
kp-hooks in A and the k-hooks in A(”) (i.e., in the A()°s).

Finally, the Nakayama Conjecture states that x;, x, € Irr(S(n)) belong to the
same p-block if and only if A and i have the same p-core.

We now present the analogue properties for bar-partitions and spin characters. For
any bar-partition A = (ay, ..., ay) of n, with a; > --- > a,, > 0, we let m(L) =m,
and define the sign of A by o (L) = (—1)""*) We then have

Theorem 2.2 (See [11, §41]) For each sign ¢ € {1, —1}, there is a (canonical) sur-
jective map f¢:SI(S%(n)) — Po(n) such that:

(i) o(x)=ea(f*(x)) forall x € SI(5°(n)).
(ii) For any x, ¥ € SI(S¢(n)), we have f¢(x) = fE(¥) if and only if x and r are
associate.
(i) If x € SI(ST(n)) and ¢ € SI(S™(n)), then T (x) = f~(¢) if and only if x and
@ correspond.

In particular, each A > n labels one s.a. character y or two associate characters
x and x“. Throughout this paper, we will denote by (1) the set of spin characters
labeled by A, and write (abusively) (A) € SI(S%(n)), and (A)(1) for the (common)
degree of any spin character in (1). We will also sometimes write (1) to emphasize
that (1) € SI(ST(n)) (and (A)_ if (L) € SI(S™(n))).

For the following results on bars, cores and quotients, we refer to [9]. For any odd
integer ¢q, let e = (¢ — 1)/2. We define a g-quotient of weight w to be any tuple of
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partitions QO AM L A@)Y such that A9 e Py(wo), A € P(w;) for 1 <i <e,
and wo + wy + --- + w, = w. We define its sign by o (A @, 2D . 1)) =
(=Hw—wog (1O,

Now take any bar-partition A = (ay, ..., a,) of n as above. The bars in A can be
read in the shifted Young diagram S()) of A. This is obtained from the usual Young
diagram of X by shifting the ith row i — 1 positions to the right. The jth node in the
ith row is called the (i, j)-node, and corresponds to the bar B;;. The bar-lengths in
the ith row are obtained by writing (from left to right in S()1)) the elements of the
following set in decreasing order: {1,2,...,a;}U{a; +a;|j > i} \{a; —a;|j >1i}.
The bars are of three types:

o Type 1. These are bars B;; with i + j > m + 2 (i.e., in the right part of S(1)). They
are ordinary hooks in S(A), and their lengths are the elements of {1,2,...,a; —
I\ {a; —ajl|j>i}.

o Type 2. These are bars B;; with i + j =m + 1 (in particular, the corresponding
nodes all belong to the same column of S(A)). Their length is precisely a;, and the
bar is all of the ith row of S(A).

o Type 3. The lengths {a; +a; | j > i} correspond to bars B;; with i + j <m. The
bar consists of the ith row together with the jth row of S(1).

Bars of type 1 and 2 are called unmixed, while those of type 3 are called mixed. The
unmixed bars in A correspond exactly to the hooks in the partition A*, which admits
as a 3-set the set of parts of A.

For any A > n, we write /(1) for the product of all bar-lengths in A. We then have
h(Z) = hy, pﬁ)\’ »'» Where h;.. p (respectively, ﬁ,\, p') is the product of all bar-lengths
divisible by p (prime to p, respectively) in A. We then have the following analogue
of the Hook-Length Formula (proved by A.O. Morris [7, Theorem 1])

o) = 7 Ln—m®))/2] _n_'
h(X)

If we remove all the bars of length divisible by p in A, we obtain its p-core Az
(which is still a bar-partition), and its p-quotient AP If n = pw + r, with Ay > T,
then A(” is a p-quotient of weight w in the sense defined above. The bar-partition
A is uniquely determined by its p-core and p-quotient. Also, for any integer k, there
exists a canonical bijection between the set of kp-bars in A and the set of k-bars in
AP (where a k-bar in AP = W@, 2D A@P=D/D)y s a k-barin 1D or a k-hook
in one of AV, ..., A((P_l)/z)).

The distribution of the spin characters of S (n) into spin blocks was first con-
jectured for p odd by Morris. It was first proved by J.F. Humphreys in [4], then
differently by M. Cabanes, who also determined the structure of the defect groups of
spin blocks (see [1]).

Proposition 2.3 Let x, v € SI(S°(n)) and p be an odd prime. Then x is of p-defect
0 if and only if f€(x) is a p-core. If f€(x) is not a p-core, then x and  belong to
the same p-block if and only if f*(x)5) = f (W) 5)-

One can therefore define the p-core of a spin block B and its weight w(B), as well
as its sign §(B) = o (f*(x)(p)) (for any x € B). We then have
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Proposition 2.4 (See [1]) If B is a spin block of S¢(n) of weight w, then a defect
group X of B is a Sylow p-subgroup of S¢(pw).

2.4 Removal of p-bars

The following result is the bar-analogue of [2, Lemma 3.2]; it describes how the
removal of p-bars affects the product of p’-bar-lengths.

Proposition 2.5 Suppose A > n has p-core A(py. Then
Iy =227 Wy =227 D)) (mod p),
where a(A) is the number of p-bars of type 3 to remove from A to get A(p).

Proof Let B;j be a p-bar in A and A — B;; be the bar-partition obtained from A by
removing B;;. We distinguish two cases, depending on whether B;; is unmixed or
mixed.

First suppose that B;; is unmixed (i.e., i + j > m(A)). We start by examining the
unmixed p’-bars in A and A — B; j- These correspond, in the notation above, to the
p’-hooks in A* and (A — B; 7)*, respectively (considering A and A — B;; as f-sets).
The set of parts of A is X = {ay, ..., a;}, and the set of non-zero parts of A — B;;
is Y ={ai,...,ai—1,a;i — p,ait+1,...,an} (or Y ={ay,...,ai—1,ai+1,...,an} if
a; = p). The p’-hooks in A* (resp., (A — B;;)*) therefore correspond to pairs (x, y)
withO0<x <y, (y—x,p)=1l,andx ¢ X, ye X (resp.,x ¢Y,yeY).

If B;; is of type 1 (i.e., i + j > m(A) + 1), then a; — p > 0, so that |Y| = | X]
and (A — B;;)* = A* — h for some p-hook % in A. In this case, we are thus ex-
actly in the same context as [2, Lemma 3.2], and we get hyx ,y = Thys_p py =
Fho— Bij)*.p' (mod p). Note that the result of [2, Lemma 3.2] is, in fact, incorrect, as
the right hand side should be multiplied by (—1)*/¥, where u/k is the relative sign
associated to ¢ and «. The mistake is to be found in the proof, where the leg-length
Ly, of the hook removed should appear (four lines before the end), yielding, in our
case, hyx = (=DEHhya_y 0 (mod p).

If, on the other hand, B;; is of type 2 (i.e., i + j =m(X) + 1), then a; — p =0,
and Y = X \ {p}. Note that, in this case, Y is not a 8-set for a partition of |A*| — p,
while Y U {0} is. The p’-hooks in (A — B; ;)" correspond to either pairs (x, y) with
y # a;, which also correspond to p’-hooks in A*, or to pairs (p, y), with y > p and
y € X. These new hooks have lengths (a; — p), ..., (ai—1 — p). Finally, some hooks
have disappeared: those corresponding to pairs (x, p) with x < p and x ¢ X. These
have lengths (p — x),for0 <x < p and x ¢ {aj41,...,an}-

We now turn to the mixed p’-bars in A and A — B;;. Suppose first that B;; is of
type 1. Then m(A) = m(A — B;j). Suppose that

ayp>--->aj—1>aj+1 >+ ->a>a; — p > a1 > - > Aapy.

To prove the result, we can simply ignore the bar-lengths which are common to A and
A — B;j. The mixed bars which disappear when going from A to A — B;; have lengths

(a1 +a;), (a2 +a;),...,(ai-1 +a;) and
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(@i +aiy1), (@ +aiy2), ..., (@i +ap).

The mixed bars which appear have lengths

(a1 +a; —p), (a2 +a; —p),..., -1 +a — p),
(@iv1+ai—p),....,(ac+a; —p) and (a; — p~+aiy1),...,a — p+ap).

If we then just consider the lengths not divisible by p, it is easy to see that we can pair
the bars disappearing with those appearing. The pairs are of the form (b, b’), where
bisabarin A and " is abarin A — B;;, and |b’| = |b| — p. We thus get, in this case,

[ b= I1 16/ (mod p).

b mixed p’-bar in A b" mixed p’-bar in A—B;;

Together with the equality obtained above for unmixed p’-bars, we obtain that, if B;;
is a p-bar of type 1 in A, then i_z)hp/ = ZH—lA—B,-,-,p’ (mod p).

Now suppose that B;; is of type 2, i.e., ; = p. Then the mixed bars which disap-
pear when going from A to A — B;; have lengths (a; + p), (a2 + p), ..., (ai—1 + p)
(call these A) and (p + ai+1), (p +aiy2), ..., (p + an) (call these B), while no new
mixed bar appears.

The bars disappearing in A are compensated for by the hooks appearing in
(A — B;j)* in the study of unmixed bars above (since a, + p = a, — p (mod p)
forall 1 <u <i — 1, the p’-parts are congruent mod p when these are not divisible
by p).

On the other hand, since 0 < a,, < --- < aj4+1 < a; = p, all the bar-lengths in B
are coprime to p, and their product is

(p+aiv1)(p+aiy2)---(p+am) =air1ai12 - ap (mod p).

Now the hooks disappearing in the above discussion of unmixed bars all have length
prime to p except one (corresponding to x = 0). The product of the lengths prime to
p is thus

l_[ (p—x) = (=P~ t=mH 1_[ x (mod p).

O<x<p,x¢lai+1,..., am'} O<x<p,x¢lai+1,..., am'}

Hence the product of the p’-hook-lengths disappearing and the p’-bar-lengths in B is
congruent (mod p) to

(P TT y==DP " (p = D= (= DP T (mod p)
O<y<p

(by Wilson’s Theorem). Finally, we obtain that, if B;; is a p-bar of type 2 in A, then
hy,p = (—1)"’_m+ihx73,~_,~,p’ (mod p).

We now suppose that B;; is a p-bar of type 3 in A, ie.,i < j, a; > a;j and a; +
aj = p. The set of parts of A is X = {ay, ..., an} and the set of parts of A — B;; is
Y={ai,...,a;-1,0i41,...,aj-1,4j41, ..., ay}. Ignoring as before the bars which
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are common to A and A — B;;, we see that the unmixed bars which disappear from A
to A — B;; have lengths

(ai—x) (0<x <aj,x ¢{am,...,a;11}) and
(aj —x) (Ofx<aj,x¢{am,...,aj+1}),

while those appearing have lengths

(a1 —ap), ..., (ai—1 —a), (@ —aj),...,(ai—1 —aj) and
@iv1—aj),....(aj—1 —aj).

On the other hand, there is no mixed bar appearing, while the mixed bars disappearing
have lengths

(a1 +a;),...,(ai—-1+a;) (owsl,...,i—1,columni),
(@i +ai+1), ..., (ai taj-1), (@ +a;),...,(a +am) (oWi),
(a1 +aj),...,(@i-1+a;) @owsl,...,i—1, column j),
(@jv1+aj),...,(aj-1+a;) @owsi+1,...,j—1,column j), and
(aj+aji1),...,(@aj+ay) (row j).
Now, since a; +a; = p, we have, for any 1 <k <m,
ar —a; =ay+a; (mod p) and a;+a; =a; —aj (mod p).

In particular, ay — a; (resp., ax + a;) is coprime to p if and only if a; + a; (resp.,
ax — aj) is coprime to p, and, in that case,

(ar X a;)y =ax £ a; =ar Faj = (ax Fa;j), (mod p).

We thus have the following compensations between the appearing unmixed bars and
the appearing mixed bars:

(a1 —aj),...,(@i-1 —a;)) <— (a1+aj),...,(ai—1+aj)
(al—aj),...,(ai_l—aj) <«~— (a1 +ai),...,(@-1+a;) and

(@iv1—aj),...,(@j-1—aj) «<— (@ +aiy1),-.., (@ +aj-1).

This accounts for all the appearing (unmixed) bars, and we’re left exactly with the
following disappearing bar-lengths:

(a; — x) (O <x<a;,x¢{an,. ..,ai+1}) unmixed of type 1,

(aj—x) (0<x<aj,x¢{am,...,a;4+1}) unmixed of type 2,
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@iv1+aj),....(aj-1+aj;),(aj+ajy1),...,(aj +ay,) mixed of type 1,

(@i +ajt1),...,(a +ay) mixed of type 2,

and (a; + a;) = p which can thus be ignored.

Now, forany i +1 <k <m,a; +ar =p —a; +ar = —(a; — a;) (mod p), and,
for j+1<k<m, a; +ax=—(aj — ar) (mod p). Hence, taking the product, we
obtain (modulo p):

a,-!
1_[ (aj —x)= s (type 1) and 1_[ (aj —x) =aj! (type 2).

i
0<x<a;,x#a;

0<x<aj

Nowa;l=1-2---a;j =(=D%(=1)---(=a;) = (=D%(p—1)---(p—aj) (mod p),
sothata;!=(-=1)%(p—1)---(a; + 1)a; (mod p). We thus have, disappearing,

a; a

allai+1)---(p—1 ]
|, didi (@+1)---(p )E:I: (p—D!'=F—— (mod p)
aj —aj

a,-—aj a; —

1

(this last equality being true by Wilson’s Theorem).

Finally, a; —a; = a; — (p —a;) = —2a; (mod p), yielding a total of 421 (mod p)
disappearing (since, p being odd, 2 is invertible (mod p), and a; < p so that we
can simplify by a;). We thus get that, if B;; is a p-bar of type 3 in A, then fz)hp/ =
+3h;_p,.p (mod p).

Iterating the above results on all the p-bars to remove from X to get to its p-core
A(p)» we finally obtain the desired equality, writing a(2) for the number of p-bars of
type 3 to remove:

hypr =227 Phy o =+27Ph(A ) (mod p)
(since all the bars in A3 have length coprime to p). 0
2.5 p-Core tower, p-quotient tower and characters of p’-degree

In this section, we want to obtain an expression for the (value modulo p of the) p’-
part of the degree of a spin character. We start by describing the p-core tower of a
bar-partition, introduced by Olsson in [9].

Take any A > n. the p-core tower of A has rows RS, Ri‘, R%,..., where the
ith row Rl.)‘ contains one p-core and (p' — 1)/2 p-cores (in particular, one can
consider RiA as a ﬁi-quotient). We have Ré‘ = {A(p)} (the p-core of A). If the p-
quotient of A is A = W@ AWM [ 1@) (where e = (p — 1)/2), then R} =
{,\g?), Agj) o xgj))}. Writing AQ®) = (1©0.0 0.0 30.9) the j-quotient of
2@ and AO@ = WGD (1G22 36y the p-quotient of A®) (1 <i < e), and tak-
ing cores, we let

A _ [40,0) ,(0,1) (0,e) (1,1 (Lp) , 2,1 (e.p)
Ry ={2g) 2y oo k) s hiy s ki) Ay sk -
Continuing in this way, we obtain the p-core tower of A. We define the p-quotient
tower of A in a similar fashion: it has rows Qf, Q}, Q5. ..., where the ith row
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QiA contains one p-quotient and (p’ — 1)/2 p-quotients (in particular, Q? can be
seen as a p'*!-quotient). With the above notation, we have Qf = {A(")}, Q% =
(OGP 3 @P)y and

Q% = (100G ZODP) 30 ZADE)  ZERE) ZeHE) S En®)
The following result will be useful later.
Lemma 2.6 If . > n has p-core tower (R}, R}, ..., R}), then o (M) =[]/, o (R}).

Proof We have o (1) = G(X(ﬁ))g(k(ﬁ)), and o' (A ) = U(RS)'
Also, 5 (AP = ¢ (L) (—1)2i=1 POl and

o (:0) = (:0)o (:07) = (0)) = (1)

( )) ( (0’0))(—1)21'21 |)L(0,j)|.
p

_ (i) ij
Now o (R} = o (AO@)(—1)Zz1 5l and o (0%) = 0 (1 O0) (= 1) Ziz021 71 o
that

o (RM)o (QF) = o (A OP)g (10:0) (1) Xi=1 I+ im0, D]
oGOy T
However, for each i > 1, we have |A('))| + 2 O] = |A('))| + P Yoy D]
(mod 2) (since p is odd), and |K(’))| +p Z]>1 L&D | = |A®|. We therefore get
o (R})o (01)o (1) (= Z=1 M = o (A7) = 5 (0f).

Finally, we have o (1) = o (R})o (Q}), and 0 (Qf) = o (R})o (Q}), whence o (1) =
o (R})o (R1)o (Q7). Iterating this process, we deduce the result. O

Now, writing B; (1) for the sum of the cardinalities of the partitions in Rik, one
shows easily that |A| = Zizo Bi(M)p' (see [9]). Also, one gets the following bar-
analogue of [2, Proposition 1.1]:

Proposition 2.7 [9, Proposition 3.1] In the above notation,

n— ZiZO :3i ()")
—p .

In particular, (1) has p'-degree if and only if ) ;- Bi (M) pl is the p-adic decompo-
sition of n.

Letn = Zk t; p' be the p-adic decomposition of n. For each 0 < i <k, let ¢; =
(p' — 1)/2, and write R* = (¥, P, .., 1Py and @2 = 1O 2D, Ay,
Note that Qk ={0,..., @}.

@ Springer



J Algebr Comb (2011) 34:401-426 411

We let h(RF) = h(u{™) TT%, h(p"), and h(Q}) = k) [T R (L), and we

j=1
let m" =m(u{”) and i = B (1).

Proposition 2.8 With the above notation, we have, for any A > n,

ISty _ 2

WDy Ul

I (DA
I Ny h(R}) (mod p),

i=0
where S = {0 <i <k; fi —m odd}].

Proof We have

STl 2 o
(A1), 2Le=mG)21 P

Now it(A) = ;. (hy,p) p = It (1(Q}) ) (since there is a bijection between the
set of bars divisible by p in A and the set of bars in the quotient Qé).

By Proposition 2.5, we have /;_ , = £27*® () = £2279Ph(R}) (mod p).
Also,

o _ _
h(Q0) = hgj p oy p)p

- P

= hxéo)»p’hxél),p’ o h/\ggl)’p/h(Ql )p/

— r—a 7 h(O*

=42 0 hﬂg())hﬂgl) huiel)h(Ql)p’ (mod p),

this last equality holding by 2.5 (applied to A(()O)) and by [2, Lemma 3.2] (applied to
A0, D) We thus get (QR) = £279%0 (RM(Q%), (mod p), and

_ 0)\ — - -
h()y = £27P 74 G0h(RG)h(RT)h(QF) , (mod p).
Iterating this, until we get to Q} = {/, ..., ¥}, we obtain
0 0 0 k
E()\)p, =42 [a(A)-&-a(Af) >)+a()»§ ))+~.+a()~,(€,)l)J Hﬁ(Rl)») (mod p).
i=0
On the other hand, repeated use of [9, Corollary 2.6] yields
m() =m§” +m(r) +2a(.)
=m{ +m® +m(.”) +2a(0) +2a(2))

=my +mi” 4w +2a0) +a(y”) +o+a(i)).
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so that
o B
{(n 1211( ))J _ {(” m . T )_(a(x)+a(kf)°))+~~-+a(/\1(<0_)1))J
0) ©)
—m" + -+
zlm = 2 mk{wﬁwm+a09%%~+a090)

Together with the expression we obtained for /(1) p'» this gives

1Sl
()\'>(1)p/ 2|_(I’l mgo) (0))/2J 1_[ (m() p)

Now recall that n = ZLO Bi pi. Also, for any 1 <i <k, we have

gip —m” | | B(pi =1 B —m
T B e

L(P— DBd+p+--+p ) B —mEO)J
= + 5

2

1 . - —m©

and

2(p @20 g (14-p4-tpi=hy _ (2 )ﬂ,(H- +piT 1)_( 1)/3:(1-1- +pi= l)—:I:I (mod p).

Hence
n— m(o) m(0> k ; "—mgo)
ol (04;+k)J=2LZ,=0(ﬁ,2p )
©
LT B Bt p T
ko p=l i i pimm”
— 2= pTlgi(l‘*‘“““P'_l)“‘LZi:o —
= 21X J(modp)
Now

i
Nagls
=
|
V)
3
2
| I
|

_ Xk: B —m + Zk: pi—m
2 2
O odd

i=0.—m” even i=0,i—m

k

= S
2 M_E__J+{ 2 T

i=0,8;—m” odd

i=0,8; —m,(.o) even
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0
ﬁi—mf )

and we have LZk =], where

i=0,ﬂ,-7m§0) 0

S=H{0<i<k; g —m® odd}|. We finally obtain

A p—
a2 A= llF Zi=0yﬂﬁm,@ odd

st ) K 1 _
EMOI +— 5——h(R}) (mod p).
(A1), 23] g olBi=m)/2] O

l

3 Reduction theorem

In this section, we show that, in order to prove Conjecture 1.1 for any spin block B
of S¢(n) of positive weight w, it is enough to prove it for the principal spin block of
S*(pw) (i.e., that with empty p-core). Our main tool to navigate between S™(n) and
S™(n) is the strong duality that exists between their spin blocks.

Let H < S(n). A block of H? is called proper if it contains both an s.a. character
and an n.s.a. character. By [10, 2.1], any spin block of $¢(n) of positive weight is
proper. Now, if B is a proper block of H?, then H® # H ¢, and there exists a unique
block B* of H~¢ covering B (if ¢ = —1) or covered by B (if ¢ = 1), and B* is
also proper. We say that B and B* are (dual) corresponding blocks. Finally, if B is
proper, then it follows that B consists of s.a. characters and pairs of n.s.a. characters.
In particular, we can still write (abusively) (A) € B or (A) € M(B). Also, for any
sign ¢, if (A1), € SI(S¢(n)), then we call (L)_. € SI(S™¢(n)) the dual correspondent
of (A)e.

3.1 Preliminaries: the case ¢ = 1

Let B be a spin block of S*(n) of weight w = w(B) > 0 and sign § = §(B), and let
By be the principal spin block of S%(pw). Let r =n — wp. Let u be the p-core of B,
so that o () = 8. The characters in B are indexed by the p-quotients of weight w.
For any bar-partition A with p-core , we denote the p-quotient of A by A(?) (so that
o (L) = 8o (AP)), and we let i be the bar-partition of wp with empty p-core, and
p-quotient A7),

Lemma 3.1 If § = 1, then, with the above notation, ) —> X induces a sign-
preserving bijection I between B and By which is also height-preserving. Further-
more,

(n)

M),y =t————
WDy ((wp)) pr (r) pr

(1) (1) (A) (1), (mod p).

Proof Since§ =1, we have (1) € By and o ((A)) = (1) =0 (1) = o ((1)), so that

T : (A) —> (A) is sign preserving, and therefore gives a bijection between B and By.
Now, for any (A) € B, we have

_ ! - (i (wp)!
A(1) = ala=m@ 2] d 01 = 2lwp—mGy/2) PP)-
() (1) 1 () (1) R
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In particular, since B and Bp have a common defect group X (which is a Sylow
p-subgroup of S(pw) and ST (pw)), the heights of (1) and (A) are

(1)) =v(IX]) —v(h(») and b((X)) =v(IX]) — v(h(R)), respectively.

Now, using the notation of Sect. 2, we have h(}) = Ih,p}_z;hp/ and h(}) = h hA e
so that v(fz(k)) = v(f_z,\,p) and v(fz(i)) = v(ﬁ;\’p). However, because of the bijec-

tion between bars of length divisible by p in A and bars in the p-quotient AP
we have Ky , = p*h(LP)) = p*h(LP) = h3. ,» whence v(h(1)) = v(h(})) and
H((A)) = h((A)). This proves that 7 is height-preserving. We also get

() (1) 2L(n—m(x))/2] (n!) (ﬁi,p)p’ili,p’
Ry(1),  2Lwp=m@)/2 (wp))y (s, ) s,

pL=mGN/2 (nl), 3,
 2Lp-mG)/2 (wp))pr iy

If we write A(P) = W@ (D (= 1)/2)) then, by [9, Corollary (2 6)], we have
m) =mO©) +m(p) + 2a(A) and m(A) = m(A Q) + m(@) + 2a(}). This implies
that

| (n—m@)/2] = (n = m(A D) —=mw)/2| —a®)

and
| (wp —mR)/2] =] (wp —m(1?))/2] —a(b).

Now Proposition 2.5 gives &; , = £27*®/i(u) (mod p) and fz;’p/ = 42-a)
(mod p). This yields

2L(n—m(1))/2] 2L(1=m () =m (1)) /2]
_ =+ — (mod p)
hk,p’ h(w)

and

E}‘L P/ 1
= + 5 (mod p).
7 L(n—m(%))/2] 2Lwp—m())/2]

By hypothesis, we have § = o () = (—1)" 7" =1, so that r — m(u) is even. Thus
L(n = m(G©) —m(u))/2) = Lwp — m(:@))/2] — | — m())/2], which in turn
implies, together with the above,

A, (n!),y 2Lr—m@)/2] n),

A "’ _ =4+ ‘ d (1) (1) (mod p).

(A (D) (wp))yp  h(w) ((wp))) pr (r) pr O
The corresponding result when § = —1 is given by the following
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Lemma 3.2 If § = —1, then, with~ the above notation, A —> % induces a sign-
preserving bijection I : (\) —> (A)_ between B and Bgy which is also height-
preserving. Furthermore, if (A)+ € B C SI(S*(pw)) is the dual correspondent of
(M) _, then

(n),

MDDy =f——"——
W, ((wp)) p (r!)

(1) (D) yr (A4 (1) 2°P (mod p),

where s(\) =1 ifo(A) =—1and s(\) =0 if o (1) = 1.

Proof Since 8§ = —1, we have 0(1) = —o (1), and o ((A)_) = —o (f~((A)_)) =
—o (M) = o ((L), so that Z: (A) —> (A)_ is sign preserving, and therefore gives
a bijection between B and By.

Now, for any (A) € B, we have

Ay (1) = 2L=mG/2 Gy () = plpemGy/2) (WP
h(n) h(3)

and, by duality,

M) ifo(()-
M()/2 ifo () -

As in the proof of Lemma 3.1, this implies that 7 is height-preserving.
As above, we have

=1,

(A)-)= _

| (n—m@)/2] = (n = m(A D) —=mw)/2| —a®)
and

[(wp —=m(@))/2] = [(wp —m(1?))/2] = a(h),

so that Proposition 2.5 yields

o l(n—m(1))/2] o Ln—m(O)—m(u)) /2]
= + = (mod p)
by pr h(p)

and

ﬁ~ / 1
Ly
4 + d p).
om0y — L glap-maoyzy 104 P)

However, this time, we have § = o (1) = (—1)" "W = —1, so that r — m(w) is odd.
Thus

L2 =m(.O) =m()/2] = [(wp = m( ) +1)/2] = [(r = m() = 1) /2]
= [(wp =m () +1)/2] = [ (r = mGw)/2].
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Now

1 ifwp —m(©)is odd,
wp —m(A ) +1)/2| = | (wp —m(A?)) /2] =
L( P ( ) )/ J L( P ( ))/ J 0 ifwp—mA©)iseven.
But (—1)2r—mG — (Zywp= 1y P=m O — (_ywp=12P15 ;3,0 ang,
since p is odd, (1P~ M1 = (=11 50 that (~1)P 0 = o (1 P) =
—0 (A) =0 (X). This implies the result. O

We now turn to the p-local situation. As mentioned above, the defect group X of
the block B can be chosen to be a Sylow p-subgroup of S(pw) and of ST (pw). If
we let No(X) = Ng(pw)(X), then we have

Nsny(X) = No(X) x S(r) and N := Ng+ () (X) = No(X) T xS (r).
In particular, we have, writing N = [No(X) ™| = |Ng(pw)(X) 7| = [N+ (puy (X)1,

2n! 2n! 2n!

+ . — — -
ST Ns-on 0] = 357 = Wardj2 ~ W

and

2(pw)!

[S+(Pw)1 NS*(pw)(X)] = N

The following result will also be useful later.
Lemma 3.3 If X is a Sylow p-subgroup of S™(pw), then

[S™(pw): Ng-(puy(X)] =[ST (pw): N+ (puy(X)]
and

[S7(): Ng—iy(X)] =[ST(n): Ng+(y(X)].

Proof Both assertions will be consequences of the following result, which is easily
derived from the Orbit-Stabilizer Theorem: if H is a subgroup of the finite group
G, and if P is a subgroup of H such that H acts transitively by conjugation on the
G-conjugates of P, then [G: Ng(P)]=[H: Ny(P)].

Take any Sylow p-subgroup X of S~ (pw). Then, since S~ (pw) is of index 2
in ST(pw) (while p is odd), X is also a Sylow p-subgroup of ST (pw). Also, all
the ST(pw)-conjugates of X are in S~ (pw) (which is normal in ST (pw)), hence
are Sylow p-subgroups of S~ (pw), and thus are S~ (pw)-conjugate to X (note that
the same argument shows that the Sylow p-subgroups of S*(n) and S™(n) are the
same). This proves that S~ (pw) acts transitively (by conjugation) on the ST (pw)-
conjugates of X. By the above, this proves the first assertion.

Now take any subgroup Q of ST (n) isomorphic to S~ (pw), and X a Sylow p-
subgroup of Q, and take any g € ST (n). Then the conjugate X4 of X is a Sylow
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p-subgroup of Q8. However, S~ (n) acts transitively by conjugation on the S (n)-
conjugates of Q, so that there exists 2 € S~ (n) such that 08" = 0, and X" is a
Sylow p-subgroup of Q. Hence there exists &' € Q such that X ¢hh" — X and thus
X8 = X" This proves that all S*(n)-conjugates of X are S~ (n)-conjugate to
X, which implies the second assertion. U

If u > r is the p-core of B, we choose y € SI(ST(r)) such that f(y) = u. We
have y = y“ if and only if § = 1.

If we then denote by b the Brauer correspondent of B in N, we have (see the proof
of [6, Theorem 2.2])

b={x®y, x®y*| x € SI(No(X) ")} = {x®y. x®v* | x € Bo}.

where B is the spin block of No(X)™, and thus the Brauer correspondent of the
principal spin block of ST (pw). In particular, By = by if § = 1 and By = by if§ =—1.
For any yx € Bo, we have (x®y)(1) = (x®y9)(1) = 215/21x (1)y (1), where s is
the number of n.s.a. characters in {x, y}. If § = 1, we therefore get s =0 (if x* = x)
or s =1 (if x% # x), so that [s/2] =0 and (x®y)(1) = x(D)y(1). If § = —1, we
have s =1and |s/2]| =0if x* = x,and s =2 and |s/2| = 1 if x* # x, so that

A . Dy(1)  if x% =y,
(X&) = By (1) = {;(;(Ky(()l) 0 2y

3.2 Reduction theorem
We can now prove the main result of this section:

Theorem 3.4 Let B be a spin block of S¢(n) of weight w = w(B) > 0 and sign
8 = 48(B) and let b be its Brauer correspondent in Nge,)(X), where X is a defect
group of B. Suppose the Isaacs—Navarro Conjecture holds for the principal spin block
of ST (pw) via a sign-preserving bijection. Then it also holds for B.

Proof We first suppose ¢ = 1.

We use the same notation as in Sect. 3.1. Let By be the principal spin block of
S%(pw) and by be its Brauer correspondent. Let & > r = n — wp be the p-core
of B, and y € SI(ST(r)) such that f*(y) = u. If A is a bar-partition of n with
p-core /v and p-quotient A7), let A be the bar-partition of wp with empty p-core
and p-quotient A7),

Suppose furthermore that § = 1. Then, by Lemma 3.1, A —> A induces a sign-
preserving bijection Z between B and By which is also height-preserving, and

(n))
(Wp))y ()

Now let c =[St (pw): Ns+(pu)(X)]p, and let ¢ : M (Bo) —> M (bo) be a bijection
such that, for each k such that (p, k) = 1, we have My (bg) = ¢(Mcx(Bp)) (such a
@ exists by hypothesis). We have b = {x®y | x € by}, and, by [6, Proposition 1.2],

(M) ==+ Y1)y (1) (1), (mod p).
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x®y =y ®y ifandonlyif y € {x, x*} and (o (X)o (y) =0 () = Dor (s (x) = ~1
and y = ¥),i.e., x®y = ¥ ®y if and only if Y = . Thus, by the results of Sect. 3.1,
X —> x®y is a height-preserving bijection between by and b. Hence
. {M(B) — M(b),
(1) — o((A) &y

is a (height-preserving) sign-preserving bijection.
Now, if (1) € M(B), then ®((1))(1) = (¢((2)))(1)y (1), so that

QW) = (e((A)) D)y (D)

_ WDy (1), (mod p)  (by definition of )
C
1 (r!(P'U’)!) () (1) (mod p),
C n! p/

and, writing N = [Ns(puw) (X) 7| = [Nt (puy (X1,

l(r!(pw)!> _ 1 <r!(pw)!)
c n! p/_[S+(pw):NS+(pw)(X)],,/ n! p

_ N r!(pw)! _ Nr!
_<2(Pw)'>p’< n! >p’_<ﬁ>p’

1
C[ST(): Nst(y O],

whence we finally get

(A (D)

O((1) (1), ==+
()M, [ST(n): Ng+m(X)]

(mod p),

i.e., @ is an Isaacs—Navarro bijection between B and b.

Suppose now that § = —1. Then By is the principal spin block of S™(pw), its dual
B} is the principal spin block of S*(pw), and b} is the Brauer correspondent of B.
Writing D for the set of s.a. characters in D and D_ for the set of pairs of n.s.a.
characters in D (so that |My(Bo)| = |My(Bo)+| + 2| M (Bo)—|), we thus have, for
each k such that (p, k) = 1, the following equalities:

|Mi(Bo)+| = | M (Bg)_| = | Miye(b5)_|

and

’

|Mi(Bo)—| = | Mok (B) | = | Makse (B5)

where ¢ = [ST(pw): Ng+(pu)(X)]p =[S~ (pw): Ng-(puw)(X)], (by Lemma 3.3).
On the other hand, we have b = {x®y, x®y“ | x € fo = by}. For any x, ¥ € Bo
and y1, y2 € {y, y%}, we have x®y| = ¥ ®y» if and only if x and v are associate
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and

ooy =—-o(x)=1
or

oc()o(y)=—0()=—-1 and [(x =¥, y1=y2) or (X #¥.vi %)l

Hence, if x € Bo+, then we get two irreducible characters, X®y and X®y“, while, if
x € Po—, then we get one irreducible character, x®y = x*®y = x*®y¢ = xQy*.
Note that x —> x®y and x —> x®y* are height preserving. Using the equalities
above, as well as Lemma 3.2, we obtain the following height-preserving and sign-
preserving bijection:

iM(B) 5 M(Bo) > M(BY) S M(b) > M(b),
(M) > ()= > (Mg > o((M)4) = e((A) )R (),

where, as before, ¢ is the (sign-preserving) Isaacs—Navarro bijection we supposed ex-

ists between M (B;;) and M (b;), and X (respectively, — ) denotes a sign-preserving
(respectively, sign-inverting) bijection.

Now, by hypothesis, ()2)+(1),,/ = c<p(():)+)(1),,/ (mod p), so that, by Lemma 3.2,
we obtain

M)y = ( c@((A)4) (1) (1) (1) y2*® (mod p),

n!
(wp)!r!)p,

an(i, as in the case 8~: 1, we have (QU;—!)!FY)”/C =[ST (n)~: Ng+(ny(X)], . Finally, since
oAM=l c((AM)4)=1<4<= (A);iss.a. <= ¢((A)1)iss.a., we get

20((R) )Wy (D) if o) =~1,
ey (D, ifod) =1,
= (p((R) )& (W) (1)

=0 ((A)) (1),

P (A1) (D) p () (1) y2°P = {

whence (A)(1), = [ST(n): N+ (X)) @A) (1) (mod p), ie., P is a (sign-
preserving) Isaacs—Navarro bijection between M (B) and M (b).

We now suppose ¢ = —1.

In this case, B is a spin block of S™(n) and b is its Brauer correspondent in
Ng-(n)(X). Thus B* is a spin block of ST (n), and, by [6, Lemma 2.3] (which is due
to H. Blau), the dual b* of b is the Brauer correspondent of B*. By the case ¢ =1,
there exists a sign-preserving Isaacs—Navarro bijection ¢: M (B*) — M (b*). We
define the sign-preserving bijection

o {M(B) —s M(b),
(A) > (@({(A)" ).
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By Lemma 3.3, we have ¢ = [S™(n): Ng-(,)(X)]y = [ST(n): Ng+n)(X)],, and,
for each k such that (p, k) = 1, we have

|Mci(B) 1| = |Me(B*) | = | M (b*) - | = | Mi(b)+ |

and
| Mk (B)—| = | Mack (B¥) 4 | = | Max () 4 | = | My () -
whence |Mex (B)| = |Mcx(B) 4| + 2|Mex (B)—| = |Mi (D). O

4 Principal block

By Theorem 3.4, it is now sufficient to prove that the Isaacs—Navarro Conjec-
ture holds for the principal spin block of ST (pw) via a sign-preserving bijection.
Throughout this section, we therefore consider the following situation. We take
G = S*(pw) (where w > 1 is an integer), B the principal spin block of G, and b
the Brauer correspondent of B. Hence b is the principal spin block of Ng(X) for
some X € Syl,,(G).

4.1 Spin characters of height O of the normalizer

The normalizer N* = Ng(X) and its irreducible spin characters are described in
Sects. 3 and 4 of [6]. Let pw = ZLI t; p' be the p-adic decomposition of pw. We
then have Nt = [N] ¢ S(t1)]T X - - X[ Nk ¢ S(t)]T, where, foreach 1 <i <k, N; =
Ng(piy(Xi) for some X; € Sylp(S(pi)).

Now fix 1 <i <k, and let ¢; = (p' —1)/2. Then H;" = (N; : S(;))" = M;" S},
where M;" = N(l)+ >A<N,.<t”)+ <H and §, = A i S(t;) C S(p't;), and where

~ | 8@ if pi=1(mod4),
F S@)  if pP =—1 (mod 4).

By [6, Proposition 3.9], Nl.+ has one s.a. spin character ¢ of degree (p — 1)’, and
e = (pi — 1)/2 pairs of n.s.a. spin characters {{1, ;1“, e e ;e“[} of degree 1.

Let A; = {(ti(o), ti(l), el ti(ei)) | ti<j) € NU{0}, Z;’;O ti(j) = t;}. Then, by [6, Propo-
sition 3.12], a complete set of representatives for the SZT -conjugacy classes in
SIp(M;") is given by

—(oslse Ay ufedis= (", Y e A — 1 odd, 10 <1,

where 0, =0) R0, - - & Bc;, With 0 = ¢; & --® ¢ (ti(j) factors). Also, the inertial
subgroup TI.Jr = I+ (6s) of O in Hl.+ satisfies

AC®) x 56") x - xS(t,-‘e")> if 17 — 1 is odd,

T M=
" /M, .
Sy x §¢ V) x - x 8§y it 1 — 1 is even.
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. . i o)
We can now describe how to induce each 6; from Ml.(] = (Ni+)x’i to the corre-

sponding factor Tl.(j )F of its inertial subgroup.

Proposmon 4.1 (See [6, Proposition 4.4]) If ¢ is an n.s.a. linear representation of

, then 0; = { i =r®---®C € Irr(M(’)+) can be extended to a negattve rep-
resentation D; € Irr(Tl.(j . ), and every irreducible constituent V of 0 TTI is of
the form V.= D; @ R, where R is an irreducible representation of Tl.(j)Jr/M;j)+ =
S(ti(j)). Iftl.(j) is odd, then every irreducible constituent V of 0 TTi('/H is n.s.a., and,

i )+
if ti(J ) is even, then every irreducible constituent V of 6 47Ti s sa.

In the above notation, if v is the character of V = D, ® R, and if R has char-
acter x, € Irr(S(t(j))) then ¥ (1) = {’i(j)(l)XA(l). Also, since ¢ is n.s.a., we have

o (1) =2l ”/2J§(1)f(” 27721 and (1) = 2147121, (1). Finally, ¢ is s.a. if
and only if 7; () s even.

Proposition 4.2 (See [6, Proposition 4.8]) Let tl.(o) >4, and let D be the s.a. spin rep-
resentation of Ni+ with degree (p — 1)!. Then Dli(O) =D®---®D ¢ Irr(M.(0)+) can

neither be extended to an irreducible representation of Ti(o) =M, O+ 4+ o nor to one

O+
of Ti(O)Jr M (OHSJ(“O) Furthermore, every irreducible constituent V of th TTI

is of the form 'V = D’t ® S, where S is an irreducible spin representation of S"('O),
t.
) ) ) O 2O~ o
and every irreducible constituent V of D'i 1% s of the form V = D' @ S,
where S is an irreducible spin representation of Ato). In each case, V is s.a. if and
A
1

only if S is s.a.

In this notation, if i is the character of V, and if S has character xg, then ¥ (1) =

©
¢ (Dxs(1). And, since Zo is s.a., we have (1) = (p — 1)t xs(1).

We can now describe all the characters of height 0 in b. Recall that these are
exactly the spin characters with p’-degree in N*. Still writing pw = Zf: 1t p' the
p-adic decomposition of pw, Olsson proved in [10] that, for any sign o,

k
M®)|= D [la"(F' )

{(o1,...,00)} i=1

where (o1, ...,0x) runs through all k-tuples of signs satisfying o - -0 = o, and

where ¢% (p', t;) denotes the number of all p’-quotients with sign o; and weight ;.
The correspondence goes as follows. For each 1 <i <k, pick s; € A; and

the corresponding 6, € SIO(MST ) (where, if s; = (tl.(o), ti(l), cees tl.(e" )), then MST =

~ (e,

i , , OF 0)
(N7 )t x ><(N )*). Inducing bg; (or 65, + 64 if ; — ;" isodd and 7; ” < 1)
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to its inertial subgroup Ti+, we obtain s.a. irreducible constituents and pairs of n.s.a.
irreducible constituents described by Propositions 4.1 and 4.2 and labeled by the p’-
quotients of weight #;: if O0; = ()Ll@, AEI), ces )\lge")) is a p'-quotient of weight #;, then
(Wo,) = () Xy %y ) € SIp(T;F). Also, by Propositions 4.1 and 4.2,

. () . .
o For 1= j<ep, v (1) =2 /2y, (1) (with 1, € Irr(S (")) and v is

s.a. if and only if t(]) 1s even.

e v V() =(p- )”z X0 (1) (with 3,0, € SI(S (0)) if ; — 1" is even and x, 0 €

SI(A (0)) if t; — ) is odd) and w(o) is s.a. if and only if ka) is s.a.

Finally, (Wo,)(1) = 215/2(y @y (1) (w ") (1) - - - () (1), where ; is the num-
ber of (pairs of) n.s.a. characters in {(wi(o)), (wi(l)), e, (wi(e’))}.

Inducing to H; T=[N;:S§ (t;)]*, we obtain a s.a. irreducible spin character, or a
pair of associate (n.s.a.) spin characters, (Q;), labeled by Q;.

Given the structure of T,, we see that 0 ((Q;)) = (—l)t"’ti(O)a(\IfQi). However,
we have O’(\I’Qi) = U(w(o))a(l//(l)) a(w(ei)) Also, for 1 < j < e;, we have

o) = (-1 anda(lﬂ())—a(xl(m)—a()\(o))( 154" so that o (Wg,) =

o (") Gsince Y, 19 = i — 1) and 0((01)) = (~ D () = 0 (0)).

Note that, writing ml( ) for the number of (non-zero) parts in A;O), we have o ()»50)) =
©

- p—— : ; : ©)
(—1)% i ,sothat o ((Q;)) = (=1)""" ,and (Q;) is s.a. if and only if t; — m;
is even.

Also, we have (Q;)(1) = (|H;"|/|T,[)(¥,)(1), unless X, is an s.a. irreducible

spin character of A, O (e, ti — t(o)

(IHJFI/|T+|)(‘I’Q,>(1)/2

Finally, the irreducible characters of height O in b are parametrized by the se-
quences (Q1,..., Ox), where Q; is a p’-quotient of weight #;. We have ((Q1, ...,
00) = (Q1)& -+ &(Q), and ((Q1..... Q) (1) =2/H ]I (i) (1), where s is
the number of (pairs of) n.s.a. characters in {{(Q1), . (Qk)} By the above remark
on the sign of (Q;), we see that s = |{l <i <k;t; — m 0dd}|

is odd and X, is s.a.), in which case (Q;)(1) =

Proposition 4.3 With the above notation, we have

IN6(Oly 1—[
(1, 0Dy 2“/2J (ti— “”>/2J

h(Q;) (mod p),

where s = |{1 <i <k;t; — m 0dd}| and, for each 1 <i <k, h(Q;) is the product
of all bar-lengths in Q;.
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Proof We have

NeX)lpy  ThalH1 nanﬂ
Q1 0Ny~ 2H(Q1 o, Q)W) 2122 [T (00 (D),

This gives

Nc (X)), 1 1 _ _
NG (X)1p _ p{tHpiHH b pe=b,
((Q1,..., QY1) 2k-12Ls/2]

where, for ¢ € {+1, —1} and a € {0, 1},

+
po— ] |H|
a —_— .
e @My
t — ti(O) =a (mod 2)
G(X)L;o))=£

Now we have, whenever (g, a) € {(+1,0), (=1, 1), (=1, 0)},

+ +
po= I ~Llo_ 7] T
ziee (Yo (My sl 2T v D)
=1 =4 (moa2) =19 = (a2 J
olx ,)=¢ olx )=
while
DU _ T |7,
= wosaye= I e yoay
izien (Yo My/ 1zick 2572 [Ti—o ¥ (D
4 —,(0) odd ’i"i(o) odd
G(X (0))71 0(}(“0)):1

where S; is the number of (pairs of) n.s.a. characters in {<I//l~(0)>, R (wi(ei))}.
For each 1 <i <k, we have |T;" |, = |T;" /M| yIM;"|y. Also, M;* = (N;)*"1,
Nt _ .
so that |Ml.+| = |21 ll =2|N;|%. But N; = Ng(iy(X;) for some X; € SylP(S(p’));
thus |N;| = [X;| - N;/X;|, and we have N;/X; = K; = (Z/(p — 1)Z)" (see [6,
page 89]). Hence |N;|,y = (p — 1)', IM;"|, =2(p — 1)"1, and

(=D 1 (mod p) it 1 — 1 s odd,

IT¥ 1,y = ,
L 2(—1)iit (O)'t(l)!...ti(e’)! (mod p) ift; —1; O is even.
Now fix 1 <i <k,andlet {1,...,e;} = 1" U L"), where

1O ={je(l,.... et =2kP + 167 eNU (0))}
and

R ={je(l.....e} 1) =2k (k{” e N)}.
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‘We obtain

e; . €

- o) 0 OETY)
[Tvi"m =TT 2" %om [T 25 xom =222 TTxu.
Jj=1

jell(i) je[z(i) Jj=1

Note that S; = |Il(i)| if wi(O) is s.a., while S; = |]1(i)| + 1if 1//i(0) is n.s.a. We thus have

TG G s ) T “ i)
ZLS,/ZJ 1_[ lbi(J)(l) 222,-:1’% +18i/2] 1_[ X}LQ)(I) ZZLZjZIki +5i/2l ka(j)(l)a

j=1 j=1 j=1
and
e () )
o, Si|_ i -1 4 Si
LZ"!‘ *EJ‘_Z LT
j=1 jer? jerl?
) () 0)
1 7 |ty
ot Z 2 J_{ 2 J
jer®? jer?

ito (") =1,

) ) ©)
Z—ti +Z—ti LY P L M
2 2 2 2
jer? jer?

ifoy”)=—1.

We can now compute Dﬁl), D(()'H), D{_l) and D(()_l). Take any 1 <i <k, and
first suppose that #; — tl.(o) is odd and G(XA@) = 1. Then wi(o) isn.s.a., S; = |Il(’)| +1,
© '

ti —m; "’ is even and
t.«)) —m {0) t(o) |

X0 ) =27 J_i—(()')-

i h(A;)

)

0 .0
Finally, L[’ t'z HJ = Lt’ 211 ]+ 1 (since t; — ti(o) is odd). We therefore get

_ 0 : )
T, RO T, oD
2LSi/2)-1TT¢ D =+ O 0,0 (mod p)
i ]_[j=01ﬁ,» () ZL%H‘L' 2, -1
1 _
=+——35——h(Q;) (mod p)
t-7m§ )+1
L1

2 -
iwh(Qi) (mod p)
2|_l 2i ]
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0

(since t; —m; "~ is even). By similar arguments, we obtain, in all other cases,

7 + 2 h(Q;) (mod p)
—~ - i) (mod p).
218i/2] 1‘[3}:0 wlff) (1) 2Lr,-7,;§°)J !

Finally, we get

k
NoCOly 2
((Q1,o s QYN 287122 o 1 =m®) 2]

h(Q;) (mod p),

as announced. d
4.2 Isaacs—Navarro Conjecture
We can now prove the main result of this section.

Theorem 4.4 The Isaacs—Navarro Conjecture holds for the principal spin block of
St (pw) via a sign-preserving bijection.

Proof Let B be the principal spin block of G = S*(pw), and b its Brauer corre-
spondent in Ng(X). Let pw = Zle t;p' be the p-adic decomposition of pw. By
Proposition 2.7, A > pw labels a spin character of B of p’-degree if and only A has
p-core tower (R}, ..., RY) with |R}| =1; for each 1 <i < k. Also, for any such A,
we have, by Lemma 2.6, 0 ((A)) =0 (1) = 0 (R}) - - - o (R}). By the above description
of M (b), this implies that

{M(B) —> M(b),
(M) —> ((R}, ..., R}))

is a sign-preserving bijection. Furthermore, it is immediate from Propositions 2.8
and 4.3 that, for any (A) € M(B),

IGlp n ING(X)|p
(A ((Q1,..-, Q) (D)

(mod p).

This proves the result. g

5 Main theorem
We can now finally give our main theorem:

Theorem 5.1 The Isaacs—Navarro conjecture holds for all covering groups of the
symmetric and alternating groups, whenever p is an odd prime.
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Proof First, let G be any central extension of degree 2 of S(n) or A(n), and B be a
p-block of G. If B is an unfaithful block, then the Isaacs—Navarro Conjecture holds
for B by the results of Fong ([2]) and Nath ([8]). If B is a spin-block of G of weight
w > 0, then the Isaacs—Navarro Conjecture holds for B by Theorems 3.4 and 4.4.
If w =0, then B contains a unique spin character (of p-defect 0), and the result is
immediate.

Finally, the case of the exceptional 6-fold covers of A(6) and A(7) can easily be
checked using the character tables given in [6, Appendix], or with a computer. g
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