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Abstract In this paper we introduce and study a family A4, (¢) of abelian subgroups
of GL,(q) covering every element of GL,,(¢). We show that A, (¢) contains all the
centralizers of cyclic matrices and equality holds if ¢ > n. For g > 2, we obtain an
infinite product expression for a probabilistic generating function for |4, (g)|. This
leads to upper and lower bounds which show in particular that

n
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for explicit positive constants cy, c;. We also prove that similar upper and lower
bounds hold for g = 2.
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A subset X of a finite group G is said to be pairwise non-commuting if xy # yx
for distinct elements x, y in X. As an application of our results on A4, (¢), we prove
lower and upper bounds for the maximum size of a pairwise non-commuting subset
of GL,(q). (This is the clique number of the non-commuting graph.) Moreover, in
the case where g > n, we give an explicit formula for the maximum size of a pairwise
non-commuting set.

Keywords General linear group - Cyclic matrix - Non-commuting subsets of finite
groups - Non-commuting graph

1 Introduction

In a finite general linear group GL, (g) the class of cyclic matrices (see Sect. 1.1 for
the definition) plays an important role both algorithmically (see [15]) and in represen-
tation theory (for the recognition of irreducible representations). First we use explicit
lower bounds for the proportion of cyclic matrices in GL,(g) (obtained in [9, 14,
20]) to determine a lower bound for the maximum size @ (GL,(gq)) of a set of pair-
wise non-commuting elements of GL,,(g), or equivalently the clique number of the
non-commuting graph for this group. The study of these clique numbers for various
families of groups goes back to the 1976 paper [13] of B.H. Neumann, answering a
question of Paul Erdos, and inspired much subsequent research. A short account is
given in Sect. 1.1 to contextualise our results. Our paper is written in honour of the
100th anniversary of B.H. Neumann’s birth on 15 October 1909.

Theorem 1.1 Forg > 2,

_ _ _ _ _ (GL.(q)) _ _
n 1 _ 3 _ 5 + 6 _ n < wi S nl( )’
g )= oLl =11
where

00 -1 -2 3

_ _ 142 +7 +114 >3,
l(q)zl_[(l—q_k) KD/2-1 q q q ?Cq_ (L.1)

i1 395.0005 ifg=2.

We comment separately on our strategies for proving the lower bound (in Sect. 1.1)
and the upper bound (in Sect. 1.2). In particular, deriving the upper bound involves
a natural family of abelian subgroups of GL, (g) covering every group element. De-
tailed upper and lower bounds for the infinite product /(g) are obtained in Lemma 7.1.

1.1 Cyclic matrices and the lower bound

An element g € GL,(q) is cyclic if its characteristic polynomial is equal to its mini-
mal polynomial.

Definition 1.2 We denote by N, (g) the set of centralisers of cyclic matrices in

GL,(q), that is, N,(q) = {CoL,(g) (&) | g cyclicin GL,(g)}. Also, we denote by
N, (g) the cardinality |V, (q)].
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The centralisers of cyclic matrices in GL,(g) are abelian and small (when com-
pared with the centralisers of non-cyclic matrices). Moreover, they cover a large frac-
tion of the elements of GL,,(¢). It turns out that results of Neumann and Praeger [14],
and more precise results obtained independently by Fulman [9] and Wall [20], can be
applied almost directly to give very good lower bounds on N, (¢) and on w(GL,(q)).

Theorem 1.3

w(GLn(‘]))> Ny(q) -
IGLn ()| ~ |GLa(q)

q—n(l _q—3 _q—5 +q—6 _q—n).
1.2 An Abelian covering and the upper bound

For some n, g, the centralisers of cyclic matrices do not cover every element in
GL,(¢) (see Remark 3.3 at the end of Sect. 3). Therefore, in Definition 1.5 below
we define a family A, (g) of abelian subgroups of GL,(g), which contains N,(q)
and covers every element of GL,(q), giving an upper bound for w(GL,(g)). We
prove moreover that AV, (¢) = A, (g) for g > n.

Theorem 1.4

@ GLx(9) =Usca, A
() @(GLw()) < | An(q)| with equality if and only if g > n.
(¢) Nu(q) C A, (q) with equality if and only if ¢ > n.

Thus an expression for |4, (g)|, or even a good upper bound, provides an upper
bound for w(GL,(g)). It seems, on consulting several of our colleagues, that the
family .4, (g) has not been studied previously. This surprised us, considering the
central role it plays in Theorem 1.4. The set .4, (g) is defined as follows.

Definition 1.5 Let V be the n-dimensional vector space k" over the field k of size ¢g.
Let A, (g) be the set of abelian subgroups A of GL,(g) such that the A-module V
has a decomposition V| @ --- @ V, into indecomposable A-modules satisfying the
following properties:

(i) A=A x---x Ay, where A; C GL(V;).

(ii) fori =1,...,r, we have A; = CgL(v;)(a;) for some element a; € GL(V;) such
that V; is an indecomposable (a;)-module.

It is shown in Proposition 5.7 that, for ¢ > 2, the elements in .4, (¢) are maximal
abelian subgroups of GL,(g). The bulk of the paper is devoted to determining the
limiting size of 4, (¢) for a fixed field size ¢ > 2 and large n.

Theorem 1.6 For g > 2, the sequence {q"|An(q)|/|GL,(q)|}n>0 is increasing with
limit 1(q), as defined in (1.1), and we have

n An(@)]

—1 — —n/2
T
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for any r such that 1 <r < q. For q = 2, there exists an increasing sequence
{2"bp}n=0 with limit 1(2) such that | A, (2)|/|GL, (2)| < by, and we have

2"b, —1(2)| = o(r™"/?)
foranyr suchthat 1 <r <?2.

The sequence {b,},>1 can be found in Definition 6.1. Our method is to study
the generating function F (1) = Y " a,t", where a, = |.4,(¢)|/|GLx(¢)| and ap = 1
(see Definition 6.1). For ¢ > 2, we obtain a simple formula for F(¢). In fact, using
the theory of symmetric functions, we prove the following result.

Theorem 1.7 If g > 2, then

F() = (ﬁ(l — q—(i+1)t)—1> ( l—[ (1 _ q—(i+j+2m—1)tm)—l>.

i=0 m>2,i,j>0

Moreover, F(t) has a simple pole at t = q, and (1 — q_lt)F(t) is analytic on a disk
of radius g3/

It would be interesting to know if a similar formula could be obtained for F(z)
when g =2.

Remark 1.8 1t follows from Theorems 1.1, 1.3, and 1.4(b) that

c1g" < | Au(@]/|GLu(@)| < 27"

for explicit positive constants c1, c.

The coefficient of degree n in F(t) equals |4, (q)|/|GL;,(g)|, which also equals
w(GL,(g))/IGL, (g)| when g > n, by Theorem 1.4(b). In particular, the equation for
F(t) in Theorem 1.7 can be used to obtain explicit formulas for w(GL,(g)) when
q >n.

We present in Table 1 the values of |4, (¢)| for 1 <n <6 and g > 2.

In the next subsection, we recall how the problem of determining the maximum
size w(G) of a pairwise non-commuting set of elements arises in group theory. Also,
we recall some results on w(G) for various families of groups, and we see how our
method generalises some results in the literature [1, 2].

1.3 The non-commuting graph of a group

In 1976, Neumann [13] answered a question of Paul Erdés about the maximal cligue
size in the non-commuting graph I' (G) of a group G, namely the graph with vertices
the elements of G and with edges the pairs {x, y} with xy # yx. A clique in a graph
is a set of pairwise adjacent vertices, and hence in I"(G) a clique is a pairwise non-
commuting subset of G. In group theoretic language, Erdés asked whether there exists
a finite upper bound on the cardinalities of pairwise non-commuting subsets of G,
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Table 1
n [An(@)]
1 1
2
2 q“+q+1
3 O+ +3¢* 433 + g% —q -1
4 q" +¢" +49"° +7¢° + 948 +5¢7 +2¢° = 3¢° = 2¢* = > +4* + ¢
5 q20+ql9 +4q18 +9q17+18q16+22q15 +22ql4+15q13 +6q12*4q”*7q10

_6q9_2q8+q7+2q6+q5_q4_q3

6 7 +¢% +4¢%8 +10¢%7 +23¢%° + 40¢% + 60¢>* + 65¢% + 684 + 534!
+33q20+5q]9_8q18_19q17_16ql6_7q15 +l]14 +6ql3 +6q]2+5q”
7q97q8+q7+q6

Table 2 Results for w (Sym(n))

from Brown [4] Lower bound Comments
a(n —2)! for every n
d(loglogn)(n —2)! for infinitely many n
Upper bound
b(loglogn)(n —2)! for every n
c(n—2)! for infinitely many n

assuming that every such subset is finite. Neumann proved that the family of groups
satisfying the condition of Erdds is precisely the class of groups G in which the centre
Z(G) has finite index, and he proved moreover that for such groups G, each pairwise
non-commuting subset of G has size at most |G : Z(G)| — 1. Neumann’s answer
inspired much subsequent research, for example [1-4, 6, 12, 16, 18].

We let w(G) denote the maximum cardinality of a pairwise non-commuting subset
of G. Because of Neumann’s result, the study of groups G such that w(G) < oo is
reduced to the study of finite groups. It follows from results of [16] that, if n = |G :
Z(G)|, then clogy,n < w(G) < n — 1 for some positive constant ¢. The lower bound
is achieved with ¢ = 1 by each extraspecial 2-group. (According to [3, 16], this was
proved by Isaacs.)

On the other hand, the upper bound is achieved for the quaternion group G = Qg
and the dihedral group G = Dg of order 8, both of which have w(G) = 3. It is
believed that groups G which are “close” to being nonabelian simple will have
o (G) “close” to the upper bound. Indeed, for the symmetric group Sym(n) of de-
gree n, w(Sym(n)) satisfies the bounds in Table 2, where a, b, ¢, d are constants, see
[4, Theorem 1].

Also, for finite general linear groups GL,(q), if ¢ > 2, then w(GL(q)) = ¢° +
q + 1 (see [1, Lemma 4.4]), and if ¢ > 3, then w (GL3(q)) = q6 + q5 + 3q4 + 3q3 +
q2 —q — 1 (see [2, Theorem 1.1]). These two results on the finite general linear
group prove the bounds of Theorem 1.1 for n < 3, and the values for w (GL, (¢)) (for
n =2, 3) are exactly the second and third rows in Table 1.
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Finally, it was conjectured [2, Conjecture 1.2] that, for ¢ > n, the number
w(GL,(g)) should be somewhat larger than q”z_” + q"z_”_1 + (n — l)qnz_"_z.
As we discuss in Remark 7.6, this conjecture is incorrect for n > 6.

Using the results of [10], a lower bound for w(G) similar to that provided by
Theorem 1.1 can be obtained for all finite classical groups G. It would be interesting
to know if a similar estimation for a class of abelian subgroups of classical groups
could be carried out to yield a good upper bound for  (G) for these groups.

1.4 Structure of the paper

In this final introductory section we give brief summary proofs of the major results
and in so doing indicate where the relevant technical results can be found.

Proof of Theorem 1.1 The lower bound is a direct application of Theorem 1.3. From
Theorem 1.4 we have w(GL,(q)) < |A,(q)|, and from Theorem 1.6 the sequence
{g"1A,1/IGL,,(q)|}n is increasing with limit /(¢). Therefore the upper bound follows.
The estimates on [(g) are collected in Lemma 7.1 in Sect. 7. Il

Proof of Theorem 1.3 The proof of this result is given in Sect. 2. g

Proof of Theorem 1.4 This theorem is proved in Sect. 5. Namely, Part (a) is proved
in Proposition 5.1, Part (b) (which is an application of Part (a)) is proved in Corol-
lary 5.10, and Part (c) is proved in Theorem 5.9. |

Proof of Theorem 1.6 This result is proved in Sects. 6 and 7. Namely, in Theorem 6.7
we prove that the sequences {¢"|.A4,(q)|/|GL,(¢)|}, (for ¢ > 2) and {¢"b,}, (for
q = 2) are increasing. In Theorem 7.4 we compute the rate of convergence and the
limit. O

Proof of Theorem 1.7 The equation for the generating function F(¢) is proved in
Theorem 6.6. The rest of the theorem follows from Propositions 7.2 and 7.3. U

2 Lower bound: proof of Theorem 1.3

Recall that an element g in GL,(g) is said to be a cyclic matrix if the characteristic
polynomial of g is equal to its minimum polynomial, see [14]. If g is a cyclic matrix,
then (see [14, Theorem 2.1(3)]) the group CgL, 4)(g) is abelian, and by [14, Corol-
lary 2.3] we have |CgL,q)(g)| < ¢". Thus the groups in N, (¢) (see Definition 1.2)
are abelian of order at most ¢”.

Cyclic matrices of GL, (g) are well studied (see [10, 14]), and in particular Wall
(see [10, page 2]) proved that the proportion cgL.(n, g¢) of cyclic matrices in GL, (g)
satisfies

_ =5
1—g¢g < 1 .
I+ 7 g"(g—1)

CGL(ns Q) -
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Thus,

1-¢~° 1 3 5, 6
0> _ g7 - —g @l
coL(n, q) > 1+q73 q" (g — 1) > q q " +gq q 2.1

where the second inequality is obtained by expanding (1 —g~>)/(1 +¢~>) in powers
of ¢ and by noticing that 1/¢" (¢ — 1) < 1/4". Using this remarkable result, we easily
obtain Theorem 1.3.

Proof of Theorem 1.3 Let C,(g) denote the set of cyclic matrices of GL,(g) and
X={(gC)|gelCig),C ecN,yq),g € C}. We claim that every element g of
Cn(q) lies in a unique element of N, (g). Indeed, assume that g € Cy, C, for some
C1,Cy € Ny(q), and let g1, g2 be cyclic matrices such that C; = CaoL,(g)(gi) for
i =1,2. As C1, C; are abelian and g € C1, C2, we get C1, C; € CgL,(¢)(g). Simi-
larly, as CgL, (4)(g) is abelian and g; € C; € CgL, (4)(g), we get CgL, (¢)(g) € C; and
CaL,(¢)(g) =C1=Ca.
Counting the size of the set X, we have

"M@= > q"= D |cnC(g]=1X]|
CeNau(q) CeNu(q)

> H{ceN@lgec)

g€Cu(q)

= Y 1=|Cu(g)| =|GLu(@)|ccL(n. ).
2€Cu(q)

qun(Q)

Now (2.1) yields Ny (q) > ¢ " |GLy()|(1 —q > — g5 +q 0 —g™™).

It remains to prove that w(GL,(q)) > N,(q). Let N, (q) = {Cy, ..., C;} with
r = Ny(q). Let g be a cyclic matrix in GL,(g) such that C; = Cgr,(4)(gi) for
i=1,...,r.Set S={gi |1 <i <r}. We claim that, if i ## j, then the group ele-
ments g; and g; of S do not commute. If g;g; = g;gi, then g; € Car,(¢)(8i) = Ci,
whereas we showed above that C; is the unique element of \,(¢) containing g;.
This yields w (GL, (¢)) > |S| =r = N,(q), and thus the theorem follows. O

3 Upper bound: idea of the proof

In the rest of this paper, we determine an upper bound for w(GL,(¢)) (and hence for
N, (g) by Theorem 1.3). Also, for g > n, we prove that N,,(¢) = w(GL,(g)), and we
obtain an explicit formula for N, (q). Before going into more detail, in this section
we briefly describe the method that is used. First, our results rely on this elementary
observation.

Lemma 3.1 Let G be a group, and A be a collection of abelian subgroups of G such
that G =|J,c g A. Then o (G) < | Al.
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Proof Let S be a pairwise non-commuting set. Since A € A is abelian, we get |[S N
Al <1.As G =Jycy A, we obtain |S| < |A|. Thus the result follows. O

Lemma 3.1 can be used effectively to obtain upper bounds for w (G). As an ex-
ample, we derive Brown’s upper bound for w(Sym(n)) mentioned in Sect. 1.3, see
[4, Theorem 1 (1)].

Proposition 3.2 There exists a constant b, which does not depend on n, such that
w(Sym(n)) < b(loglogn)(n — 2)!.

Proof By [8, Theorem 2], the number of maximal abelian subgroups of Sym(n) is at
most b(loglogn)(n — 2)! for some constant b not depending on n. Thus the proposi-
tion follows from Lemma 3.1. O

Unfortunately, there is no natural description (as in Sym(n)) for the maximal
abelian subgroups of GL, (¢). So, it looks particularly difficult to give an upper bound
for the number of all maximal abelian subgroups of GL,(¢). (For some results on
the number of maximal abelian subgroups with trivial unipotent radical in Chevalley
groups, we refer the reader to [19].) We overcome this difficulty by focusing only on
the subfamily .4, (¢) of abelian subgroups defined in Definition 1.5, which is large
enough to cover all the group elements, as will be proved in Proposition 5.1. This
leads to an upper bound for w(GL,(q)). For ¢ > n, we construct a pairwise non-
commuting set of size |4, (g)l|, and so we obtain an explicit formula for w (GL,(g)).

Remark 3.3 We note that, for general g and n, centralisers of cyclic matrices do
not cover all the elements in GL, (¢). Here we simply give an example for GL4(2).
Consider the matrix

100 0
oo
“lo o 11
000 1

With an easy computation, it is easy to check that

1 0 0 a
b 1 ¢ d

C=CgL,0(x) = 00 1 c la,b,c,d eF,
0 0 0 1

and that C has order 16. In particular, C consists of unipotent elements. A unipotent
matrix u is cyclic if and only if # has minimum polynomial (z — 1)4, that is, # — 1 has
rank 3. Now, it is easy to see that if ¢ € C, then ¢ — 1 has rank at most 2. Therefore, C
contains no cyclic matrix, and hence x is not contained in the centraliser of a cyclic
matrix.

A similar example can be constructed for every g > 2. Namely, consider the matrix

= (5 )
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in GLyy—1(q), where D is a (¢ — 1) x (g — 1)-diagonal matrix with distinct eigen-
values, and U is a (¢ x g)-cyclic matrix with minimum polynomial (# — 1) (that is,
a regular unipotent element of GL, (g)). It is possible to show that x is not contained
in the centraliser of a cyclic matrix of GLy4—1(q).

4 Conjugacy classes and centralisers in GL,(q)

In this section, we introduce some notation and some well-known results that are
going to be used throughout the rest of the paper.

Let k be a field with g elements, V be k", and k[¢] be the polynomial ring with
coefficients in k. Now, each element g of GL,(g) acts on the vector space V and
hence defines on V a k[¢]-module structure by setting v = gv. We denote this k[¢]-
module by V,. For instance, it is easy to see that g is a cyclic matrix if and only if
V, is a cyclic k[t]-module. Clearly, any two elements g, & of GL,(q) are conjugate
if and only if V, and V}, are isomorphic k[¢]-modules.

For each element g of GL,(gq), there exist unique s, u € GL,(g) such that g =
su = us, where s is semisimple, and u is unipotent (see [5, Sect. 1.4]). We call s
(respectively u) the semisimple (respectively unipotent) part of g.

A unipotent element u of GL,,(q) is said to be a regular unipotent element if u — 1
has rank n — 1, that is ¥ has minimum polynomial (# — 1)", and so u is a cyclic matrix.
In particular, regular unipotent elements of GL, (¢) form a GL,, (¢)-conjugacy class.
In the following lemma, we collect some well-known information on the centraliser
and normaliser of a regular unipotent element.

Lemma 4.1 Let u be a regular unipotent element of GL,(q) for n > 2. The group
C = CqL,(¢) () is abelian of order (1 — q_l)q”, and NgL,(q)(C) has order (1 —
q—l)2q2n—l_

Proof Set v=u — 1. Since u is a regular unipotent element, the element v is a
nilpotent matrix of rank n — 1 with minimal polynomial ¢". Also, CgL,(g)(#) =
CaL, (¢) (v). The elements centralising v are the isomorphisms of the k[t]-module V.
Since V, = k[t]/(t") is a uniserial module, it is readily seen (see for example
[14, p. 265]) that End(;1(Vy) is a polynomial ring in v isomorphic to k[t]/(").
Therefore, Endg,1(Vy) = (1, v, ..., v"~ 1) is abelian. Since the ideals of k[r]/(t") are
in one-to-one correspondence with the ideals of k[¢] that contain (") and (¢) is the
unique maximal ideal containing (#"), it follows that Endg,(V,) is a local ring with
maximal ideal (v) = (v, ..., v""!) and every element of (v) is nilpotent. In particu-
lar, the element x = Z?;ol a;v' of Endg[;](Vy) is invertible if and only if x ¢ (v), that
is ag # 0. This shows that C is abelian of order ¢" — ¢" ' = (1 — g~ )qg".

Let x = ;’;01 a;v' be in Endg[;1(V,). We claim that x is a regular unipotent ele-
ment if and only if ap = 1 and a; # 0. Assume first that x is a regular unipotent ele-
ment. Thus, x — 1 is a nilpotent element with minimum polynomial #*. Now, x — 1
is nilpotent if and only if ap — 1 = 0, that is ap = 1. Also, as %)™ =0 for every
m > n/2, we obtain that x — 1 is not a multiple of v?, that is a; # 0. Conversely,
assume that ap = 1 and a; # 0. In particular, x — 1 = vy, where by the previous
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paragraph y is an invertible element of Endy;j(Vy). So, (x — D=yt lyn=1 £,
and x — 1 has minimum polynomial v"~!. Thus x is a regular unipotent element.
This yields that C contains ¢"~! — ¢"~2 = (1 — g~ !)¢"~! regular unipotent ele-
ments. Since the regular unipotent elements form a GL,,(¢)-conjugacy class, C con-
tains (1 — ¢~ ')g"~! regular unipotent elements and C = CGL, (q)(u") for each regu-
lar unipotent element u’ € C, we have that INGL, () (O1/ICl =1 — q_l)q”_1 and
INGL, () (C)] = (1 — g~ ")2*g> 1. O

Let d, m > 1 be integers such that n = dm, and E be a field extension over k of
degree d. As E is a k-vector space of dimension d and d divides n, we have that k" is
isomorphic to E™ as k-vector spaces. Under this isomorphism, the group GL,,(¢%)
is embedded into GL,(q), and we still denote the image by GL,, (qd ). This does
not cause any confusion because all fields of order ¢¢ are isomorphic, and therefore
different embeddings give rise to subgroups which are conjugate.

We recall that, given a group G, a G-module V is said to be indecomposable if
V # 0 and if it is impossible to express V as a direct sum of two non-trivial G-
submodules. In the next lemma we determine the elements g of GL,(¢) such that V,
is indecomposable.

Lemma 4.2 Let g € GL,,(q) be such that Vg is an indecomposable k[t]-module and
g has the semisimple part s and the unipotent part u. Then g is a cyclic matrix,
and there exists an irreducible polynomial f of degree d such that the minimum
polynomial of g equals f™ and dm = n. Replacing g by a conjugate if necessary,
we obtain that g € GL,,(¢%), s is a scalar matrix in GL,,(q?), corresponding to a
generator of ¥ a as a field, while u is a regular unipotent element of GLy, (qh. In

particular, CgL, (q)(g) is abelian of order (1 — q’d)qd’”.

Proof Since k[t] is a principal ideal domain, we have that the k[t]-module V is
a direct sum of cyclic modules of the form k[¢]/(f"™), where f is a monic irre-
ducible polynomial of k[t] and m > 1. As V, is indecomposable, we obtain that
Vg Zk[t]/(f™) for some irreducible polynomial f = 4 — Zle a;t'~! of degree d,
and n =dm. Let J(f) denote the companion matrix for the polynomial f

o 1 o0 --- 0
o o 1 --- 0
J(H=|-- ,
o o0 o --- 1
al an aq
and let
J(f) 1, 0 0
0 J() L :
Jm(f):
: J(Of) la
0 0 J(f)
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with m diagonal blocks J(f). By construction the characteristic polynomial of the
block matrix J,,(f) equals f™. Also, [11, Example 1, page 140] shows that f™ is
the minimum polynomial of J,, (f). Therefore J,, (f) is a cyclic matrix. As V, and
Vi.(5) are k[t]-modules isomorphic to k[¢]/(f™), we obtain that g is conjugate to
Jn(f) and so g is a cyclic matrix with minimum polynomial f™. Thus we may
assume that g = J;,, (f). So, s is obtained from J,, (f) by replacing the d x d-identity
matrix I; with the d x d-zero matrix 0. Similarly, u is obtained from J,,(f) by
replacing the d x d-matrix J(f) with the d x d-identity matrix 1.

Now, the centraliser of the cyclic matrix J( f) in the algebra of d x d-matrices over
k is a polynomial algebra isomorphic to k[¢]/( f). Since f is irreducible, k[¢]/(f) is
a field of size ¢¢. Hence CgL. (@ (J(q)) is a cyclic group of order g% — 1 isomorphic
to the multiplicative group of a field of size ¢¢, and since f is irreducible, J(f)
corresponds to a generator in this field. Under this identification, J,, (f) is an element
of GL,,(¢%), s is a scalar matrix corresponding to a generator of Fya, and u is a
regular unipotent matrix. The rest of the lemma follows from Lemma 4.1. |

Corollary 4.3 Let g1 and g, be in GL,,(q) such that Vg, and Vg, are indecomposable
k[t]-modules. Set Cy; = CqL, (¢)(&i) for i =1, 2. The following are equivalent:

(1) Cg, is conjugate to C,.
(i) g1 and gy have minimum polynomials ;1' and ;; for some irreducible polyno-
mials fg,, fg, of degree d with dm = n.
(iii) the Cq4,-module V is isomorphic to the Cg,-module V.

Proof By Lemma 4.2, g; is a cyclic matrix with minimum polynomial f; ¥ for some
irreducible polynomial f,, of degree d,;, with dg,mg =n (for i =1,2). Assume
that Cy, is conjugate to Cg,. By Lemma 4.2, |Cy | = (1 — q_dgl )nglmgl and |Cg,| =
(1—g %2)q%™ As|Cy, | = |Cy, |, we have dg, = d, and mg, = mg,. Thus Part (i)
implies Part (ii).

Assume Part (ii). Let 51 and s be the semisimple parts of g; and g», respec-
tively. Similarly, let #; and u, be the unipotent parts of g; and gz, respectively.
By Lemma 4.2, replacing g; and g by a conjugate if necessary, we may as-
sume that g1, g» € GL, (qd), s1 and sy are scalar matrices corresponding to gen-
erators of ]qu, and up,u, are regular unipotent elements of GL,, (qd). Therefore
Co = CaL,(9) (&) = CaL,, (44 (81) = CqL,, gy (i) for i =1, 2. Since regular unipo-
tent elements form a GL,, (¢¢)-conjugacy class, we obtain that 1 is conjugate to u>
in GL,, (qd); so Cg, = CqL, d)(l/l]) is conjugate to Cy, = CGLm(qd)(uz), and Part (i)
follows.

If Cy, is conjugate in GL, (g) to Cg,, then the Cg, -module V is isomorphic to the
Cg,-module V. Thence Part (i) implies Part (iii).

Conversely, if the Cg,-module V is isomorphic to the Cg,-module V, then there
exist a group isomorphism ¢ : Cg; — Cg, and a k-vector space isomorphism v :
V — V such that (vg)y = (vi/)(g¥) for every v € V and g € Cy,. This yields g¥ =
v~ lgy for every g € Cg,. Thence Cy, is conjugate to Cy, in GL,(g), and Part (i)
follows. O

m (q
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The set of abelian subgroups {CgL, 4)(g) | V¢ indecomposable} of GL,, (¢) plays
a very important role in this paper. It is worth to point out that, by Corollary 4.3, the
conjugacy classes in this family of subgroups are in one-to-one correspondence with
the ordered pairs of positive integers (d, m) with n = dm. We denote by

{Ad,m}d,m (41)

a set of representatives for these conjugacy classes. In particular, for m = 1, the group
Ag.,1 1s acyclic group, and actually A, 1 is a maximal non-split torus of order g4 —1
in GL;(q), usually called a Singer cycle.

Lemma 4.4 Letd,m > 1 be such that n = dm. The group Aq m is a maximal abelian
subgroup of GL,,(q) and

d(1 =g~ ¢4 ifm > 1,
|NGL, (g)(Ad.m)| = (1 — g~yq ifm=1.
Proof By the definition of A, ,,, there exists an element g = su of Ay, such that
Agm = CGL,(q)(g), where s is the semisimple part of g, and u is the unipotent part
of g. By Lemma 4.2, we may choose Ay ,, such that A4, € GL,, (qd), and we may
assume that s is a scalar matrix of GL,,(¢%) of order g¢ — 1.

By Lemma 4.2, A, ,, is abelian. Let A be an abelian subgroup of GL,(¢g) contain-
ing Agm, and x be in A. Since A is abelian, x commutes with g, and so x € A4 .
This yields that A4, is a maximal abelian subgroup of GL,(g).

Let N be the normaliser in GL,(q) of A, ,,, and let x € N. Since (s) is a nor-
mal Hall subgroup of Ay ,,, it follows that x normalises (s). Thus x normalises the
subgroup of scalar matrices of GL,,(¢%), and so x induces a Galois automorphism
on this subgroup, viewed as the multiplicative group of the field of order ¢¢. Since
the full Galois group over k[s] is induced, it follows that [N : N N GL,, (qH|=d.If
m = 1, then GL, (¢%) = Agiand [N|= d(g? —1).If m > 1, then Lemma 4.1 yields
that N N GL,, (qd) has order (1 — q_d)zqz‘lm_d. O

5 The family A, (¢) and the upper bound for @ (GL,(g))

We now study the family .4,,(g) of abelian subgroups of GL, (¢) introduced in Defi-
nition 1.5 and obtain an upper bound on w(GL,(q)). For convenience, we state Def-
inition 1.5 again.

Definition 1.5 Let A, (g) be the set of abelian subgroups A of GL, (g) such that the
A-module V has a decomposition V1 @ --- @ V, into indecomposable A-modules
satisfying the following properties:

(i) A=A x--- x Ay, where A; C GL(V;).
(ii) fori =1,...,r, we have A; = CgL(v;)(a;) for some element a; € GL(V;) such
that (V;)g, is an indecomposable k[f]-module.
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We show in Proposition 5.7 that, for ¢ > 2, the elements of A, (¢q) are maximal
abelian subgroup of GL,(q). From the definition of 4,(g) we get at once Theo-
rem 1.4(a).

Proposition 5.1 GL,(q) = Usc 4, A

Proof Given x in GL,(g), consider a decomposition of V., =V @ --- @ V, into
indecomposable k[¢]-modules. The action of x on V; is given by some element a; €
GL(V;). By Lemma 4.2, A; = Cgr(v;)(a;) is abelian. Now, x € A = A| x --- X A,
and A € A4,(q). O

The following definition is necessary in order to have a natural set of labels for the
elements in A, (¢) (see Lemma 5.3).

Definition 5.2 We denote by @ the set of maps from N x N={(d,m) |d,m > 1}
to N. Also, we write @, for the subset of @ containing the functions u: N x N — N
suchthatn =73, - dmu(d,m).

For instance, @1 contains only one element, namely the function i defined by
n(,1)=1and u(d,m)=0form > 1ord > 1.

Lemma 5.3 The conjugacy classes of subgroups in A,(q) are in one-to-one corre-
spondence with the elements of ®,,.

Proof We define a bijection 6 from @,, to the set of conjugacy classes of subgroups
in A,(q). Let u be in @,. Let ey, ..., e, be a basis of the k-vector space V. Since
n= Zd’mﬂ dmu(d, m), we can partition the set {1, ..., n} in subsets Yy , of size
dmup(d,m) foralld,m >1.So {l,...,n} = Ud,mzl Y4 m. Given d,m > 1, the set
Y4 m has size dmu(d, m) and so can be partitioned in ((d, m) subsets Yy ,,, ; of size
dm for each 1 <i < u(d,m). So, Ygm = Ulgifu(a’,m) Yim,i. Foralld,m > 1 and
i with 1 <i < u(d,m), let Wy ,; ={ey |y € Ygm,). By construction, we have
V=@ m=1D1<i<puid.my Wa.m.i)-

Consider A < GL(Wyn) with Ay = Ag as in (4.1), and set A =
[Tams1 [h<i<u@m Ag’)m. By construction, A € A, (q). Define 6 (i) to be the con-
jugacy class containing A. Now, let V = @5;_, My be another decomposition of V
into a direct sum of non-zero indecomposable A-submodules. By the Krull-Schmidt
theorem [7, Theorem 14.5], there exists a bijective function f between the set of in-
dices {(d,m,i) |1 <i < pu(d,m)}and {1, ..., s} suchthat Wy ;, ; = M (4 m,i)- Thus,
Corollary 4.3 yields that u is uniquely determined from the conjugacy class of A in
GL,(q), that is, 6 is injective.

The map 6 is surjective by the definition of A, (q). g

Given u € @,, we denote by

Ay (5.1)
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a representative of the conjugacy class in 4, (g) corresponding to  in @,. We note
that if p(d,m) =0 for m > 1, then A, is a torus in GL,(q). In particular, every
maximal torus of GL, (g) is a member of A, (g).

Before proving the main result of this paper, we need first a definition and then
some preliminary lemmas.

Definition 5.4 Let u be in @, and g =2. We say that A, has cyclic unipotent sum-
mand if (1, x) = 0 for all but at most one value of x, and if (1, x) #0 forx =m
say, then p(1, m) = 1. In particular, by Definition 1.5 and Lemma 4.2, V has at most
one indecomposable A -invariant summand W such that the action of A, on W is
given by the centraliser of a regular unipotent matrix (which is a cyclic matrix).

Lemma 5.5 Let u be in ®,,. The decomposition of V as direct sum of indecompos-
able A, -modules is unique up to permutation of the summands if and only if either
q >3,0rq=2and A, has cyclic unipotent summand.

Proof Let

_ (@)
V= D Vin
d,m>1,
1<i<p(d,m)

be an A-invariant direct decomposition in indecomposable modules labelled
so that dim V(') = dm (see Lemma 5.3). By Definition 1.5(i), we have A, =
| P 1‘[1<1<M(d A where A € GL(V,")).

Assume that ¢ > 3, or ¢ =2 and A has cyclic un1p0tent summand. We show that
the decomposition of V' as direct sum of indecomposable A, -modules is unique, up to
permutation of the summands. Let W be an indecomposable A -invariant summand
of V. Now, the A;-module W is cyclic, that is, there exists v € W such that W =

(v)a, (Where (v)a, = (va|a e Ay)). Write v=7_, -, leiﬁu(d’m) vf(;’)m, with

vg(;)m € V;ir)n. We claim that

=@ D i, (5.2)

d,m>11<i<u(d,m)

The A,-module W is generated by va =} _; . vd ma (fora € A;), where vc(i) ae

(UL(;)m)A Therefore, W C Zd m, l(U([) )4, Conversely, as <vz(1)m>A N (vfl,) Na, ©

Vd(f,)n N V;f’m/ =0 for (d,m,i)# (d’,m’, i), it suffices to prove that v(') € W for all

d,m,i.By Definition 1.5(ii) and Lemma 4.2, the group A( ) , contains a scalar matrix
(l) of GL,,(¢%) corresponding to a generator of Fa if d > 2, and to a primitive
element of IF, if d = 1. In particular, s(') #1if (g, d) # (2, 1).
Assume first that (g, d) # (2, 1). Since s(’) acts as the identity matrix on V(i/)

(fOI‘ (d/,m/,i/) # (d, m,i)), we get Ust(il,m = Z(d/, 1N m,i) U;/ , + U((;)m l(ilin
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) (s(l)

Therefore, v, -1 = vst(li)m —veW.As s[(f) acts as a non-identity scalar

matrix on V;J)n, we obtain v w € W. This yields that if (g, d) # (2, 1), then v[(l) lies
in W for every m and i. By hypothe51s on g and A, and by Definition 5.4, we obtain
that all but possibly one summand of v lies in W. The exceptional case (¢, d) = (2, 1)

()

occurs only if ¢ =2 and V., 18 the only summand of v that is not covered by the

argument in this paragraph, since v € W, we get also in this case that v{lr)n € W and
hence that every summand of v lies in W. Our claim is now proved.

Since W is indecomposable, from (5.2) we have W = (vfl')m) A, S Vd(fzn for some
d,m,i. Since W is an Ay -invariant summand and V(i) is indecomposable, W =

Vd('l)n As W is an arbitrary indecomposable summand of V, we get that {Vd’,)n}d m,i
are the only indecomposable summands of V and the decomposition is unique.
Conversely, assume that ¢ =2 and A, does not have a cyclic unipotent sum-
mand, that is, wu(1,m) > 2 for some m, or w(l,my) = u(l,my) =1 with m; #
my. Let Vi and V, be two distinct A, -invariant indecomposable direct summands
of V isomorphic to Vi, Gf u(1,m) > 2) or isomorphic to Vi, and Vi, Gf
u(l,my) = u(l,my) = 1). By Lemma 4.2, (4.1) and Definition 1.5, V; is an A;-
module, where A; = Cgr(v;)(;), and u; is a regular unipotent matrix of GL(V;).

Let vy1,...,v1,, (respectively, vz 1, ..., v2,,) be a k-basis of V; (respectively, V>)
such that v;”j =v;j+ v j—1 (for 1 <j<r;)and v?"l = v;,1 for i = 1,2. Define
V) = (v21,...,V2,,-1,V1,1 + V2,,). Clearly, Vi @ V2 = Vi @ V,. We claim that

V, is an indecomposable A, -invariant summand of V. Since u> is a cyclic matrix,
Endy ,) (V2) is a polynomial algebra in u;. Therefore, in order to show that V2’ is an
A -invariant summand of V, it suffices to show that V2’ is {(up)-invariant, which is
clear from the definition of V2’ and from the action of u> on V5.

AsVy C Vi@ Vs, V2’ # Vi and Vz/ # V,, we obtain that the decomposition of V
as a direct sum of indecomposable A, -modules is not unique. g

We give a definition which is needed in Proposition 5.7 and in Sect. 6.

Definition 5.6 Let  be in @, and V =V, @ --- ® V, be an A -invariant de-
composition of V into indecomposable modules. We write Stab(V, u) for the sub-
group of GL,(q) preserving the direct decomposition V| & --- @ V,. of V, that is,
Stab(V, u) = {g € GL,(q) | Vl.g e{Vi,..., V,.} forevery i}.

We start by computing the size of the normaliser of a subgroup A, and by proving
that, if ¢ > 3, or ¢ =2 and A, has cyclic unipotent summand, then A, is a maximal
abelian subgroup of GL,(gq), for u € @.

Proposition 5.7 Let  be in @,,. Then |NGL, ()(A,) N Stab(V, w)| equals

(H(d(l —¢~)g")"" i, 1)!)

d>1

% ( 1_[ (d(l —q_d)zqzdm_d)“(d’m)u(d,m)!).

d>1,m>2

@ Springer



698 J Algebr Comb (2011) 34:683-710

If either g > 3, or q =2 and A, has cyclic unipotent summand, then NGL, (4)(Au) €
Stab(V, u), and A, is a maximal abelian subgroup of GL,(q).

Proof Let p be in @,. Write A, = Hd,mzl AZ,(:,I,’m), where Ay, is as defined
in (4.1). By Definition 5.6 we have

|NGL () (A) NStab(V. )| = [T [Nty Adm)|" ™ id. m1.

d,m>1

Applying Lemma 4.4, the equality in the proposition follows.

Assume that either ¢ > 3 or that ¢ =2 and A, has cyclic unipotent summand.
By Lemma 5.5, every element of GL,(g) normalising A, induces a permutation of
the indecomposable A, -submodules of V. Also, Corollary 4.3 yields that indecom-
posable A, -submodules are isomorphic if and only if they correspond to the same
d, m. Therefore, NgL, (4)(Ay) € Stab(V, ). Furthermore, by Lemma 4.4, A; ,, is a
maximal abelian subgroup of GL4;,(¢g), and so A, is a maximal abelian subgroup of
GL,(9). O

Remark 5.8 The converse of the last assertion of Proposition 5.7 is also true. Indeed,
if g =2 and A, does not have cyclic unipotent summand, then Ngr,, (4)(A,,) contains
an element x that does not lie in Stab(V, u), and (A, x) is abelian. Namely, in the
notation of the last part of the proof of Lemma 5.5, the element x can be defined to
act as the identity on all summands of the decomposition &; V;, except those denoted
Vi @ V,. The action of x on V| @ V; is given by vjfj = v;,j except that vfl =v,1 +
V2,5p-

Next, we prove Theorem 1.4(c).
Theorem 5.9 N, (q) C A, (q) with equality if and only if ¢ > n.

Proof First we show that AV, (g) € A,(g). Let C be an element of N, (q). By Def-
inition 1.2, C = CgL, (¢)(g) for some cyclic matrix g € GL,(¢g). Consider a decom-
position of Vo =V @ --- @ V, into indecomposable k[¢]-modules. The action of g
on V; is given by some element a; € GL(V;). By Lemma 4.2, A; = Cgr(v;)(a;) is
abelian. Now, g€ A= A| x --- X A, and A € A,(q). Replacing C by a conjugate
if necessary, we may assume A = A, for u € ®@,. Moreover, since g is cyclic, it
follows that, if ¢ = 2, then A has cyclic unipotent summand. So, by Proposition 5.7,
A is a maximal abelian subgroup. As g € A, we have A C CgL,(4)(g) = C. Since C
is abelian, we have A = C and C € A,(q).

Finally, in the rest of the proof we show that \V;,(¢) = A, (q) if and only if ¢ > n.

Assume that g > n. As V,,(¢) € A, (g), by Lemma 5.3, it suffices to prove that for
every i € @,, there exists a cyclic matrix g, € A, such that A, = CgL, 4)(g,)- For
alld, m > 1 such that dm < n,let fy m 1, ..., fd,m, u(a,m) be irreducible polynomials
of degree d. Note that since g > n, we may choose f4 ,,,; so that the polynomials
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(fa.m.i)d,m,i are pairwise distinct. Let

_ (@)
V= @ Vd,m
d,m>1,
1<izu(d,m)

be an A, -invariant direct decomposition in indecomposable modules labelled so that
dim V;f,)n = dm (see Lemmas 5.3). By Definition 1.5(i), we have A, =[], ,,.; A}

i“d,m?
where A, € GL(V,')). Also, by Definition 1.5(if), Ay, = Cg; o (h),) for
, : : 0y,

some element hg)m € GL(Vd(fl)ﬂ) such that Vd(l,)n is an indecomposable (hg‘)m)-rnodule.

By Lemma 4.2 and Definition 4.1, hg)m is a cyclic matrix with minimum polynomial
Py, ; for some irreducible polynomial py ,,; of degree d. Let gfli)rn € GL(Vf}L) be

a cyclic matrix with minimum polynomial f;’, .. Thence Vd(ir)n is an indecomposable

( g[(j’)m y-module. Set

8u = @ gc(Ii,)m'

d,m>1,
1<i<p(d,m)

Since fgm,i and pgm,; have both degree d, by Corollary 4.3 the groups

CGL(V;fzn)(gél%) and CGL(V;f;)(h{(;,)m) = A‘(i’,)m are conjugate. So, by Definition 5.1 and
by construction, g, is conjugate to an element in A . Hence, replacing g, by a con-
jugate if necessary, g, € A, The characteristic polynomial of g, is []; . ; ffm)i.
As the polynomials f; ;,, ; are distinct, the characteristic polynomial of g, is equal to
its minimum polynomial. Thence g, is a cyclic matrix. In particular, if g = 2, then at
most one of the fy ;,,; is t + 1, and hence at most one of the py ;,,,; ist+1. So, A, has
cyclic unipotent summand; hence by Proposition 5.7, A, is a maximal abelian sub-
group. As CgL,(¢)(g,.) is abelian and A, € CgL, () (gun), We get Ay = CaL,(g)(8)-

Assume that ¢ < n. We need to prove that NV, (¢) C A,(g). Let uo € @, be the
map defined by

ifd>2orm=>2,

0
d,m) = 5.3
#o(d, m) :n ifd=1andm=1. (5-3)

By Definition 5.1, A, is the group of diagonal matrices, that is, the split torus of

size (¢ — 1)". Since there are only ¢ — 1 distinct eigenvalues available, any g € A,

has an eigenvalue with multiplicity > 2. Therefore, g is not a cyclic matrix, and A,

contains no cyclic matrices. Thus A, € A,(q) \ N, (q). O
This allows us to complete the proof of Theorem 1.4.

Corollary 5.10 »(GL,(gq)) < |A,(q)| with equality if and only if ¢ > n.

Proof The inequality w(GL,(g)) < |A,(q)| follows from Lemma 3.1 and Proposi-
tion 5.1. If ¢ > n, then by Theorem 5.9 we have A, (q) = N,(g). So, the inequality
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w(GL,(q)) > | A, (g)| follows from Theorem 1.3. Now assume that g < n. Let ug
be the function in &, defined in (5.3), and A be the collection of subgroups A of
A, (q) not conjugate to A,,,. By Definition 5.1, A, is the group of diagonal matri-
ces. Since there are only ¢ — 1 distinct eigenvalues available, every g € A, has an
eigenvalue with multiplicity > 2. Therefore, every g is contained in some A, with
A € A. Thus, from Proposition 5.1 we have GL,(¢) = J4c4 A, and Lemma 3.1
yields o(GL, (9)) < | A| < |4, (q)]. O

Although Theorem 1.3 and Corollary 5.10 show that N,(g) and o (GL,(q)) are
bounded above by |.A,(g)|, the value and order of magnitude of |4, (g)| are not
easy to establish from the definition of A,(g). Therefore, in the next section, we
determine (for ¢ > 2) a closed simple formula for the generating function F(t) of
{IA4.(¢)|/|GL,(q)|}n>1 (see Theorem 6.6). Also, in Sect. 7, by proving that F(¢) is
analytic on a certain disk in the complex plane, we determine the asymptotic be-
haviour of |4, (q)| as n — oo.

6 A generating function
We start by defining two generating functions.

Definition 6.1 Let F(¢) = Z_sozl apt™ be the generating function for the proportion
a, = | A, (@)|/IGL,(q)|, and F(¢) = Z;’;l b,t" be the generating function for

bu= Y |NGLg)(Au) N Stab(V, )|~
HEDy,

(see Definitions 5.1 and 5.6).

Remark 6.2 By Lemma 5.3, we get

a= | NoL,@ (4] (6.1)
HED,

and so, by Definition 6.1, a, < b, for every n. Furthermore, by Proposition 5.7,
F(t) = F(t) for ¢ > 3. In particular, F(¢) and F(¢) differ only when g = 2, in which
case each coefficient b, of F(z) is an upper bound for the coefficient a, of F(¢).
Since the generating function F (¢) turns out to be easier to study, in the sequel we
consider only F (). This does not give rise to any restriction in the case of ¢ > 3 and
still provides an upper bound for |4, (¢)| when g = 2.

We note that Corollary 5.10 yields @, > »(GL,(q))/|GL,(q)| and, for g > n,
a, = w(GL,(¢))/|GL,(q)|. So, by studying F(¢), we shall determine a good de-
scription for w(GL, (g)). Namely, in Theorem 6.6 we prove a closed simple formula
for the function F (), and in Theorem 7.4 we give an exact formula for the limit
limy,— 0 g"by,.

Define the following two functions:
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td
o= [Tewo( g )

d=1

1_[ 1_[ sdm (6.2)
m) = eXp( —d\2,,2d —d)'

m>2d>1 d(l -4 ) q "

Lemma 6.3 F (1) = F; () F2(¢).

Proof From the Taylor series for the exponential function exp(¢) and from Defini-
tion 6.2 we have

00 tdr
no=[] (Z @a— q—d>qd>rr!)’

d>1 “r=0

00 tdmr
FZ(t) = 1_[ (H(Z (d(l _q—d)2q2dm—d)rr!>>.

m>2 d>1 “r=0

(6.3)

By expanding the infinite products in (6.3) for F;(¢) F>(¢), in order to obtain a sum-
mand of degree n, we have to choose (for all d, m > 1) a term of degree dmr  ,, from
the series

o tdr 0 tdmr

; d1 - q—d)qd)rr! (form=1) or ; da - q—d)2q2dm—d)r’,.!
(form > 1),

in such a way that n = ), dmrg . This yields that each summand of degree n
obtained by expanding Fj(¢) F»(¢) is uniquely determined by an element u € @,, (by
setting pu(d, m) =rq ). Hence, the coefficient of degree n in Fi () F»(t) is

1
2 (H d(1—g=Hg"H*d-Dpu(d, 1!

ped, \d>1

1
[1 (d(1 — g=d)2gq2dm=dyn(d.m . (d, m)!>'

d>1,m=>2

Applying Proposition 5.7 and (6.1), we see that the coefficient of 7" in F (1) equals
the coefficient of " in Fi(t) F>(¢). Thus F(t) = Fi(t) F(t). O

In the rest of this section we use the theory of symmetric functions to obtain a
closed simple formula for the generating functions Fi(t) and F,(¢). We start by
recalling some well-known results and definitions from [11]. Let X = {x;};>1 be
an infinite set of variables, and A be the graded ring of symmetric functions on X
(see [11, Sect. 1.2]). A partition is a sequence . = (A1, A2, ...) of non-negative inte-
gers in decreasing order and containing only finitely many non-zero terms. We write
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Al =>"; A and X* = xMx;2 . Let A be a partition. The function

m;(X):ZX“

summed over all distinct permutations « of A is a symmetric function in A, and m, is
called a monomial symmetric function. By definition, m; is a homogeneous function
of degree |)|. For each d > 0, the dth complete symmetric function hg(X) is the sum
of all monomial symmetric functions of degree d, so that

ha(X) =Y my(X).

[Al=d

The generating function for the complete symmetric functions is Hx(t) =
Zdzo ha(X)t? (the label X in Hy is needed in order to record the set of variables
X). Itis provenin [11, (2.5), p. 14] that

Hy) =[] —xin™". 6.4)

i>1

For each d > 1, the dth power sum symmetric function is pg(X) =) _; x . The
generating function for the power sum symmetric functions is defined as Px ) =
Zdzl pd(X)td_l. Itis provenin [11, (2.10), p. 16] that

d
Px(1) = —-log Hx (1). (6.5)

From (6.5) we see that k + Zdzl pd(X)td/d =log Hx () for some integer k. Since
Hx(0) = ho(X) = 1, we get that log Hy (0) = 0, and so kK = 0. Thence Hx(t) =
exp(}_; pa(X)t¢/d). This shows that

Hy (1) = [ ] ex (pd(x)td) 6.6)
d>1
Write
g =1 and () =(1—x)-- (1 —x) 6.7)
ford = 1.

In the following lemma we establish two simple formulae for F;(¢).

Lemma 6.4

(i) Fi(t)=[]jso(1 —q~ V71
(i) F1() =Y 7t

a(g™h)"

Proof Consider the set of variables Q = {q’(i’l)}izl, that is Q is obtained by
specialising x; = ¢~V (for i > 1). From [11, Example 4, p. 19], we have that
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the dth power sum symmetric function p;(Q) on the set of variables Q satisfies
pa(Q) = (1 —¢q= 471 So, (6.6) yields

Pa’(Q)ld 1
= ew(“57°) = Tew( g me) = 110>

d>1 d>1

Equation (6.4) gives Ho(q7't) = [[,-;(1 — ¢ V(g7 ') = [[jo0(1 —
g~ D=1 and (i) follows.

From [11, Example 4, p. 19], we have that the dth complete symmetric func-
tion hy(Q) on the set of variables Q satisfies hy(Q) = l/god(q’l). Thus, we ob-

tain Ho(t) = >5201/9a(q™") and Ho(q~'t) = 3521 /g% 9a(q~"), which, as
we showed above, is F(¢), and (ii) is proved. O

The argument for obtaining a simple formula for F»(¢#) is very similar to
Lemma 6.4, but a little trickier. We start with a definition. For each m > 2, define

- tdm
F" () = HeXp<d(1 _ qd)Zqumd)' (6.8)

d>1

Lemma 6.5
@) Fz(m)(t) = ni,jzo(l — g~ HA2m=Dpmy—1,
(i) Fo(t) =[Tpz2[Ti jmo (1 — g~ /2= D=l

Proof Consider two infinite sets of variables X = {x;};>1 and Y = {y;};>1. From X
and Y consider the infinite set of variables Z = {x;y;}; j>1. By the definition of the
dth power sum symmetric function, we have

pa(Z) =) (iyp? =) xf (Zyji)

i,j>1 i>1 j=1

= (fo’) (Z y?) = pa(X)pa(Y). (6.9)

i>1 j>1

Consider the set of variables Q = {¢g~~1};> obtained by specialising x; = g~ ~D

(or yi =g~ @=D) fori > 1. Also, consider the set of variables Q' = {g~ ¢/~ 2)}

obtained by specialising x;y; = ¢ —(=Dg=0U=D_ Under this assignment, we obtam

from [11, Example 4, p. 19] and (6.9) that py(Q’) = pa(Q)?> = (1 — g~ 2.
Equation (6.6) yields

/ -2 ym\d N edm
HQ/(q(q_zt)m):Hexp(pd(Q)(chq n™m ):HeXp<p;;2Q,1nztd )
d>1

d>1

11
exP( 7-)2q2 d) ®

e d(l —g=4)2g>dm=
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using (6.8). Finally, (6.4) gives

Ho(q(g7?0)") = [T (1= g2 (q(¢7%)")) "

i,jz1

_ l—[ (1 _qf(i+j+2m73)tm)*1

i,j=1

and (i) follows. Part (ii) follows from the definitions of F, and Fz(m) in (6.2)
and (6.8). O

The following theorem gives a formula for F(z).

Theorem 6.6

ror= ([l - ) T1 ey,

i=0 m>2,i,j>0
Proof As F(t) = Fi(t) F>(1), the theorem follows from Lemmas 6.4 and 6.5. O

By using the formula in Theorem 6.6 one can easily obtain the first few values
of b,, where F(t) = ano b,t". For instance, Table 1 in Sect. 1 was obtained by

expanding the terms in ¢ of degree < 6 in the infinite products of F(t).
Using Lemma 6.4(ii), we show that {¢" b, },>0 is an increasing sequence.

Theorem 6.7 For each n >0, q¢"b, < q”+lbn+1, where the b, are as in Defini-
tion 6.1. Moreover, if q > 2, then the sequence {q"|An(q)|/|GL,(q)|}n>0 is increas-

ing.
Proof Write F,(t) = Zdz() cqt?. Tt is clear from (6.3) that ¢; > 0. By Lemma 6.4,
we have F|(t) = Zdzo W with ¢4 asin (6.7). Thus it follows from Lemma 6.3

that by = 3g_o a2y Now @ar1 (¢~ = @alg™)(1 = q~“*) < gq(q™") and

cqg > 0, and hence

=q Z i _i;(qn_dcnfd)

=04 (Pd(q_l) = ealg™)
- 1
n— n+1
< — -9 C d —d
;@Hl(q—l)( " Z d+1¢d+1(q D
n+l1 n+1 1
n+1 n+l1 n+l1
——Cntl1-d <¢q —Cny1-d=q" " bpi1.
dz‘:qdw( he Z<pd(q n !

If g > 2, then b, = |.A,,(q)|/|GL,(q)| by Remark 6.2 and the definition of a,, and
the last assertion follows. O
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7 Analytic properties of the generating function F (¢)

Before studying analytically the functions F (t), Fi(t), F>(t), we have to collect some
numerical information that will be used later.

Lemma 7.1 Setl(q) = [[72, (1 — ¢~ F)~*&+D/2=1 We have:

@) 1(q) > 1427 ' +7¢724+19¢73.
) lq) <A—g ' =g exp(g™ /(1 =g H ) exp(g (1 +47")/2(1—g~H%).
(c) forqg>2,1(q) <1+2¢7 " +7¢ 2+ 114¢73
(d) if g =2, then 395.0005 > [(2) > 278.98.
Proof Part (a) follows by expanding in powers of ¢ the first three terms (1 —g~!)~2,
(11— q_z)_4 and (1 — q_3)_7 (for k =1, 2, 3) of the infinite product /(g) and noticing
that (1 —g~%)~1 > 1, for k > 1.

Next, we consider an upper bound for /(g). First, we recall that by the Binomial
Theorem, (1 — x)™* = Z,fio (ki'ifl)xk. In particular,

o (k41 (k41 o (K 2\ o X
Z( ) >xk:x2( ) )xk 1:xz< ) )xk:m. (7.1)

k=1 k=1 k'=0

Set L(g) =132, (1 — g=%)~**+D/2 'We have

S kk+ 1 _ k4 1) [ g km
log(L(@)) =—_ (2 )log(l—q 9= (2 )(qu )
m=1

k=1 k=1

x| (> k+1 00 g "
=y — Z( )q"’" — D
me1 " \kzi 2 m=1 m(l—q™")

— 1 o0
(1 _ —1)3 5 Z (1 _ —m)3

—1

q
(1 _ —1)3 —2)3 ZC]

g g2

TU—g 1 20— —q D

where in (1) we used (7.1). From [14, Lemma 3.5] we have [[po, (1 — ¢ %)~ <
(1 =g~ ' —¢=2)~!. Therefore, Part (b) follows.
Now, assume that ¢ > 2 and set T =exp(g~' /(1 — ¢~ ")?). So,

(g A=—g Y K@ A=Y S —g Y
roy WAy g Oy ()

r=0 ’ r=0 ’ r=4
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3 a1/ —a=1)3y g~ '/1=g7"\4
=Z(CI /(A—q77)) +( 5 )

g~ '/(0—g~1)3
2

7
<1+ q_1 + —q_2 —|—41q_3,
r! 1— 2
r=0
where the first inequality uses r! > 2" (for r > 4), and the last inequality is obtained
by expanding in powers of ¢ and using the fact that g > 2.
With similar computations we get exp(q —2(14+¢~1)/2(1—¢~2)* < 14+¢972/2+
2¢3and (1—g ' —¢ ' <14¢ ' +2¢72+ 79 3. Now, from Part (b) we have

7 1
I(q) <(1+¢q ' +2¢72 +7q_3)<1 +q¢7 '+ Eq_z +41q_3> (1 + Eq‘2 + 2q_3>

<1429 ' +7¢72+ 114973,

and Part (c) follows.
The lower bound in Part (d) is obtained by computing leil (1—-g75
with ¢ = 2, and the upper bound is obtained by substituting g = 2 in Part (b). |

—k(k+1)/2—1

In the following two propositions, we study some analytic properties of F (),
Fi(n), F2(1).

Proposition 7.2 Fy(t) is analytic on a disk of radius q. Also, F1(t) has a simple pole
att =q, and (1 — q~'t)F|(t) is analytic on a disk of radius q*.

Proof From Definition 6.2 we obtain
00 —1,\d 0 —1,\d
(g0 (g0
Fi(t)= exp<7) =exp — . (7.2)
L[l d(1-q~) ;du —q7)

Next, we determine where the series in (7.2) is absolutely convergent. We get

g e g » lg~'1|
Zd(l— —dy = Z —d—l —1Z|q ! (1— g H =g~ e’

(7.3)
Since 1/(1 — ¢~ 't) is analytic on a disk of radius ¢ and has a simple pole in ¢ = ¢,
the equivalent result for F1(¢) follows at once.
It remains to show that (1 — q_lt)F 1(¢) is analytic on a disk of radius qz. Since
0 (g Y =¢_1(¢ H(1 —g~") (for r > 1), from Lemma 6.4(ii) we get

l—g 'OF)=(1—¢g ! S v
(=79 =(-q t)gq’sor(q‘l)
o i 7
;(qrwr(q‘l) qrfpr](q“)>
=1+ ' Z
B 4" (g™ 2’s0 (q~!
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As
0 It|” 00 0 00 | 1
(1-¢ g =10 =07 =
o @) l—[ Z q 4 02"
— a7 (g i = i 1 —lg==1]
we get that (1 — g 'OF (1) is analytic on a disk of radius q°. O

Proposition 7.3 F(t) is analytic on a disk of radius q>/?

Proof We argue as in Proposition 7.2. We have

dm o tdm
) = H HGXP<d(1 g—d)2q2dm— d) exp( d(1 — g=—d)2g2dm— d)

m=2d=1 m=2d=1

<§: t2a’ d o ydm
= ¢eXp q-)2 4a’ 72
o dl—=q=%%q m

e (q—zr)z"q"
- exp<£ A1 —q D21 —(q 20D )

Set z = g ~%t. We obtain

2 gd
1 d(l— _d)2(1 —z9)

log(Fa (1)) Z (7.4)

—1/2 (ie. |t] < ¢*/?), the series in (7.4) is absolutely con-

We prove that for |z| < g
vergent. Note that
1

11—z

1 1 1 1
a|= 1—g-dn = 1—g- 172 and d(1— g4y = —g )2

Thus the series in (7.4) is absolutely convergent if
Z [q|" =

is absolutely convergent. As |z| < ¢~!/2, we get |z%q| < 1, so F>(¢) is analytic for
1] < q3/2. O

Iz ql

We finally determine the asymptotic behaviour of {b,},>1 (and so also for {a, },>1
when g > 2).

Theorem 7.4 We have

9]
. _i\—k(k+1)/2—1
@ = Jim"bn =100 =47")
k=1

and also |q"b, — 1(q)| = o(r~"?) for every 0 < r < q.
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Proof From Propositions 7.2 and 7.3 we get that F (¢) is an analytic function on a disk
of radius ¢, the point r = ¢ is a simple pole for F(r), and f (1) = (1 — g~ '1)F(z) is
an analytic function on a disk of radius ¢/2. In particular, by [10, Lemma 1.3.3], we
get that lim,,_, o ¢"b, = f(¢) and |b, — f(q)/q"| = o(r~3"/%) for every 0 < r < q.
In particular, it remains to compute f(g).

From Lemma 6.5(ii) we get F2(t) = [],,20; j=0(1 — g~ @Hit2m=Dmy=1 In par-
ticular, Fa(q) = [0, j=0(1 — g~ +itm=Dy=1 Now, given k > 1, there exist
k(k 4+ 1)/2 choices of (i, j,m) suchthatk =i+ j+m — 1, withm > 2 and i, j > 0.
Therefore, F2(q) = [[ro (1 — g~ %)~*k+D/2,

From Lemma 6.4 we get (1 — g IOF(t) =172, — g~ D=1 So, f(g) =
[152,(1 =g )7 T2, (1 — g =) =k&+D/2 "and the theorem follows. O

Summing up, Theorem 1.6 follows from Theorems 6.7 and 7.4. Therefore, all the
results mentioned in the introduction are now proved.

Remark 7.5 Since |GL,(q)| = q"2<p,, (g~ "), Theorem 7.4 yields that b,,|GL, (q)| is a

n-—n n?—n—i

polynomial p(g) in g of degree q”z_". So, write p(q) =) /)" aiq and pick
rsuchthat0 <r <gq.

As 1g"b, — U(@)| = o(r™/?), we obtain that |p(q) — ¢" "gn(q ()| =
o(r" T2y — ("’ =3/2). Furthermore, since ¢, (g~ DI(q) = [[2,4,(1 —
g OIS, (1 — g~ %) ~*E&+D/2 'we see that

2

— 2 T k(k+1)/2 2
i _ i\ —k(k+ _
Z OliC]n n—i _qn n (1 —q k) / =0(r" 3n/2).
i=0 k=1
It follows that the first [n/2] coefficients ao, ..., @[, 2)—1 are obtained from the se-

ries expansion of 72 (1 — ¢ %) ~**+1D/2 Such a sequence is described and studied
in [17].

Remark 7.6 Tt was conjectured in [2] that, for g > n,

|GL, ()] |GL, (g)]
qlg— D" g?-mi2g — 12

o(GL,(9)) = ¢ " +

The second summand on the right-hand side of this inequality is asymptotic to
g" "1 4 (n— )" "2 4+ 0(¢"~""3). Therefore, Remark 7.5 and Table 1 yield
that this conjecture is incorrect for n > 6.

8 Concluding comments

We conclude by noticing that we can exploit the theory presented in this paper further
in order to obtain a refinement of Corollary 5.10 in the case that ¢ < n. We give an
example in the case n = ¢ and g > 2.
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From the proof of Theorem 5.9 we have that if n = g, then all A, (for u €
&,) are centralisers of cyclic matrices except if ), u(l,m) > g — 1. Since ¢ =
Y d.m i(d, m)dm, this implies ), wu(1,m) =g, and so j = j19, where

0 ifd>2orm=>2,

moldm =0 it d— landm =1,

By Definition 5.1, A, is the group of diagonal matrices, that is, the split torus of
size (g — 1)4. By Proposition 5.7 we have INGL, (q)(App)| = (g — 1)q!.

Since there are only ¢ — 1 distinct eigenvalues available, any g € GL,(g) giving
a decomposition of V, as 69?:1 V; into one-dimensional spaces has an eigenvalue
with multiplicity > 2. Therefore, we see that g is centralised by some cyclic matrix
gu € A, for w # . In particular, following the proof of Corollary 5.10, we have
that

|GL, ()|
(q—Diq!

It is not clear to the authors of this paper whether there is a general theory for
small ¢ and large n with a tractable formula for w(GL,(¢)).

w(GLq(Q)) = |~Aq| -
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