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Abstract The equivariant cohomology ring of a GKM manifold is isomorphic to the
cohomology ring of its GKM graph. In this paper we explore the implications of this
fact for equivariant fiber bundles for which the total space and the base space are both
GKM and derive a graph theoretical version of the Leray—Hirsch theorem. Then we
apply this result to the equivariant cohomology theory of flag varieties.
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1 Introduction

Let T be an n-dimensional torus, and M a compact, connected 7 -manifold.
The equivariant cohomology ring of M, Hj(M;R), is an S(t*)-module, where
S(t*) = Hj(point) is the symmetric algebra on t*, the dual of the Lie algebra of T
If H} (M) is torsion-free, the restriction map

i*: Hf (M) — Hy(M")
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is injective and hence computing H; (M) reduces to computing the image of H} (M)
in Hy(MT).If M7 is finite, then

Hy(M")= &5 swh.

peMT

with one copy of S(t*) for each p € MT. Determining where HJ (M) sits inside this
sum is a challenging problem. However, one class of spaces M with H7.(M) torsion-
free for which this problem has a simple and elegant solution is the one introduced
by Goresky—Kottwitz—MacPherson in their seminal paper [6]. These are now known
as GKM spaces: an equivariantly formal space M is a GKM space if M is finite and
for every codimension one subtorus 7’ C T, the connected components of M ™ are
either points or 2-spheres.

To each GKM space M we attach a graph I" = I'); by decreeing that the points of
MT are the vertices of I" and the edges of I" are these two-spheres. If S is one of the
edge two-spheres, then ST consists of exactly two T-fixed points, p and ¢. If M has
an invariant almost complex or symplectic structure, then the isotropy representations
on tangent spaces at fixed points are complex representations and their weights are
well-defined. These data determine a map

a: Er > 7%

of oriented edges of I" into the weight lattice of 7. This map assigns to the edge
2-sphere S with North pole p the weight of the isotropy representation of 7 on the
tangent space to S at p. The map « is called the axial function of the graph I".
We use it to define a subring H}(I'y) of H} (MT) as follows. Let ¢ be an ele-
ment of H} (MT), i.e. a function which assigns to each p € MT an element c(p)
of H}(point) = S(t*). Then c is in H} (I'y) if and only if for each edge e of I'y
with vertices p and ¢ as end points, c(p) € S(t*) and c(g) € S(t*) have the same im-
age in S(t*) /a.S(t*). (Without the invariant almost complex or symplectic structure,
the isotropy representations are only real representations and the weights are defined
only up to sign; however, that does not change the construction of H}(I").) A con-
sequence of a Chang—Skjelbred result ([4]) is that H(I'y) is the image of i*, and
therefore there is an isomorphism of rings

HE (M) ~ H(Ty). (1.1)

In a companion paper [13] we prove a fiber bundle generalization of this result. Let
M and B be T-manifolds and 7 : M — B be a T-equivariant fiber bundle. If H} (M)
is torsion-free, then the restriction map

i*: Hj (M) — Hy (=~ '(B"))
is injective, and if B” is finite then HF (w1 (BT)) is isomorphic to

P HiFy) (1.2)

peBT
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with F), = 771 (p). We show in [13] that if B is GKM, then the image of H7(M) in
(1.2) can be computed by a generalized version of (1.1). Moreover, if the fiber bundle
is balanced (as defined in [13]), there is a holonomy action of the groupoid of paths
in I" on the sum (1.2) and the elements which are invariant under this action form an
interesting subring of HJ (M).

In this paper we will take the analysis of H} (M) one step further by assuming
that M is also GKM. By interpreting this assumption combinatorially one is led to
a combinatorial notion which is a central topic of this paper, the notion of a “fiber
bundle of a GKM graph (I'1, «1) over a GKM graph (I, a2),” and, associated with
this, the notion of a “holonomy action” of the groupoid of paths in I on the ring
Hy, (I'1). We will explore below the properties of such fiber bundles and apply these
results to fiber bundles between generalized flag varieties; i.e. fiber bundles of the
form

w:G/Py— G/P, (1.3)

where G is a semi-simple Lie group and P; and P, are parabolic subgroups. In par-
ticular we will examine in detail the fiber bundle

T .7-"1((C") — grk(C”), (1.4

of complete flags in C" over the Grassmannian of k-dimensional subspaces of C"
and the analogue of this fibration for the classical groups of type B, C,,, and D,,. For
each of these examples we will compute the subring of invariant classes in H} (M)
(those elements which are fixed by the holonomy action of the paths in ) and show
how the generators of this ring are related to the usual basis of Hj (M), given by
equivariant Schubert classes. These results were inspired by and are related to results
of Sabatini and Tolman. In [18] they explore the equivariant cohomology of fiber bun-
dles where the total space and the base space are more general symplectic manifolds
with Hamiltonian actions. The theory developed in the present paper can be regarded
as a combinatorial version of the geometrical theory of symplectic fibrations of coad-
joint orbits, studied in [11].

What follows is a brief table of contents for this paper: In Sect. 2.1 we describe
some of the salient features of the fiber bundle (1.4). In Sects. 2.2-2.4 we briefly re-
view the theory of abstract GKM graphs, following [9], [10], and [7]. We then define
abstract versions of fibrations and fiber bundles between GKM graphs which incor-
porate these features, and in Sects. 3.1-3.3 we show how to compute the cohomology
ring of such graphs. The main ingredient in this computation is a holonomy action of
the group of based loops in the base on the cohomology of the fiber graph.

In Sect. 4 we apply this theory to generalized flag manifolds, which have been
extensively studied in the combinatorics literature, but not from the perspective of
this paper. Let G be a semisimple Lie group, B a Borel subgroup of G and P; C P,
parabolic subgroups containing B. Building on results of [12], in Sect. 4.1 we de-
scribe the GKM graph associated with the space P,/ P;. In Sects. 4.3-4.4 we discuss
the fibration of GKM graphs associated with the fibration of 7-manifolds (1.3) and
compute the group of holonomy automorphisms associated with this fibration. In
Sect. 5 we specialize to the case where G is one of the four classical simple Lie
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group types, A, By, C,, or Dy, and, using iterations of fiber bundles, give explicit
constructions of bases of invariant classes.

In Sect. 6 we construct a second explicit basis of H}(G/B) consisting of classes
that are W-invariant. These invariant classes are obtained from the equivariant Schu-
bert classes by averaging over the action of the Weyl group. In Theorem 6.1 we give
explicit combinatorial formulas for the decomposition of twisted Schubert classes,
generalizing earlier results of Tymoczko ([19, Theorem 4.9]) from twistings by sim-
ple reflections to actions of general Weyl group elements. We then obtain formulas for
the transition matrix between the basis of invariant classes consisting of symmetrized
Schubert classes and the basis of invariant classes obtained through the iterated fiber
bundle construction. In addition we obtain an explicit formula for the decomposition
of an invariant class in the basis of equivariant Schubert classes.

2 GKM fiber bundles
2.1 Motivating example

Let 7" = (S1)" be the compact torus of dimension n, with Lie algebra t, = R”,

and let {xp,...,x,} be the basis of tf ~ R" dual to the canonical basis of R". Let
{e1,..., ey} be the canonical basis of C". The torus 7" acts componentwise on C”
by

oo tn) - @1y 20) = (120, -0 tZn).

This action induces a 7" -action on both M = FI(C"), the manifold of complete flags
in C"*, and B = Gry(C"), the Grassmannian manifold of k-dimensional subspaces
of C". Let C ={(t,...,t) | t € S'} be the diagonal circle in 7" and let T = T"/C.
Then C acts trivially on the flag manifold and on Grassmannians, and the induced
actions of T on FI(C") and on Gry (C") are effective. Let

m: FI(C") = Gre(C"), 2.1

be the map that sends each complete flag V, = (V1, ..., V,;) to its k-dimensional
component. Then (M, B, ) is a T -equivariant fiber bundle.

Since flag manifolds and Grassmannians are GKM spaces, their 7T-equivariant
cohomology rings are determined by fixed point data. These data can be nicely orga-
nized using the corresponding GKM graphs, as follows. For a general GKM space M
the fixed point set M7 is finite and is the vertex set of the GKM graph I". If T’ C T is
a codimension one subtorus of T, then the connected components of the set M T’ of
T’-fixed points are either T-fixed points or copies of C P! joining two T-fixed points.
The edges of the graph I" correspond to these CP!’s, for all codimension one subtori
T’ C T. An edge e corresponding to a connected component of M " is labeled by an
element o, € t* such that ' = ker .. As explained in the introduction, the equivariant
cohomology ring H7 (M) can be computed from the GKM graph (I, &) associated
to M, and we will give the details of that construction in Sect. 3.1.
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Fig. 1 The complete graph K3 ) 391
(a) and the Cayley graph 3
(83,1) (b) x5 a1
T2 —2x3
231
2
o1 —73 213 T1—73
Z1—To 132
1 xr1—xI2
123

(a) (b)

For the flag manifold FI(C"), the T-fixed point set is indexed by S, the group of
permutations of [n] = {1, ..., n}. A permutation u = u(1l)...u(n) of [n] indexes the
fixed flag

Vi= (Vi ..., Vv,

n

given by V! =Cey1y @ --- ® Ceypy, forallk=1,...,n.

The codimension one subtori 77 of T for which the fixed point set is not just the
set of T'-fixed points are the subtori 7;; = {t € T | ; =t;} = exp (ker(x; — x;)). For
a fixed flag V, the connected component of FI(C")%i/ that passes through V¥ also
contains the fixed flag V’, where v = (7, j)u and (i, j) is the transposition that swaps
iand j.

The GKM graph I" of the flag manifold FI(C") is the Cayley graph (S, ¢t) con-
structed from the group S, and generating set ¢, the set of transpositions: the vertices
correspond to permutations in S,, and two vertices are joined by an edge if they differ
by a transposition. If u € S,;, then u *x (i, j) = (u(i), u(j)) * u, so two permutations
that differ by a transposition on the right (operating on positions) also differ by a
transposition on the left (operating on values). We denote the edge e that joins u and
v=ux(i,j)byu—v.If 1 <i< j<n, then the value of the axial function @ on
this edge is

O = Xy(iy — Xu(j)-

We will refer to I” as S,,, and it will be clear from the context when §,, is the graph, the
vertex set, or the group of permutations. Figure 1(b) shows the Cayley graph (53, t).
As a general convention throughout this paper, edges that are represented by parallel
segments have collinear labels. For example, «(123, 132) = « (231, 321) = x5 — x3.
For the Grassmannian Gry (C"), the T -fixed point set is indexed by k-element sub-
sets of [n]. A subset I = {i1, ..., i} corresponds to the fixed k-dimensional subspace
Vi =Ce;, @ - -- @ Ce;,. Two vertices are joined by an edge if the intersection of their
corresponding k-element subsets is a (k — 1)-element subset. The resulting graph is
the Johnson graph J(n, k). If I = (I NJ)U{i} and J = (I N J) U{j}, then the value
of the axial function on the edge e from [ to J is @, = x; — x;. In particular, when
k =1 we get the complex projective space CP"~!, and the associated graph is the
complete graph K,, with n vertices. The complete graph K3 is shown in Fig. 1(a).
The discrete version of (2.1) is the morphism of graphs 7 : S, — J(n, k), given
by m(u) = {u(1),...,u(k)}. This map is compatible with the axial functions on the
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Fig.2 The GKM fiber bundle 4321
S4—>J4,2)

4123

two graphs, and for each vertex A € J(n, k), the fiber 7 1(A)isa product Sy x S, k.
The axial functions on fibers are not identical, but they are compatible in a natural
way.

The GKM fiber bundle S4 — J(4,2) is a combinatorial description of the fiber
bundle Fl4(C) — Gro(C*) that sends a complete flag in FI4(C) to its two dimen-
sional component. Figure 2 shows the graphical representation of this fiber bundle.
The fibers are the squares. (The internal edges of S4 have been omitted.)

This example motivates one of the main goals of this paper: to define the discrete
analog of a fiber bundle between GKM spaces for which the fibers are isomorphic
GKM spaces. We then prove a discrete Leray—Hirsch theorem, showing how one can
recover the graph cohomology of the total space from the cohomology of the base
and invariant classes in the cohomology of the fiber.

Then we will revisit the example 7 : FI(C") — Gri(C") and consider more
general fiber bundles G/B — G/P, with B C P C G a Borel and parabolic sub-
group of a complex semisimple Lie group G, and give a combinatorial descrip-
tion/construction of invariant classes for classical groups.

2.2 Abstract GKM graphs

We start by recalling some general definitions (see [9, 10] for more details and mo-
tivation). The reader should have in mind the examples of the Cayley graph §,,, the
complete graph K,,, and the Johnson graph J(n, k). We will return to these with a
summarizing example at the end of Sect. 2.

Let I = (V, E) be a regular graph, with V the set of vertices and E the set of
oriented edges. We will consider oriented edges, so each unoriented edge e joining
vertices p and g will appear twice in E: once as (p,q) = p — g and a second time
as (¢, p) =q — p. When e is oriented from p to g, we will call p =i(e) the initial
vertex of e, and g = t(e) the terminal vertex of e. For a vertex p, let E, be the set of
oriented edges with initial vertex p.
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Definition 2.1 Let ¢ = (p, g) be an edge of I, oriented from p to g. A connection
along the edge e is a bijection V,: E, — E, such that V.(p,q) = (g, p). A con-
nection on I is a family V = (V,).cg of connections along the oriented edges of I,
such that V(4 ») = V(_p{q) for every edge e = (p,gq) of I'.

Definition 2.2 Let V be a connection on I". A V-compatible axial function on I is
a labeling or: E — t* of the oriented edges of I" by elements of a linear space t*,
satisfying the following conditions:

1. alq, p) = —a(p,q);
2. For every vertex p, the vectors {a(e) | e € E,} are mutually independent;
3. For every edge e = (p, ¢), and for every ¢’ € E, we have

a(Ve(e)) —ale') = cale),

for some scalar ¢ € R that depends on ¢ and ¢'.

An axial function on I is a labeling o : E — t* that is a V-compatible axial function
for some connection V on I".

Definition 2.3 A GKM graph is a pair (I', ) consisting of a regular graph I" and an
axial function@: E — t* on I".

Example 2.1 (The complete graph) For the complete graph I = K, considered in
Sect. 2.1, the axial function on oriented edges is defined as follows. Let t* be an
n-dimensional linear space and {x1, ..., x,} be a basis of t*. Define «: E — t* by

a(i, j)=x; — xj.

If Vi, jy: E; — Ej sends (i, j) to (j,i) and (i, k) to (j, k) fork #1i, j,then Visa
connection compatible with «. The image of « spans the (n — 1)-dimensional sub-
space tz; generated by o) = X1 — X2, ...,0,—1 = Xp—1 — Xp.

When n = 2, the graph I" has two vertices, 1 and 2, joined by an edge. The ori-
ented edge from 1 to 2 is labeled § = x; — x», and the oriented edge from 2 to 1 is
labeled —B = x — x1. The second condition in the definition of an axial function is
automatically satisfied.

Example 2.2 (The Cayley graph (S, )) For the Cayley graph I" = (S, t) considered
in Sect. 2.1, the axial function on oriented edges is defined as follows. Let t* be
an n-dimensional linear space and {x1,..., x,} be a basis of t*. Let «: E — t* be
the axial function defined as follows. If u — v = u(i, j) is an oriented edge, with
1 <i < j < n,define

Ot(u, v) =Xu@i) — xu(j).

Note that a(u, v) is determined by the values changed from u to v. For an edge
e=u—>v=u(,j),define V,: E, - E, by

Ve(u, u(a, b)) = (v, v(a, b)). 2.2)
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Then V is a connection compatible with « and, as above, the image of « spans the
(n — 1)-dimensional subspace t; generated by oy =x1 — X2, ..., 0,1 = X1 — Xp.

The examples above show that the image of o may not generate the entire linear
space t*. Let (I', ) be a GKM graph. For a vertex p, let

t’; =spanf{a, | e € E,} C t*

be the subspace of t* generated by the image of the axial function on edges with
initial vertex p. If I" is connected, then this subspace is the same for all vertices
of I, and we will denote it by t;. We can co-restrict the axial function a: E — t* to
a function op: E — t3, and the resulting pair (I, «p) is also a GKM graph.

Definition 2.4 An axial function a: E — t* is called effective if ), = t*.

Let (I', @) be a GKM graph with I' = (V, E) and axial function «: E — t*. Let
V be a connection compatible with «. Let Iy = (Vy, Eg) be a subgraph of I", with
Vo C V and Ey C E, such that, if e € E is an edge with i(e), ¢ (e) € Vp, then e € Ey.

Definition 2.5 The connected subgraph I is a V-GKM subgraph if for every edge
e € Eg with i(e) = p and 1(e) = ¢q, we have V,.(E, N Eg) = E; N Ey. The subgraph
I'y is a GKM subgraph if it is a V-GKM subgraph for a connection V compatible
with «.

In other words, I'y is a GKM subgraph if, for some connection V compatible with
the axial function «, the connection along edges of I sends edges of Iy to edges of
I'h and edges not in I to edges not in 1. Then the connected subgraph Iy is regular,
the restriction «q of @ to Eg is an axial function on I, and the connection V induces
a connection V compatible with otp. Therefore a GKM subgraph is naturally a GKM
graph.

2.2.1 Isomorphisms of GKM Graphs

Let (I'1, ar1) and (I, ap) be two GKM graphs, with I'T = (V1, E1), a1: Ey — t] and
=W, Ez),az: E2 — 5.

Definition 2.6 An isomorphism of GKM graphs from (I, o) to (I», arp) is a pair
(@, W), where

1. @: It — I is an isomorphism of graphs;
2. ¥: t] — t5 is an isomorphism of linear spaces;
3. For every edge (p, g) of I'1 we have

(@ (p), @(q)) =¥ oa1(p.q).
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The first condition implies that @ induces a bijection from E; to E», and the third
condition can be restated as saying that the following diagram commutes:

]
Ey, — Ep

tT H—t;

2.3 Fiber bundles of graphs

We now introduce special types of morphisms between graphs. Later we will add the
GKM package (axial function and connection) and define the corresponding types of
morphisms between GKM graphs.

2.3.1 Fibrations

Let I" and B be connected graphs and 7 : I — B be a morphism of graphs. By this
we mean that 7 is a map from the vertices of I" to the vertices of B such that, if
(p, q) is an edge of I', then either 7w (p) = m(q) orelse (w(p), w(q)) is an edge of B.

When (p, q) is an edge of I" and 7 (p) = w(q), we will say that the edge (p, q) is
vertical; otherwise (7 (p), w(gq)) is an edge of B and we will say that (p, q) is hori-
zontal. For a vertex g of I, let E, ql be the set of vertical edges with initial vertex ¢,

and let H, be the set of horizontal edges with initial vertex g. Then E; = E ql U H,
and 7 canonically induces a map (dw),: H; — (EB)x(q) given by

dm)g(q.q") = (m(q), 7 (q"). (23)

Definition 2.7 The morphism of graphs 7: I" — B is a fibration of graphs' if for
every vertex g of I, the map (dn),: Hy — (Ep)x(g) is bijective.

Fibrations have the unique lifting of paths property: Let w: I' — B be a fibra-
tion, (po, p1) an edge of B, and ¢ € n_l(po) a point in the fiber over pg. Since
(dm)gy: Hyy — (EB)p, 1s a bijection, there exists a unique edge (qgo, 1) such that
(dm)gy(q0, q1) = (po, p1). We will say that (qo, 1) is the lift of (po, p1) at qo. If y
is a path pg — p; — --- — p,, in B and g € w1~ (po) is a point in the fiber over po,
then we can lift y uniquely to a path ¥ (go) =qo — q1 — -+ — ¢ in I starting at
qo, by successively lifting the edges of y .

2.3.2 Fiber bundles

Let w: I' — B be a fibration of graphs. For a vertex p of B, let V), = Y pcv
and let I}, be the induced subgraph of I" with vertex set V). For every edge (p, q)

IThis is what we called submersion in [10]. This definition of a fibration of graphs is different from the one
introduced in [3]. We work with undirected graphs, and our morphisms of graphs allow edges to collapse.
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Fig. 3 Twisted fibration D3 q3

p2 q2

P4 q4

p1 q1

of B, define a map @, ,: V, — V, as follows. For p’ € V), define @, ,(p') = ¢,
where (p’, ¢’) is the lift of (p, q) at p’. It is easy to see that @, , is bijective, with
inverse @, ,. What is not true, in general, is that @, ; is an isomorphism of graphs
from I, to I3.

Example 2.3 Let I' be the regular 3-valent graph consisting of two quadrilaterals
(p1, P2, p3, p4) and (q1, g3, g2, q4) joined by edges (pi,g;) for i =1,2,3,4. (See
Fig. 3.)

Let B be a graph with two vertices p and ¢ joined by an edge. Let w: I" — B
be the morphism of graphs 7 (p;) = p and 7 (g;) =¢q fori =1,2,3,4. Then 7 is a
fibration and @, 4 (p;) = q; fori =1,2, 3, 4. However, (p1, p2) is an edge in I}, but
(g1, g2) is not an edge in I;. While the fibers I}, and I}, are isomorphic as graphs,
the map &, 4 is not an isomorphism.

We will be interested in fibrations for which &, , is an isomorphism of graphs
from the fiber I, to the fiber I7.

Definition 2.8 A fibration 7 : I' — B is a fiber bundle? if for every edge (p, q) of
B, the map @, 4: I, — I is a morphism of graphs.

If 7: I' — B is a fiber bundle then @, , is bijective, and both @, ,: I}, — I
and @;11 =P, p: 15 — I}, are morphisms of graphs. Therefore the maps @, , are
isomorphisms of graphs. The simplest example of a fiber bundle is the projection of
a direct product of graphs onto one of its factors, 7: I’ = B x F — B. We will call
such fiber bundles trivial bundles.

2.4 GKM fiber bundles

We now add the GKM package to a fibration, and define GKM fibrations. Let (I”, o)
and (B, ap) be two GKM graphs, with axial functions «: E — t* and ap: Ep — t*
taking values in the same linear space t*. Let V and Vg be connections on I" and B,
compatible with o and « g, respectively.

2This is what we called fibration in [10].
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Definition 2.9 Amapr: (I',a) = (B,ap)isa(V, Vp)-GKM fibration if it satisfies
the following conditions:

1. = is a fibration of graphs;

2. If e is an edge of B and ¢ is any lift of e, then a(¢) = ap(e);

3. Along every edge e of I" the connection V sends horizontal edges into horizontal
edges and vertical edges into vertical edges;

4. The restriction of V to horizontal edges is compatible with Vp, in the following
sense: Let e = (p, q) be an edge of B and ¢ = (p’, ¢’) the lift of e at p'. Let
e’ € E,and e’ = (Vp).(¢') € E;. If ¢ is the lift of ¢’ at p” and e” is the lift of ¢”
at ¢’ then

(V)z(e) =e.

Amapr: (I',a) — (B, ap) is a GKM fibration if it is a (V, V)-GKM fibration for
some connections V and Vg compatible with ¢ and « 3.

Ifn: (I',a) — (B, ap) is a GKM fibration, then for each p € B, the fiber (1}, o)
is a GKM subgraph of (I, @). Let v}, be the subspace of t* generated by values
of axial functions o, for edges e of I'},. Then the axial function on I, can be co-
restricted to o, from the oriented edges of I, to b7, and (I}, &) is a GKM graph.

Suppose now that  is both a GKM fibration and a fiber bundle of graphs. Let
e = (p, q) be an edge of B. We say that the transition isomorphism @, ,: I', — I,
is compatible with the connection on I' if for every lift ¢ = (py, ¢q1) of e and for
every edge ¢’ = (pi1, p2) of I',, the connection along é moves ¢’ into the edge

' =(q1,.q2) = (Dp.q(p1), Pp.qg(p2)) of ry,.

Definition 2.10 A GKM fibration v : (I", &) — (B, ap) is a GKM fiber bundle if
is a fiber bundle and for every edge ¢ = (p, q) of B:

1. The transition isomorphism @, , is compatible with the connection of I".
2. There exists a linear isomorphism ¥), 4 : v}, — vy such that

Ypg=(Ppg:¥pg): Up,ap) = (I, aq)

is an isomorphism of GKM graphs.

For a GKM fiber bundle 7 : (I, @) — (B, «p) we can be more specific about the
transition isomorphisms ¥, ,. Let (p, g) be an edge of B, let (p’, p”) be an edge
of I},, and let (¢, ¢”") be the corresponding edge of I;. The compatibility condition
along the edge (p’,¢’) implies that ;v — apy pr is a multiple of o)y o = a4,
hence there exists a unique constant ¢ = c(a, ,7) such that

l]/p’q(ap/’pu) = ap/’p// —’—C(ap/’p//)ap’q,

The linearity of ¥, ; implies that there exists a unique linear function c: v}, > R
such that

Vpgx)=x+cX)apy
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forallxet);.
Forapathy: po— p1 — -+ — pm—1 — pm in B from pg to p,,, let

Yy =Tp, 1pw© -0 Vpopi+ Upy, @py) = (I, p,)

be the GKM graph isomorphism given by the composition of the transition maps. Let
p € B be a vertex, and let £2(p) be the set of all loops in B that start and end at p.
If y € £2(p) is a loop based at p, then 7, is an automorphism of the GKM graph
(Ip, atp). The holonomy group of the fiber I',, is the group

Hol, (I) = {7y |y € 2(p)} < Aut(I}, ).

If the base B is connected, then all the fibers are isomorphic as GKM graphs.
Let (F,ar) be a GKM graph isomorphic to all fibers, with ar: Er — t}., and, for
each vertex p of B, let pp, = (¢p, ¥p): (F,ar) — (Ip,a) be a fixed isomorphism
of GKM graphs. For every edge (p, p’) of B, let

Pp.p' = @p.p's ¥pp): (Foap) — (F,aF)
be the automorphism of (F, ar) given by
$p.p’ = ‘p;/l °Ppp'oPp,
Yppr = 1//;,] oWy proVp.

If y is any path in B, then the composition of the transition maps along the edges of
y defines an automorphism p, = (¢, ¥,) of (I, aF). Let p be a vertex of B and

Hol(F, p) ={p, | ¥ € 2(p)} C Aut(F, ap).

Then Hol(F, p) is a subgroup of Aut(F,ar) and if p, p’ are vertices of B, then
Hol(F, p) and Hol(F, p’) are conjugated by p,,, where y is any path in B connecting
pand p’.

2.5 Example

In this section we return to m: FI(C") — CP"! (as a particular case of
FI(C") — Grr(C")). We show that the discrete version, 7 : S, — K, given by
w(u) =u(l), is an abstract GKM fiber bundle.

2.5.1 7 is a GKM fibration

Clearly  is a morphism of graphs, because in K, all vertices are joined by edges.
Moreover, let u and v = u(i, j) (with 1 <i < j < n) be adjacent vertices in S,.
If i #1, then w(u) = m(v), hence the edge u — v is vertical. If i = 1, then
m(v) =u(j) # u(l), hence the edge u — v is horizontal.

Let (dm),: H, — Ex( be the induced map (2.3). If e is the horizontal edge
u— v=u(l, j),then (dm),(e) = e, the edge of K,, joining u(1) and u(j). Therefore
(dm), is bijective, hence 7 is a fibration of graphs.
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1 —T3

Fig. 4 Fibration S3 — K3

The case n = 3 is shown in Fig. 4. If y is the cycle 1 -2 — 3 — 1 in K3, then
the lift of y at 123 is the path ¥ : 123 — 213 — 312 — 132 in S3.

In Sect. 4.3 we will prove in a more general case that 7 is a GKM fibration. For
now, we notice that it is compatible with the axial functions: if € is the horizontal
edge in S, from u to v = u(1, j), then & is a lift of the edge e in K, from u(1) to
u(j), and both edges have the same label, x; (1) — xy(j)-

2.5.2 Transition isomorphisms

For each i € [n], the fiber I} = 7~ 1(i) consists of all permutations u € S, for
which u(1) =i and is isomorphic, as a graph, with the Cayley graph (S,_1, t). For
1 <i# j < n, the transition map &@; ;: I; — I'j is given by &; ;j(u) = (i, j)u. Let
u be a vertex of I'; and u — u' = u(a, b) an edge of I}, hence 2 <a <b < n. If
v=&; j(u) and v' = @; j(u'), then v' = (i, j u’ = (i, j)u(a, b) = v(a, b), hence v
and v’ are joined by an edge in I7j. This shows that @; ;’s are morphisms of graphs,
and therefore 7 is a fiber bundle.

The subspace generated by the values of the axial function on the edges of I3 is
the (n — 1)-dimensional space

o] =spanp{x, —x; |1 <r#i#s<n}

and similarly for . Let o; and «; be the axial functions on I7 and [j. Then
o (u,u') = Xu(a) — Xu(b)»> and o (v, V) = XG, jyula) — XG, Hup)- Let ¥; ; be the linear
automorphism of t* induced by ¥; ;(x,) = x(;, j)r, for 1 <r < n. Then ¥; ; induces
an isomorphism ¥ ; : v} — v’ and

aj(Pij(u), i jw")) =¥ j(ai(u,u)),
which proves that (®; ;,¥; ;): (Ii,o;) — (I}, ;) is an isomorphism of GKM

graphs. Since the fibers are canonically isomorphic as GKM graphs, the map
w: S, > K, is a GKM fiber bundle.
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2.5.3 Typical fiber

For 1 <i < n, the fiber (I7, ;) is isomorphic to S,_1, and we construct an explicit
isomorphism ¢; : S,_1 — I;. For a permutation u € §,_1, let

U=u(Hu@)---u(n—n e s,.

For 1 <a <b<mn,letc,p be the cyclea >a+1— ---— b — a, and let
Choa =C;}7. Then the map ¢; : S,—1 — I3,

@i (u) = cjplicy,

is a graph isomorphism between S,_; and I7. The cycle c; ,, operating on values,
moves the value i to the last position and preserves the relative order of the values
on the other positions. The cycle ¢,, 1, operating on positions, moves i from the last
position to the first and then shifts all the other positions to the right by one.

Let v; be the linear isomorphism induced by ¥; (x¢) = x¢; , (k) forall 1 <k <n. If
ueS,_1andv=u(a,b),withl <a<b<n-—1,then

i (i), 9i (V) = i (au, v)),
hence (¢;, ¥i): Sp—1 — I; is an isomorphism of GKM graphs.

2.5.4 Holonomy action on the fiber

Let Hol(773,) be the holonomy group of the fiber I7,. It is generated by compositions of
transition isomorphisms along loops in K, based at n. Each such nontrivial loop can
be decomposed into triangles y;;: n — i — j — n, and for such a triangle we have
(j,n)(, j)(n,i) = (i, j), hence the corresponding element of Hol(/;,) generated by
Yij is

Ty = (P Py,

With.CDy[j u)=_(=, ju apd l{/y,,_j (Xr) =X, jyr- . N '
Since every permutation in S, can be decomposed into transpositions, it follows
that

Hol(l},) = {Tw = (Py, V) lwe Sn—l} >~ Sp-1,

where, for a permutation w € S,_1, @y : I, = I}, is given by @, (¢) = wu, and
Wy (xq) = Xw(a)-

Since the holonomy actions are conjugated, it follows that the holonomy group of
all fibers are isomorphic to Sy,_j.

3 Cohomology of GKM fiber bundles

Let m: (I',a) — (B,ap) be a GKM fiber bundle, with typical fiber (F,afr). One
of the main goals of this paper is to describe how the cohomology ring of the total
space (I, @) is determined by the cohomology rings of the base (B, o) and the fiber
(F, aF) and the holonomy action of the base on the fiber. We start by recalling the
construction of the cohomology ring of a GKM graph.
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3.1 Cohomology of GKM graphs

Let (I', ) be a GKM graph, with I = (V, E) a regular graph and «: E — t* an
axial function. Let S(t*) be the symmetric algebra of t*; if {xi, ..., x,} is a basis of
t*, then S(t*) ~ R[x1, ..., x,].

Definition 3.1 A cohomology class on (I', @) is a map w: V — S(t*) such that for
every edge e = (p, q) of I, we have

w(q) =w(p) (mod ). 3.1

The compatibility condition (3.1) means that w(g) — w(p) = o, f, for some ele-
ment f € S(t*), and is equivalent to w(g) = w(p) on ker(e,). If @ and t are coho-
mology classes, then w + T and wt are also cohomology classes.

Definition 3.2 The cohomology ring of (I, @), denoted by H}(I"), is the subring of
Maps(V, S(t*)) consisting of all the cohomology classes.

Moreover, H} (I") is a graded ring, with the grading induced by S(t*). We say that
w € H}(I") is a class of degree 2k if for every p € V, the polynomial w(p) € SAC)
is homogeneous of degree k. (The fact that the class degree is twice the polynomial
degree is a consequence of the convention that elements of t* have degree 2.) If
Holf (I') is the space of classes of degree 2k, then

Hx () = @) HA ().
k=0

Ifwe H}(I') and h € S(t*), then how € H}(I"), hence H(I") is an S(t*)-module;
it is in fact a graded S(t*)-module.

Remark 3.1 The main motivation behind these constructions is the fact that if M is a
GKM manifold and I" = ') is its GKM graph, then H;dd(M) =0and H%k(M) ~
H2K(I).

Let (I, ) be a GKM subgraph of (I",«). If f: V — S(t*) is a cohomology
class on I, then the restriction of f to Vj is a cohomology class on . Therefore the
inclusion i : (I'y, @) — (I, ) induces a ring morphism i*: HY(I") — H}(Ip).

If p=(p,¥): (IN,a1) = (I»,a2) is an isomorphism of GKM graphs, define
p*: Maps(V,, S(t*)) — Maps(V7, S(t*)) by

(" (D)) =y (f(e(p)),
for p € V1, where w—l : S(t*) — S(t*) is the algebra isomorphism extending the lin-
ear isomorphism ¥~ ! : ¥ — t*. Then p* is aring isomorphism and (p*)~! = (p~1)*,

but, unless v : t* — t* is the identity, p* is not an isomorphism of S(t*)-modules.
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3.2 Cohomology of GKM fiber bundles

Let # : (I,a) — (B,ap) be a GKM fiber bundle. For a cohomology class
f: Vg — S(t*) on the base (B, ap), define the pull-back 7*(f): Vp — S(t*) by
7*(f)(q) = f(w(q)). Then w*(f) is a cohomology class on (I, &), and 7 defines
an injective morphism of rings 7*: Hy, (B) — Hy(I"). In particular, Hy(I") is an
H;, (B)-module.

Definition 3.3 A cohomology class h € H;(I) is called basic if h € n*(H,,, (B)).

Let (Hy(I")bas = 7*(Hy,(B)) € Hy(I"). Then (Hy(I"))pas is a subring of
H}(I'), and is isomorphic to H;‘B (B). We will identify H;B(B) and (H}(I"))bas
and regard Hy, (B) as a subring of Hy(I").

The next theorem is one of the main results of this paper, and shows how the
cohomology of the total space I" is determined by the cohomology of the base B and
special sets of cohomology classes with certain properties on fibers.

Theorem 3.1 Let w: (I',a) — (B, ap) be a GKM fiber bundle, and let cy, ..., cp
be cohomology classes on I' such that, for every p € B, the restrictions of these
classes to the fiber I}, = 7~V (p) form a basis for the cohomology of the fiber. Then,
as Hy, (B)-modules, Hy(I") is isomorphic to the free Hy, (B)-module oncy, ..., cp.

Proof A linear combination of cy, ..., ¢, with coefficients in (H} (I"))pas = H&“B (B)
is clearly a cohomology class on I". If such a combination is the zero class, then

Y Bp)er(p') =0

k=1
forevery pe B and p’ € I',. Since the restrictions of ¢y, ..., ¢, to I, are indepen-
dent, it follows that i (p) = 0 for every k =1, ..., m. This is valid for all p € B,
hence the classes 1, ..., B, are zero. Therefore cy, ..., c, are independent over

H;B (B), and the free H;B (B)-module they generate is a submodule of H(I").

We prove that this submodule is the entire H(I"). Let c € H}(I") be a cohomol-
ogy class on I". For p € B, the restriction of c to the fiber I, is a cohomology class
on [,. Since the restrictions of ¢y, ..., ¢, to I, generate the cohomology of I',, there
exist polynomials B1(p), ..., Bm(p) in S(t*) such that, for every p’ € I,

c(p) = B(p)er(p).

k=1

We will show that the maps B : B — S(t*) are in fact cohomology classes on B. Let
e = p — ¢ be an edge of B, with weight «, = «p, € t*. Let p’ € I,, and ¢ € I'; be
such that p’ — ¢’ is the lift of p — g. Then a(p’, ¢’) = a(p, q) = o, and

m

(@) —clp") =Y _(Be@ex(g) — Bu(p)ek(p))

k=1
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=3 (Bc@) = Bep)exp) + Y Be@)(ck(g) — ex(p)).

k=1 k=1
Since ¢, ¢y, ..., ¢y are classes on I', the differences c(q’) — c(p’), ck(q") — ck(p’)
are multiples of ., for all k =1, ..., m. Therefore, for all p’ € I,,

> (Be@) = B(p)ck(p') = aen(p”),

k=1

where n(p’) € S(t*). We will show that n: I}, — S(t*) is a cohomology class on I},.
If p’ and p” are vertices in I, joined by an edge (p’, p”), then

m

D (Be@) = Be() (ck(p") — ck(p)) = (n(p") — n(p").

k=1

Each ¢y is a cohomology class on I", so ¢k (p”) — cx(p’) is a multiple of a(p’, p”),
forall k =1,...,m. Then a.(n(p”) — n(p")) is also a multiple of a(p’, p”). But
a. =a(p’,q’) and a(p’, p”") point in different directions as vectors, so, as linear
polynomials, they are relatively prime. Therefore n(p”) — n(p’) must be a multiple
of a(p’, p”). Therefore 1 is a cohomology class on I},.

The restrictions of ¢y, ..., ¢;; form a basis for the cohomology ring of I',, hence
there exist polynomials Qy, ..., O, € S(t*) such that

n(p)=Y_ Oxck(p)

k=1
forall p” € I',. Then

m

(Br(@) = Br(p) — Qrate)ck =0

k=1

on the fiber I},. Since the classes ci, ..., ¢, restrict to linearly independent classes
on fibers, it follows that

Br(q) — Br(p) = Okare,

hence By € Hy,(B). Therefore every cohomology class on I" can be written as a
linear combination of classes ¢y, ..., ¢;;, with coefficients in H;B (B). O

3.3 Invariant classes

In this section we describe a method of constructing global classes cq, ..., ¢;; with
the properties required by Theorem 3.1.

Let7: (I',a) = (B, ap) be a GKM fiber bundle, with typical fiber (F, ar). Let
p be a fixed vertex of B and let o, = (¢p, ¥p): (F,ar) — (Ip, ap) be a GKM iso-
morphism from F to the fiber above p. For a loop y € £2(p), let p, = (¢, V)
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be the GKM automorphism of (F,«ar) determined by y. Let K = Hol(F, p) be
the holonomy subgroup of Aut(F, ar) generated by all automorphisms p,, and let
fe (H;F (F ))K be a cohomology class on the fiber, invariant under all the automor-
phisms in K. Then f, = (p;l)*(\f) € Hj(I}) is a class on the fiber over p, invariant
under all the automorphisms in Hol; (I,) C Aut({), o). For any vertex g € I, we
have f,(q) € S(n;‘,) C S(t*), where Uf, is the subspace of t* generated by the values
of a on the edges of I.

We will extend the class f), from the fiber I, to the total space I". Let p’ be a
vertex of B, and y a path in B from p’ to p. Let Yy Hy(I,) — Hy(I},) be the
ring isomorphism induced by the GKM graph isomorphism 7, : (I, o) = (I, @).
Since f is Hol; (I},)-invariant, it follows that if y; and y, are two paths in B from
p’ to p, then T; (fp) = T;z(fp). We define f)y = T;(fp) € Hy(I},’), where y is

1
any path in B from p’ to p. Then f,/(q") € S(t;,) C S(t*) for every ¢" € I},.

Proposition 3.1 Let ¢ =cyp: Vi — S(t*) be defined by c|r, = fq for all q € B.
Thence HY(I').

Proof Since the restrictions of c to fibers are classes on fibers, it suffices to show that
c satisfies the compatibility conditions along horizontal edges.

Let (g1, g2) be a horizontal edge of I" and let e = (p1, p»2) be the corresponding
edge of B. Then

c(q2) — c(q1) = fp,(q2) — fpi(q1) = ¥e(fp (q1) — fp (q1)

is a multiple of @, = @ (g1, ¢g2), because ¥, (x) = x + c(x)c, on n;‘,l. Il

Note that ¢ depends not only on the class f on the typical fiber F, but also on the
point p where we start realizing f on I". The choice of p is limited by the fact that
f has to be invariant under the subgroup Hol(F, p) determined by p.

Remark 3.2 Suppose that the S(t*)-module Hy, (F) has a basis {f1,..., fu}
consisting of Hol(F, p)-invariant classes, for some p € B. Let ¢; = Cfips for
Jj=1,...,m. Then the classes cy, ..., c;, have the property that their restrictions
to each fiber form a basis for the cohomology of the fiber.

4 Flag manifolds as GKM fiber bundles

Let G be a connected semisimple complex Lie group, let P be a parabolic subgroup
of G, and let M = G/ P be the corresponding flag manifold. Let 7 be a maximal
compact torus of G, acting on M by left multiplication on G. Then M is a GKM space
and the equivariant cohomology ring Hj (M) can be computed from the associated
GKM graph.

The goal of this section is to briefly review flag manifolds and their GKM graphs.
In the last subsection we will describe the discrete analog of the natural fiber bundle
G/P1— G/P,,withT C P C P, CG.
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4.1 Flag manifolds

In this subsection we review facts about semisimple Lie algebras and flag manifolds.
Details and proofs can be found, for example, in [5] or [15].
Let g be a complex semisimple Lie algebra, ) C g a Cartan subalgebra, and t C f

a compact real form. Let
g=he @ S

acA

be the Cartan decomposition of g, where A C t* is the set of roots. Let A™ be a choice
of positive roots and Ag = {1, ..., a,} C A be the corresponding simple roots. The
choice of AT is equivalent to a choice of a Borel subalgebra b of g,

b=bho® @ga-

acAt

If G is a connected Lie group with Lie algebra g and B is the Borel subgroup with
Lie algebra b, then M = G/B is the manifold of (generalized) complete flags corre-
sponding to G.

For a subset X C Ag of simple roots, let (X) C AT be the set of positive roots
that can be written as linear combinations of roots in X'. Then

P =0 P o= P o) P o
ae(X) ae(X) )

aeAT\(Z

is a Lie subalgebra of g, and the corresponding Lie subgroup P(X) < G is a parabolic
subgroup of G. Up to conjugacy, every parabolic subgroup of G is of this form.
The Borel subgroup B corresponds to ¥ = ¢4, and the whole group G to X' = Ay.
The homogeneous space M = G/ P (X)) is the manifold of (generalized, partial) flags
corresponding to G and X.

The examples considered in Sect. 2.1 correspond to G = SL(n, C).

4.2 GKM graphs of flag manifolds

In this subsection we outline the construction of the GKM graph (I, ) for quotients
of parabolic subgroups; more details are available in [12].

4.2.1 Weyl groups

For flag manifolds, the construction of the GKM graph involves Weyl groups and
their actions on roots, and we start with a few useful results. Let W be the Weyl
group of g, generated by reflections s, : t* — t* for @ € Ag. As a general convention,
we will use Greek letters «, B for roots and axial functions (whose values are, in
this case, roots, and it will be clear from the context whether « is a root or an axial
function), and Roman letters u, v, w, for elements of the Weyl group W. Then wg is
the element of t* obtained by applying w € W to B € t*, and wsg is the element of the
Weyl group obtained by multiplying w € W with the reflection sg € W corresponding
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to the root B. Then wsg = sygw, hence two elements of W that differ by a reflection
to the left also differ by a reflection to the right.

For a subset X C Ap, let W(X) be the subgroup of W generated by reflections
sy corresponding to roots o € ¥. Then, for a root o € A, the reflection s, € W
is in W(X) if and only if « € (X) ([15, 1.14]). For subsets X} C X» C Ay, let
Wi =W (1) and W = W(X)); then Wi < Wo < W.

Lemma 4.1 The set (X5) \ (X1) is Wy-invariant.

Proof 1If B € (X3) \ (X1), then the positive root B is a linear combination of simple
roots in X5, with all coefficients non-negative. Since 8 is not in (X'), there exists at
least one simple root, say «;, that is not in X'y and appears in 8 with a strictly positive
coefficient. If @ € X, then s4 8 = B — ngqo, with ng o € Z. Then s, 8 and B have
the same coefficients in front of the simple roots not in X;. In particular, o; appears
in so B with a strictly positive coefficient, which proves that s, 8 is a positive root.
The simple roots appearing in « and g are all in X, hence s, 8 € (1), and as «; is
not in X'q, it follows that s, 8 € (X») \ (X1). Since W is generated by the reflections
sq With o € X'y, we conclude that (X5) \ (X1) is Wj-invariant. Il

Let w € W and let w = sg, - - - sg,, be a decomposition of w into simple reflec-
tions, with 8; € Xp foralli =1,...,m. If @ € (¥1) and B € (X») \ (X]) then

SBSa = SaSsyf

and s, B € (X2) \ (¥1). We can therefore push all the reflections coming from roots in
(X1) to the left, and get w = usgr...sgr with u € Wy and B, ..., B, € (22) \ (Z1).
We can also push all the reﬂectlons coming from roots in (X7) to the right, and get
w=Ssgr...Spru with u € Wy and B, ..., B/ € (X2) \ (Z1).

4.2.2 Quotients of parabolic subgroups

Let Xy C X C A be subsets of simple roots and
SPX)=PI<P(X)=PL<GC

the corresponding parabolic subgroups. The compact torus 7 with Lie algebra t acts
on M = P,/ P by left multiplication on P, and the space M = P,/ P; is a GKM
space, isomorphic to G’/ P’ for a Levi subgroup G’ of P;. All flag manifolds are of
this type, corresponding to X = Ayp.

We describe now the GKM graph (I, @) associated to M = P,/P;. The fixed
point set M7 is identified with the set of right cosets

Wa/ Wi ={oW; |ve Wa}={[v]|ve W},
where [v] = vW] is the right W;-coset containing v € W,. Vertices [w], [v] are joined

by an edge if and only if [v] = [wsg] for some B € (X3) \ (X1). If [wog] = [w],
then og € Wy, which is impossible if 8 € (X3) \ (X1), because the only reflections
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in W1 are those associated to roots in X'y. Therefore the endpoints of an edge are
distinct and the graph has no loops. For w € W) and g € (X») \ (X1), the edge
e = ([w] — [wsg] = [sypw]) is labeled by @, = a([w], [wsg]) = wp.

We show that the label «, is independent of the representative w € Wj: if
[w']=[w] and [wsg] = [w's), ] with B, ¥ € (X2)\ (X1), then there exist w1, wy € W)
such that w’ = ww; and w’sy = wsgwy. Then sgsy,, = wgwl_1 € Wy, which implies
w1y = xB. Since (X») \ (X) is Wi-invariant, it follows that w;y = 8 and therefore
w'y =ww;y = wp.

The connection along the edge e = ([w], [wsg]) sends the edge e = ([w], [wsg])
to the edge " = ([wsg], [wsgsg ]).

Then (I"(W2/ W1), ) is the GKM graph of the GKM space M = P,/ P;. We will
refer to it simply as W»/ Wy, and it will be clear from the context when we mean the
GKM graph, when just the graph, and when just the vertices.

Example 4.1 We describe the particular cases when P, = G or P; = B, or both.

For M = G/B we have X =0, X, = Ag, Wi = {1} and W, = W, hence
Wy/ W1 = W. Vertices w,v € W of the corresponding GKM graph I'(W) are
joined by an edge if and only if w™'v = sp for some B € AT (or, equivalently, if
v =wsg = sygw), and the edge w — wsg = sypw is labeled by wp.

For M = P(X)/B,wehave X1 =0, X, =X C Ag, Wo = W(X), and W| = {1}.
The GKM graph I" (W (X)) is the induced subgraph of I" (W) with vertex set W (X):
vertices w, v € W(X) are joined by an edge in I'(W (X)) if and only if they are
joined by an edge in I"(W). That happens if v = wsg = sygw for some g € (X'). The
edge w — wsg = sygw is labeled by wp.

For M = G/P(X), we have X» = Ag and X] = ¥ C Ag. The GKM graph is a
graph with vertex set W/ W (X). Vertices [w], [v] € W/ W (X) are joined by an edge
if and only if w™ v = sp for some B € A1\ (X); equivalently, if v = wsg = sypw.
The edge w — wsg = sygw is labeled by wp.

4.3 GKM fiber bundles of flag manifolds

Let X1 & X C Ag be, as above, subsets of simple roots, and let Wi = W(X;) and
Wy = W(X,) be the corresponding subgroups of W. For an element w € W, let
wW; be its class in W/ Wy, and wW, its class in W/ W;. One has a natural map
w: W/ Wy — W/ W, given by m(wWi) = wW,, from the vertices of I"(W/ W) to
the vertices of I"'(W/W,). If X, = Ay, then the base W/ W, is just a point and the
map 7 is trivial. For the rest of this section we will assume that X & Ag. The goal
of this section is to show that 7 is a GKM fiber bundle between the corresponding
GKM graphs.

Theorem 4.1 The projection w: W/ W1 — W/ W, is a GKM fiber bundle with typi-
cal fiber W/ Wy.

Proof Let wW) be a vertex of W/ Wy and let e = (wWj, wsgW1) be an edge of
W/ Wi, with B € AT\ (X). This edge is vertical if and only if sg € W», and this
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happens exactly when g € (X,). Therefore the vertical edges at wW; are
Egy, = {(wWi, wsgWp) | B € (22)\ (1)},

and the horizontal edges are
Huw, = {(wWi, wsgW1) | € AT\ (2)}.

If (wWi, wsgWp) is a horizontal edge, then (wW,, wsgW>) is an edge of W/ W>,
hence 7 is a morphism of graphs, and (d7)yw, : Hyw, — Eww,, is defined by

dm)w(wWi, wsg W) = (wW2, wsgWa).

It is clear that (d7),,w, is a bijection, hence 7 is a fibration of graphs.

Next we show that 7 is a GKM fibration. Let e = (wW;, wsgW>) be an edge of
W/ W,, with B € AT\ (X,). If vWj is a vertex of W/ W in the fiber above w W5, then
v = wu, for some u € Wy. Let B/ = u~! 8. By Lemma 4.1 applied to the pair (A9, X>)
corresponding to (W, Wy), the set AT\ (X)) is Wh-invariant, hence g’ € AT\ (2,).
Therefore ¢ = (vWy, vsg W1) is an edge of W/ W. Since

w(vsg W) =vsg W = wus,-1g Wy = wsguW,y = wsgWs,

it follows that € is the lift of e at vW|. Moreover, if «; and oy are the axial functions
on W/ W; and W/ W,, respectively, then

ai(vWy, vsgWp) = B = wuuilﬂ =wh =ax(wW,, wsgWs),

hence the axial functions are compatible with 7.

Let e = (vWy, vsgW1) and e’ = (Wi, vsg W1) be edges of W/ Wj. The connec-
tion Vy along e moves ¢’ to ¢ = (vsg Wi, vsgsp W1). If B/ € AT\ (X3), then both
¢’ and ¢” are horizontal, and if 8’ € (X,) \ (X), then both are vertical. Hence the
connection along any edge of W/ Wj moves horizontal edges to horizontal edges and
vertical edges to vertical edges. Moreover, if both e and ¢’ are horizontal (and hence
so is €”), then the connection V; along the projection of e moves the projection of ¢’
to the projection of ¢”, which shows that the restriction of V| to horizontal edges is
compatible with V,, and we have shown that 7 is a GKM fibration.

Finally, we prove that v is a GKM fiber bundle. Let p = wW; and ¢ = wsg W, be
two adjacent vertices of W/ Wa, with B € A™ \ (X,). A straightforward computation
shows that the transition map @, , : 71 (p) = 7~ 1(q) is given by

Dy (VW) = sypvWy,
and hence, if ¢’ = (VW1 vsg W1) is an edge of 7~ (p), then
e = (Dpq(WW)), @p g (vsp W) = (swpv Wi, swgvsg Wp)

is an edge of 7~ !(g). Therefore @, , is a morphism of graphs, hence an isomor-
phism, with inverse @lj’}; = @, p. In addition, the connection V; along the lift of
e =(p,q) at vWj moves ¢’ to ¢”. Moreover

ai(e”) = supvB’ = suwp(ai(€)),
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hence, if ¥, ,: t* — t* is given by ¥, ,(x) = sy(x), then its induced restriction
and co-restriction ¥, 4 : v}, — vy is compatible with @, ;. This proves that

((pp,q» wp,q): (W/Wl)p - (W/ Wl)q

is an isomorphism of GKM graphs, hence the fibers are canonically isomorphic,
through an isomorphism compatible with the connection of I'j. We conclude that
7 is a GKM fiber bundle.

All that remains is to show that the fibers are isomorphic, as GKM graphs,
to W2/ Wj. Let p be a vertex of W/ W, and w € W a representative for p. Let
Ow: W/ W — 71 P), o (WW1) = wv Wy and ¥, the restriction and co-restriction
of Yy : t* — t*, ¥, (x) = wx. Note that ¢, and v, depend not just on the class p,
but on the particular representative w. If e = (vW1, vsgWy) is an edge of W,/ W1,
with B € (X3) \ (X)), then &' = (@, (VW)), pwsgW1) = (wvWy, wusgWy) is an
edge of the fiber, and

a1(e') = wup = Yy (ale)).

It is not hard to see that (¢y,, Yy): Wa/ W) — 7 p) is in fact an isomorphism of
GKM graphs, and this concludes the proof of the theorem. g

The example considered in Sect. 2.5 is the particular case of a root system of type
An—1, with 1 =@ and 2> = Ag \ {o1}. The fiber bundle Fi4(C) — Gr»(C*) shown
in Fig. 2 corresponds to the root system As, with Ag = {«1, a2, @3}, ¥ = @ and
2 ={ay, 03}

4.4 Holonomy subgroup

In this section we determine the holonomy subgroup of Aut(W,/ Wi, ) determined
by loops in the base W/ W,.

Let w € Wa, let @y, : Wo/ Wi — Wy /Wy, @, uWy) = wuWp, and ¥, : t* — t*,
¥, (B) = wpB. Then Ty = (@y,, ¥y): Wo/ W — Wy /Wy is a GKM automorphism.
Moreover, the map 7 : W — Aut(Wy/ Wi, @), T (w) = T3, is a morphism of groups
with kernel included in Wi. When W is a normal subgroup of W>, the kernel is W1,
and then the image 7" (W>) is isomorphic with the quotient group W/ Wj.

Proposition 4.1 The holonomy subgroup of Aut(Wy/ Wi, a) is T (W3).

Proof For vg € W let 7~ (vgWa) C W/ W be the fiber through voW>, identified
with Wa/ W1 by (9ug, Yug) : Wa/ Wi — 7 (g W2).
Let y € £2(voW>) be a loop in W/ W, based at vy W», given by

vWo - vyWo — -+ = v, Wo = v, Wo = vg W5,
where v = vg_15g,, with B € AT\ (X)) fork=1,...,m,andletw = vo_lvm. Then
w =sg, ---5p,, and since y is a loop, we have w € W5.
Let ¢, : Wo/ W1 — W,/ W, be the map

—1 -1
Py =@yy © Py 0 Puy =Py © Loy | Wa,0, Wa O+ © oWy, vy W5 © Py
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Then
Do Wa, v Wa © Pug (UW1) = sy, Vou W1 = vosg uWi = @y (uWy).
Continuing with the other edges of y, we get
0y W) = @ g, WW1) = By (W),
hence ¢, = @,,. Similarly, ¥, = ¥, and hence p, = 7;,. We conclude that
Hol(W2/ Wi, voW2) C T (W2).

We now show that for every v € W, there exists a loop y in W/ W,, starting and
ending at voW», and such that p, =7 (v).

Let o; € ¥ & Ag. The Weyl group W acts transitively on A, hence there exists
w € W such that wa; € A1\ (%), Let w = uv be a decomposition of w such that
ueWyandv=sg, ---sg, With B1,..., Bn € AT\ (Z2). Then u'we; € AT\ (X,),
because AT\ (X,) is W;-invariant. Consider the path y in W/ W, that starts with

voWo — vosg, Wo — -+ — vosg,, - - sg, Wa = vov_le,
continues with
vov ™' Wy — vovflsu_uwai Wy — vovflsu_lwaisﬁl Wy — vovflsquais,glsﬁz Wa,
and ends with
vov_lsu_|waisﬁ|sﬂ2 W) — - — vov_lsu_|waisﬁ|sﬂ2 58, W2
= vovflsu_lwai vWs.
This path is a loop because vov’lsu_lwaiv = VpSe; and «; € X, and
Py = TUOU()_ISI' = T(S,‘).
Since W is generated by s; = 54, for a; € X», we conclude that
Hol(W2/ W1, uoW2) =T (W),

and the holonomy group of the typical fiber does not depend on the base point. [

4.5 Bases of invariant classes

We use the GKM graph of M = G/ B to describe equivariant cohomology classes in
H}(M). The ring Hj (W) consists of the maps f: W — S(t*) such that

fwsp) — f(w) € (wB)S(t")

foreverywe Wand B e AT,
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The Weyl group action on t* induces an action of W on H} (W), given by
w-f=fY W= SE), o) =wlfw).

Let K be a compact real form of G containing 7. Then (see, for example, [8, Sect.
4.7]) the subring of W-invariant classes is

H:(W)W ~ H}"(M)W ~ Hg(M)=Hg(G/B) = Hj (K/T) ~ S(t").
An explicit ring isomorphism from S(t*) to H} (W)W is given by
cr: S - HyWY,  er(@)=v-q, (4.1)

for all ¢ € S(t*) and v € W. The inverse is ;' : HX (W)Y — S(t), ¢ (f) = f(1).

We will show in Sect. 6.3 that the S(t*)-module H;(W) has bases consisting of
W -invariant classes. The isomorphism cr establishes an explicit correspondence be-
tween such bases and S(+*)" -module bases of S(t*).

Theorem 4.2 Let q1,...,qn be elements of S(t*) and fi = cr(qi), i =1,...,N
the corresponding W -invariant classes. Then { f1, ..., fn} is a basis of Hj (W) over
S(t*) if and only if {q1, . .., qn} is a basis of S(t*) over S(t*)V.

Proof Assume first that { f1, ..., fy} is a basis of H} (W) over S(t*).
Suppose that ay, ..., ay are elements of S#)W such that

aiq1 +---+angn =0.
Then for every v € W we have
ve(aiqi+--+angn) =0 = a1 fi()+ - +ayfn) =0,
and since this is valid for every v € W, we conclude that
aifi+---+anfn=0.

But the classes fi,..., fx are independent, hence a; = --- = ay = 0. Therefore
g1, ..., qy are linearly independent over S(t*)"V.

Let g € S(t*). Then cr(g) € H} (W), hence there exist ay, ..., ay in S(t*) such
that

cr(@)=arfi+---+anfn.
Then for every v € W we have
cr@@ D =a i+ +ay iy =
vig=av g4+ tavw gy =

g=W-a)g1+---+@-an)gn.
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Averaging over W we get

qg=bigq1+---+bngn,

where foreachk=1,..., N,

1
bk=— V- dag

veW

is an element of S(t*)V . This proves that g1, .. ., gy also generate S(t*) over S(t*)",

and therefore {g1, ..., gn} is a basis of S(t*) over S(t*)".

Conversely, assume now that {g1, ..., gy} is a basis of S(t*) over S(t*)".

Let {o1,...,0n} be a basis of H} (W) consisting of W-invariant classes. There
must be exactly N such classes, because by the first part {r; =0;(1) |i =1, .., N} is
a basis of S(t*) over S(t*)V, and all bases of a free module over a commutative ring
have the same number of elements.

Let A € GLy(S(t*)") € GLy (S(t¥)) be the change-of-basis matrix from the ba-
sis {r1, ..., ry} to the basis {g1, ..., gn}:

qi =ayir1 +---+anirn
foralli =1..., N. Since the entries of A are W-invariant, for v € W we have
fiv)=v-gi=ajv-ri+---+aniv-ry =aj;o1(v) +--- +ayjoy(v)
and therefore

fi=aiio1+---+anioy

foralli =1...,N. Since {0}, ...,on} is a basis and A is invertible, it follows that
{f1,..., fn}is also a basis, and that concludes the proof. O

5 Fibrations of classical groups

In this section we consider the GKM bundle W — W/ Wg when S = Ag\ {«1}, where
Ay is the set of simple roots for a classical root system and « is one of the endpoint
roots in the Dynkin diagram. By recursively applying Theorem 3.1, we construct a
basis of H} (W) consisting of W-invariant classes.

5.1 Type A

The set of simple roots of A, (forn > 2)is Ag = {«1, ..., «,}, Wwhere o; = x; — xj4+1,
fori =1, ..., n. The set of positive roots is

AT ={x—xj|1<i<j<n+1}
and x; —xj=o; +---+a;_1. If S={a2, ..., @y}, then

(S)=f{xi—x;|12<i<j<n+1},
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is the set of positive roots for a root system of type A,_1, and
AT\(S)=(Bj I Bj=x1—x;,2<j<n+1}={o1+ - +a; | I <j<n}
Let
w1 =[id] and (,()jZ[S/gj], for2<j<n+1.

Then W/ Wg = {w1,...,wn+1}, and the graph structure of W/ Wy is that of a
complete graph with n 4 1 vertices. If 7: W/ Wg — t* is given by t(w;) = x; for all
i=1,...,n+ 1, then the axial function « on W/ Wy is given by

a(wi,w;) =t(w;) —T(wj) =X; — X

and T € HO} (W/Wg) is a class of degree 1. Using a Vandermonde determinant ar-
gument, one can show that the classes {1, 7, ..., t"} are linearly independent over
S(t*), and in fact form a basis of the free S(t*)-module H;(W/Ws).

The Weyl group W is isomorphic to the symmetric group S, 41, acting on roots by

w - (Xi = X)) = Xuwi) — Xw())-

The simple reflection s; acts as the transposition (7, i + 1), and, more generally, the
reflection associated to the root x; — x; acts as the transposition (i, j). The subgroup
Wy is the subgroup of W = S, consisting of the permutations that fix the element 1.
With the identification W/ Wg >~ K, 1, the projection 7: W — W/ Wy is the map
70 Spt1 —> Kpt1, m(w) = w(l).

Remark 5.1 This is essentially the example discussed in Sect. 2.5, and corresponds to
the fiber bundle of complete flags over a projective space. The group G is SL,+1(C),
the Borel subgroup B is the subgroup of upper triangular matrices, and the parabolic
subgroup P is the subgroup of G consisting of block-diagonal matrices, with one
block of size 1 x 1 and a second block of size n x n. Then G/B ~ FI(C"*!) and
G/P ~ CP". The projection 7 : FI(C"*!) — CP”" sends the flag

Ve: V1CV2C-~~CV,1CC”+1

to 7w (V,) = Vj. For an element L € CP", hence a one-dimensional subspace of cntl
the fiber 7 ~!(L) is diffeomorphic to FI(C"t!/L) ~ FI(C").

For a multi-index I = [iy, ..., i,] of non-negative integers, we define

x! =x1""x - x)n

and let ¢; = ¢y (x!) be the corresponding W-invariant class ¢y : S,4+1 — S(t%),

I

ctw)=u-x' = xlil(l) . -xi”(n);
then x! = ¢;(id), where id is the identity element of the Weyl group W = §,,;1. We
will construct a basis of the S(t*)-module H (W) consisting of classes of the type c;

for specific indices /.
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Table 1 Invariant classes on

W(Ay) 0,00  €[o,11 €[00 €L €01 €[2,1]
id 123 1 X X1 X1x2 xl2 x%xz
S1 213 1 X1 X XX x5 x%xl
$2 132 1 X3 X1 X1X3 x12 x12x3
S152 231 1 X3 X2 XX3 x% X%X3
5281 312 1 X1 X3 X3X1 x% x%xl
sysps1 3211 X X3 X3xp x% x%xz

Consider the GKM fiber bundle 7 : S3 — K3, w(u) = u(1). The fiber A 3) is
canonically isomorphic to $>, and since S» >~ K», the cohomology of §; is a free
S(t*)-module with a basis given by the invariant classes cjo; and cfyj. The invariant
class cy) on this fiber is extended, using transition maps between fibers to the constant
class cjp,0; = 1 on the total space. The invariant class c|1] extends to the class cjo,1];
the shift in index is due to the fact that the axial functions on fibers are different.
The cohomology of the base K3 is generated, over S(t*), by 1, 7, and 72, and these
classes lift to basic classes c[o,0], c[1,0], and c[2,0] on S3. Theorem 3.1 implies that the
cohomology of S3 is a free S(t*)-module, with a basis given by

{er11=1i1,i2],0<i; <2,0<ip < 1.

Their values on W(A,) = S3 are given in Table 1.
Repeating the procedure further, we get the following result.

Theorem 5.1 Let
Ap={I=li1,....in] |0<i1 <n,0<ia<n—1,...,0<i, < 1}
Then
{C[ :CT(XI) | I e An}
is an S(t*)-module basis of H} (Ay), consisting of invariant classes.
By Theorem 4.2 it follows that, in type A,, {x/ | I € A,} is a basis of S(t*) as

an S(t*)" -module. Observe that the top degree class is generated by the top degree
Schubert polynomial.

5.2 Type B
The set of simple roots of B, (forn > 2)is Ag = {«y, ..., a,}, where o; = x; — xj 41,
fori=1,...,n— 1 and o, = x,. The set of positive roots is

AT ={x | 1<i<n}U{x x| 1<i<j<n)
If S ={ay, ..., ), then

<S>:{xi|2<i<n}u{xi:|:x]'|2<i<j§n}
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1, -
T (wy)
wy 8281 828182
T1+2 52 -~ > 515251582 = 52515251
Wy ! (wf) ) .
3! |
Wfr ) (wy)
T T2
- . N .
1 —xT2 T2 id > . 518981
xr1—x2 S~ x1+x2
w;r s1 T1 s182
—1(,,+
T (wy)

Fig. 5 Fibration of By

is the set of positive roots for a root system of type B,_1, and

ATN(S) = (1 =x1}U By =x1 Fxj12<j <n).

Let
of =[dl, o] =[s],
a)j = [sﬂ;_r] =[sx,—x;] for2<j<n,
w; = [sﬂj—] =[sx4x;] for2<j<n.
Then W/ Wg = {w?’, W],y a)j, w, }, and the graph structure of W/ Wy is that

of a complete graph with 2n vertices. (The case n = 2 is shown in Fig. 5.) If 7 is the
map t: W/ Wg — t*, t(a)j) =exj, with 1 < j <n and € € {+, —}, then the axial
function « is

Note that although W/ W and K5, are isomorphic as graphs, they are not isomorphic
as GKM graphs. One way to see that is to notice that

a(of 07) +aloy.05) +a(w; . 6f) = £0

Nevertheless, as in the K>, case, the set of classes {1, 7, ..., 12"_1} is a basis for the
free S(t*)-module H}(W/Ws).

An alternative description of the Weyl group W is that of the group of signed
permutations (u, €), with u € S, and € = (ey, ..., €,), €; = 1. The element (u, €)
is represented as (eju(l), ..., €,u(n)) or by underlying the negative entries.

Then sy; is just a change of the sign of x;, sy,—x; corresponds to the transposi-
tion (7, j), with no sign changes, and Sxi+x) corresponds to the transposition (i, j)
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Table 2 Invariant classes on W (B>)

€[0,0] €[o,1] €[1,0] L [2,0] 2.1 €[3,0] 3.1
id 12 1 X2 X1 X1X2 x]2 xlzxz x13 x13x2
K 21 1 X1 X2 X1X2 x% x%xl x% x%xl
k%) 12 1 —X2 X1 —X1X2 x% —x%xg x? —x%xz
51852 21 1 —X1 X2 —X1Xx2 x% —x%xl xg —x%xl
5251 21 1 X1 —X2 —X1X2 x% x%xl —x% —x%xl
515251 12 1 X2 —X1 —X1X2 —x12 x12x2 —x% —x?xz
525152 21 1 —X1 —X2 X1X2 x% fx%xl fxg x%xl
51825152 12 1 —X7 —X1 X1X2 x12 —xlzxz —x? x?xz

with both signs changed. In particular, id is the identity permutation with no sign
changes, sg, is the identity permutation with the sign of 1 changed, Sgt is the
J

transposition (1, j) with no sign changes, and Sg- is the transposition (1, j) with
J

sign changes for 1 and j. In general, if u € S, and € = (1, ..., €,) € Z}, then the
element w = (u,€) € W acts by (u, €) - xx = exx,x). Then W/Wg can be identi-
fied with {1,+£2,...,£n} by a)j — €j, and the projection w: W — W/ Wy is
7((u, €)) = €ju(l).

For I =iy, ...,i,],letc; =cr(x!): W — S(t*) be given by

cr((u, €)) = (€12u(1))™ - - (€nXu(m)™.

Then ¢; € (HJ(W))W is an invariant class, and we will construct a basis of the free
S(t*)-module H} (W) consisting of classes of the type c;, for specific indices 1.

When n = 2, the fiber over 2 is 7~ 1(2) = {(2, 1), (2, —1)} and is identified with
Ws = S = {1, —1}. A basis for H}(Ws) is given by the invariant classes {c[o, c17}.
where cjo) = 1 and c[1j(1) = x1, ¢c[1(—1) = —x;. These classes are extended to the
invariant classes c[o,0] and cpo,1; on W.

The classes 1, 7, 72, and 73 on the base lift to the basic classes c(o.0], €[1.0]» €[2.0]»
and c[3,01 on W. Then a basis for the free S(t*)-module H} (W) is

{er 1 1=11,02),0<i1 <3,0< i < 1.

The values of these classes on the elements of W (B,) are shown in Table 2.
Repeating the procedure further, we get the following result.

Theorem 5.2 Let
By={I=Ti1,....in] |0<i1 <21 —1,0< i <21 —3,...,0<iy < 1}

Then
{cr |1 € By}

is an S(t*)-module basis of Hy (W (B,,)) consisting of W-invariant classes.
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By Theorem 4.2 it follows that, in type By, {x! | I € B,} is a basis of S(t*) as an
S(#*)W -module.

5.3 Type C
The set of simple roots of C,, (forn > 2)is Ag = {«1, ..., «,}, where o; = x; — xj 41,
fori=1,...,n— 1 and a, = 2x,. The set of positive roots is

AT =2x [ 1<i<n}Ulx x| 1<i<j<n}
If S={ay,...,qa,}, then
($)={2x |2<i<n}U{x;£x;2<i<j<n}
is the set of positive roots for a root system of type C,_1, and
AT\(S) = {p1 =2} U {7 =x1 Fx; [2< ) <n).
Let
o) =[id], w; =[sg],
of =lsgrl=lsq -] for2<j<n,

a)]_ = [S/f‘,-_] = [Sx|+x_,] for2 < j<n.

This is essentially the same as the type B case, and W(C,) >~ W(B,) is the group
of signed permutations of n letters. Then W/ Ws = {0}, w[, ..., 0, w, }, and the
graph structure of W/ Wy is that of a complete graph with 2n vertices. The axial
function on W/ Wy is given by
€; €j €; €j
(0 o) =1(0]) — (o).

hence W/ Wyg is isomorphic, as a GKM graph, with a projection of the complete graph
K>, Then H (W(C,)) = H} (W (By)), with B(C,) = B(B,) as a basis consisting of
invariant classes.

5.4 Type D
The set of simple roots of D, (forn > 3)is A9 ={ey, ..., oy}, where o; = x; — xj 41,
fori=1,...,n—1and o, = x,—1 + x,. The set of positive roots is

At ={x; —xj |1<i<j<n}Ufx;+x;|1<i<j<n}
If S={ay,...,a,}, then

(S)={xi—xj|12<i<j<n}U{x;+x;[|2<i<j<n}
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If n > 4, then (S) is the set of positive roots for a root system of type D,_1 and if
n =3, then (S) is the set of positive roots of A; x Aj. In both cases

ATN(S) ={B =x1 —x 12<i <n}U{B7 =x1 +xi |2<i <n}.
Let

jsn,

of =lidl, oy =lssser]=[sge55-1 forall2<j <
2<i<n.

o = [sﬁi+], w; = [sﬂ[_f], for all

Then W/ Wg = {a)?', @, a)n ,w, } and the graph structure of W/ Wg is that
of the complete n-partite graph K, with partition classes {a) w; }for 1 <i<n If
T: W/ Ws — t* is given by 7(wf) = €x;, where € € {+, —}, then the axial function
aon W/ Ws is

ot(a)?,a);j) =1(w) —r(a);j) =€iXj — €jX].

Then H}(W/Ws) is a free S(t*)-module, and a Vandermonde determinant argu-
ment shows that a basis is given by 1, 7, ..., 7272 and n=xp-- ~x,,1:’1.

An alternative description of the Weyl group W is that of the group of signed per-
mutations (u, €) with an even number of sign changes. Then sy, _x; corresponds to
the transposition (i, j), with no sign changes, and sy, 4+, corresponds to the transpo-
sition (7, j) with both signs changed. In particular, id is the identity permutation with
no sign changes, Spr is the transposition (1, j) with no sign changes, s B7 is the trans-

position (1, j) Wlth sign changes for 1 and j, and sﬁ+s i is the 1dent1ty permutation

with the sign changes for 1 and j. In general, if u € Sn and € = (€1,...,€,) € Z
with €1 ---€, = 1, then the element w = (u,€) € W acts by (u,€) - x; = ekxu(k).
Then W/ Wg can be identified with {1, +2,...,£n} by wf — €1, and the projec-
tionmw: W — W/ Wgism((u,e)) =eu(l).

For I =[iy,...,i,],letc; =cr(x!): W — S(t*) be given by

Ccr ((”» G)) = (elxu(l))i1 ce (Enxu(n))in-

Then ¢; € (H;(W))W is an invariant class, and we will construct a basis of the free
S(t*)-module H} (W) consisting of classes of the type c;, for specific indices 1.
When n = 3, the fiber 7 ~!(3) of the GKM fiber bundle r : D3 — K is

7' 3) ={(3,1,2),(3,2,1),3, -2, -1), 3, -1, -2)}

and is identified with Wg = S> x S, = {(1,2), (2, 1), (-2, —1), (-1, —=2)}. Then
H}(Wys) is generated by the Ws-invariant classes {c; | I € D,}, where

D, = {[0,0],[1,0],[2,0], [0, 11}.

The classes 1, 7, 72, T3, 4, n on K% lift to the basic classes c[0,0,01, €[1,0,0]> €[2,0,0]
€[3,0,0]> €[4,0,0]> and c[o,1,17- Then a basis for the free S(t*)-module H} (W) is

{er |1 =1i1.i2.i3] € D3},
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where D3 is the set of triples [i1, i2,i3] € Z>o’ such that iiri3 = 0 and either
i1 <4,iy<2,i3<1orlij, iz i3] =1[0,1,2] or (0,3, 1].
Repeating this process further, we get the following general result.

Theorem 5.3 Let D, be a set of multi-indices defined inductively by

1. D, ={[0,0],[1,0],[2,0], [0, 1]};
2. lity...,inl €Dy if

-0<i1<2n—2andlis,...,iy] €Dy_1, or
—i1=0andlir—1,...,i,—1]1€D,_;.

Then
{ci | I € Dy}

is an S(t*)-module basis of H}}(Dy) consisting of W -invariant classes.

By Theorem 4.2 it follows that, in type Dy, {XI | I € Dy} is a basis of S(t*) as a
free S(t*)" -module.

6 Symmetrization of Schubert classes

In Sect. 5 we constructed invariant classes for classical groups by iterating the GKM
fiber bundle construction. In this section we present a different method of construct-
ing invariant classes.

6.1 Symmetrization of classes
Recall that the ring H (W) consists of the maps f: W — S(t*) such that
fwsp) — f(w) € (wh)S(t)
for every w € W and B € AT, and the holonomy action of the Weyl group W is
w-f=f""W->SEt), o) =wfw).

For every u € W, there exists a unique class t, € H} (W), called the equivariant
Schubert class of u, that satisfies the following conditions:

1. 7, is homogeneous of degree 2¢(u), where £(u) is the length of u;
2. 1, is supported on {v |u < v}, where < is the strong Bruhat order, and
3. 1, is normalized by the condition

nw=[[{s1Beat u'pea}.

The set {1, | u € W} of equivariant Schubert classes is a basis of the S(t*)-module
H(W); however, these classes are not invariant under the action of W on H (W).
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For f € H} (W) we define the W-invariant class f™: W — S(t*) by

sm_i w
S = 2

weW

where the permuted class f¥: W — S(t*) is givenby f*(u) =w™'- f(wu),u € W.

For every w € W, the permuted classes {7’ | u € W} form a basis of the S(t*)-
module HJ(W). The main result of this section is that the symmetrized classes also
form a basis of the H (W), and these classes are W -invariant.

6.2 NilCoxeter rings

We start by recalling a few things about nilCoxeter rings. More details are available,
for example, in [17].

These rings are defined for general Coxeter groups, but we will only need them
for Weyl groups, for which we will use the notation introduced in Sect. 4.

Let W be a Weyl group, with simple positive roots {a1,...,a,} and let s; = sy,
be the reflection generated by the simple root «;, for 1 <i < n. The nilCoxeter ring
'H is the ring with generators {u; |i =1, ..., n} satisfying ulz =0foralli=1,...,n
and the same commutation relations as {s; |i =1, ..., n}.

If w=s;, ---s;, is areduced decomposition of w € W (hence £(w) =r), we define

Uy = Ujy -+ Uj, .

r

The definition does not depend on the reduced decomposition, and

wos if L =/ + £(v),
o= { Lo L) =00 20

otherwise.
Foreveryi =1,...,n,let h;(x) =1 4+ xu;, where x is a variable that commutes
with all the generators uy, ..., u,. Then h; (x) is invertible and hi ()~ = hi (=x).

If w =s;, ---s;, is a reduced decomposition of w € W, define H,, € H ® S(t*) by
Hll) = hi| (ai] )hi2 (Si] aiz) e hir (Si| e Sl',_] air)
=0+ oy u; )+ i 0,ui,) - (1485080, 0, 1,). (6.1)

The definition of H,, does not depend on the reduced decomposition of w.
In [2, Theorem 3], Billey showed that

Hy = Z Ty (W)tty (6.2)

veW

and used this formula to prove an explicit positive formula for t,(w), as a sum of
products of positive roots (see also [1, Appendix D]). In particular,

14
Ty(w) € Z;g)[al, ceey O]

@ Springer



J Algebr Comb (2012) 35:19-59 53

is a homogeneous polynomial of degree £(v) in the simple positive roots o1, ..., oy,
with non-negative integer coefficients. Moreover, H,, is invertible, and

_ -1
Hy' = hi, (=siy -+ si,_yei,) - hiy (=) = Y (=D g i(wiuy. (6.3)
veW

Lemma 6.1 If w,v € W, then
va = w wHU' (64)

Proof If £(v) =0, then v =1, H, = 1, and the formula is clearly true.

The proof is made in four steps.

Step I: v =sy; and £(ws;) =€(w) + 1. Let w =s;, - - - 5;, be a reduced decomposi-
tion of w; then ws; =s;, - - -5, 5; is a reduced decomposition for ws;, hence

Hyys; = hy (ot Yhiy (siiy) -« b, (Siy - o080, )G, (Siy - -+ 8i,0)
= Hy, - hi(wa;) = Hy - whi(a;) = Hy, - wH;,.

Step 2: L(wv) =L(w) +£(). If v=3s;, ---5;, 1s a reduced decomposition for v,
then ws;, - - - s;, is a reduced decomposition for every k =1, ..., r, and hence Step 1
applies in all those cases. Hence

Hyy = WS Sy Sip st,'] Si_g " ws;y - -~ Sirflhir (air)

= stil eSi

iy Wha (Siy e esi,_ g 0t,)

= Hy - wh; () - wh;, (si) - -8, 04,) = Hy - wHy.

Step 3: v =5; and £(ws;) = £(w) — 1. Let w =s;, ---5;, be a reduced decom-
position of w; then by the Exchange Condition, there exists an index k such that
ws; = wiwy, where wy = s;, - --s5;,_, and wy = s, - -+ 5, are reduced decomposi-
tions. Let j = ix. Then w = wys;jwz, s;w2 = was;, and £(was;) = £(w2) + 1.

Then, by the result of Step 2, we have H,, = wisjwy = Hy, - wy Hsjwz, hence

Hy - wH; = Hy, - w; Hs_,-wz cwisjwy Hy, = Hy, - wy (Hyy,s; - was; Hy,)

= Hy, - wi(Hy, - w2 Hy;, - wys; Hy,) = Hyy, - w1 (Hy, - wa(Hy, - s; Hy;)).
But Hy; - s; Hs; = (1 + aju;)(1 — oju;) = 1, hence
Hy, -wHy, = Hy, - w1 Hyy = Hyw, = Hys;
At this point we have proved that the formula is true for all w and v = ;.

Step 4: For the general case we follow the same argument as for Step 2, using
Step 1 or 3 to move over a simple reflection in the reduced decomposition of v. [

We use Lemma 6.1 to obtain the transition matrices between a basis of permuted
Schubert classes and the original basis of Schubert classes.
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Theorem 6.1 Leta,b, w € W. Then

T, = Z Tt (w72, (6.5)
b< La

T = Z (—1)l(bail)fha*1 (w™ ")z (6.6)
b< La

where < is the left weak order, defined by v <[ u <— v = Lw) — L(v).
Proof Let v e W. By (6.4) we have
Hy=H, 1 -w 'Hy, 6.7)

which, using (6.2) and identifying the corresponding coefficients, yields

7, (V) = Z T,(ufl) cw g (wy) = Z Typ-1 (wfl)t,;”(v).
th=a b< a
L(t)+e(b)=t(a)

Since this is true for all v € W, we get (6.5).
From (6.7) we get

w™ Hyy = H ! H,,
which, using (6.2)—(6.3) and identifying the corresponding coefficients, yields
—1 _
ww= > D (w ) nw)

th=a
L(t)+L(b)=L(a)

= Z (—l)[(b“_l)tbaq (w_l)r;,(v).

b< La
Since this is true for all v € W, we get (6.6). O
If we W then BY = {t)’ |u € W} is a basis of H}(W) as an S(t*)-module.

By (6.5) the transition matrix a” between BY and the basis B = {t, |u € W} is the
lower triangular (with respect to the weak left order) matrix

au v .
’ 0, otherwise.

v _ { (=D Dy, Y, ifv<iu
Since 7,1 (w™!) € Z>ola, . .., @] is homogeneous of degree £(vu~!), we have

a,, € Zgg)_e(v)[—al, e, =]

Hence the nonzero entries of " are homogeneous polynomials in the negative simple
roots, with non-negative integer coefficients, and the diagonal entries are 1. By (6.6),
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the inverse of a" is the lower triangular matrix b with entries

pY — Tuv—l(w_l), ifv<pu
v 0, otherwise.

The nonzero entries of b are homogeneous polynomials in the positive simple roots,
with non-negative integer coefficients, and, again, the diagonal entries are 1.

6.3 Symmetrized Schubert classes

The next result gives the decompositions of symmetrized Schubert classes in terms
of Schubert classes and proves that the set 5™ = (t" |u € W} of symmetrized
classes is a basis of H}(W).

Theorem 6.2 For everyu € W, let 1, be the symmetrization of t,. If

o' =), (6.8)

veW

is the decomposition of Ty’ in the Schubert basis, then

1. The matrix (a, )y v is lower triangular with respect to the left weak order:
ay,#0 = v<u.

2. The entries on the diagonal are all 1:
ayu=1 forallueWw.

3. The set BY™ = {t,”" | u € W} is a basis of the S(t*)-module HX(W).

Proof If u € W then

e e Y Y= X (g S )
wew weW v u v pu wew

Therefore

au’v— E CZ

wEW

hence (ay,)u,v 1s lower triangular with respect to the left weak order, with entries on
the diagonal equal to 1. Such a matrix is invertible, and since 3 is a basis of H (W),
it follows that BSY™ is also a basis. O

Remark 6.1 For v < u we have
(Wlawy € 255~ Vl=ar. ... —ayl,

because for all w € W, @,/ , is a homogeneous polynomial of degree £(u) — £(v) in
the negative simple roots, with non-negative integer coefficients.
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6.4 Decomposition of invariant classes

Theorem 6.2 gives the decomposition of a symmetrized Schubert class 7, in

the Schubert basis {7, },. In this section we show how a general invariant class

cr=cr(f)e H;(W)W, defined by (4.1), decomposes in the Schubert basis.
Fori=1,...,nletd;: S(t*) — S(t*) be the divided difference operator

E—S,’-E

o

oE =

If w=s;5i,-si, is a reduced decomposition for w € W, let e(w) = (—1)*®)
and

By = 03,0y -+ 0

im >
the notation is justified by the fact that the result of the composition depends only on
w and not on the reduced decomposition of w.

Proposition 6.1 If f € S(t*), then

cr=Y_ (ew)dyf)Tu.

weW

Proof We have to show that for every v € W we have

vof =Y ()i f)Tu (),

weW

and we prove this by induction on the length £(v) of v.

When £(v) =0 we have v = 1 and the only Schubert class t,, that has a nonzero
value at v = 1 is the one corresponding to w = 1, with 71 (1) = 1. Then d,, f = f and
the formula is obviously true.

Now suppose the formula is true for all v such that £(v) < k and let u € W such
that £(u) = k + 1. Then u can be written as u = s;v for some i =1, ..., n and some
v € W such that £(v) = €(u) — 1 = k. Then

D (@) f) @) =Y () f) Tu(siv).
weW weW

But

a-s~‘[i ('L)), ifS‘w<w9
Tw(siv) = 5iTyw (V) + {Ol o othlerwise

This follows from 7, (s;v) = s; - T, (v) and our formula for 7,/ or from [16].
Hence

D (e f) Twlsiv) = Y () f) sitw®) + Y (W) f) tisi Ty (V).

weW weW Siw=<w
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Howeyver, since

99, — 0y ifs;w<w,
Siv 10 otherwise,

we can rewrite the last sum and using € (w) = —e(s;w) we get

D () £)Tu(siv)

weW

= Y (e f)siTw®) = Y (€(siw)d; dy;u f)ti i Ty (V)

weW weW
= > (e f)siTw @) — > (€(w)d; 0 f )etisi T (v)
weW weW
O f —si0w f
= Y () f)sitw®) = Y e(w)=—"=aisi 7, (v)
=Y e)si@u Nsitw@) =s; Y (€W)dy ) 7w (v).
weW weW

From the induction hypothesis the last sum is v - f and therefore

D (@) [Tu@) = Y (e@)dy f)Tu(siv) =si- (v f)=(siv)- f=u- f.

weW weW

The induction is complete and that concludes the proof. O

Remark 6.2 Comparing Proposition 6.1 with [14, p. 65], we see that
cr: S(*) — Hip (M) = HF W)V
is an equivariant version of the characteristic homomorphism c¢: S(t*) — H*(M).

6.5 Decomposition of symmetrized Schubert classes

For w € W, the symmetrized Schubert class t;ym is an invariant class and
T = cr(fw), where
1
Sw = ts)ym(l) = Wl vl 7, (V) € S(tY).
| |veW

In this subsection we prove a simple formula for f,, and we use it to revisit the
.. sym . . .
decomposition of ) in terms of the equivariant classes T)s.

Theorem 6.3 Let wq be the longest element of W and Ay = Ty, (wo) = Ha>0“ the
product of all positive roots. If w € W, then

e(w)

fw—m

D1y (0. (6.9)
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Proof We prove this result by descending induction on £(w). For w = wg we have

e Z v TwO(U) = Wwo “Ao= Wawalwo(AO)’
veW

because the action of wy L changes all positive roots to negative roots.
Suppose that (6.9) is true for u and let w = us; < w for a simple reflection s;.
Then w'wg = s;u~'wp and £(w) = £(u) — 1. This implies

E(siu wo) = L(wo) — L(siu—1) = L(wo) — L(us;) = L(wo) — £(u) + 1
=£(s;) + £ "wp)

and therefore 9,,-1,,, = 9;9,-1,,,. Hence the right hand side of (6.9) becomes

el ) (A )——283 (A)——a-(f)—_i(f — 5 fa)
|W|ww00 (W] u—lwo \20) = lu—aiu i Ju)-
But
_aii(fu—si-f,,)— Wi l(yZv T (V) — vgv%/s, ‘[u(v)>

and, after a change of variables in the second sum and using [16, Prop. 2],

Ma “1, (Ag) = (tu(v) — Tu(vs))
|W| w~wo u u L
_ L Z (tu(v)—ru(vSi)>
Wl & v (—a)
1
e Z “Tw(V) = fu,
| ew
completing the proof. g

Remark 6.3 Combining Theorem 6.3 and Proposition 6.1 we get

'C;)ym = |]W| Z (8(U)8(w)avw_1w0(AO))TU’

v w

hence the entries of the transition matrix in Theorem 6.2 are given, for v <z u, by

s(vufl)

1
Ay = = U)EW)0,,~1,,(Ao) = W]

W D1y (A0)- (6.10)

Remark 6.4 Since {t;; "}, is a basis of H *(W) over S(t*), Theorem 4.2 implies that
{fwlw is a basis of S(t*) over S(t*)". Therefore, if A is the product of positive
roots, then {d,, Ao}y is a basis of S(t*) over S(t*)V.
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