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Abstract The motivation for this paper comes from the Halperin—Carlsson con-
jecture for (real) moment-angle complexes. We first give an algebraic combina-
torics formula for the Mdobius transform of an abstract simplicial complex K on
[m] ={1,...,m}in terms of the Betti numbers of the Stanley—Reisner face ring k(K)
of K over a field k. We then employ a way of compressing K to provide the lower
bound on the sum of those Betti numbers using our formula. Next we consider a class
: DS . :

of generalized moment-angle complexes Z,~~, including the moment-angle com-
plex Zk and the real moment-angle complex RZg as special examples. We show
that H *(ZI((D’S); k) has the same graded k-module structure as Tor*M(k(K), k). Fi-
nally we show that the Halperin—Carlsson conjecture holds for Zk (resp. RZk) under
the restriction of the natural 7™ -action on Zg (resp. (Z;)™-action on RZ).

Keywords Mobius transform - Moment-angle complex - Halperin—Carlsson
conjecture
1 Introduction

Throughout this paper, assume that m is a positive integer and [m] = {1, ..., m}.
Also, k¢ denotes the field of characteristic £ and k denotes a field of arbitrary char-
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acteristic. Let
olmlx _ {f|f 2 7,027, = {0, 1}}

consist of all Z/2Z-valued functions on the power set 2, Then 2"1* forms an
algebra over Z/27 in the usual way, and it has a natural basis {8,|a € 2”1} where 8,
is defined as follows: 6,(b) = 1 <= b = a. Given an element f € 2lml* “the inverse
image of f at 1 is called the support of f, denoted by supp(f). We say that f is nice
if supp(f) is an abstract simplicial complex. Thus, we can identify all nice functions
in 21 with all abstract simplicial subcomplexes in 21, On 2U"*, we then define a
7./27-valued Mobius transform M : 20 — 2lml* by the following way: for any
fe2m*anda e 2™, M(f)a) =Y e, f(b).

Now suppose that f € 2U"1* is nice such that K = supp( f) is an abstract simplicial
complex on [m]. Let k(K) be the Stanley—Reisner face ring of K. The following
result indicates an essential relationship between M (f) and the Betti numbers of
k(K).

Theorem 1.1 (Algebraic combinatorics formula)
h
M =33 gPs,
i=0 ge2lm]

where h denotes the length of the minimal free resolution of K(K), and ﬂl.k ;K) denote
the Betti numbers of K(K) (see Definition 2.4).

The formula of Theorem 1.1 leads to the following inequality
h
k(K
[supp(M()[ =Y D~ B
i=0 ge2lm

See Corollary 3.2. Then we use an approach of compressing supp(f) to further ana-
lyze the lower bound on | supp(M(f))|, and the result is stated as follows.

Theorem 1.2 There exists some a € supp(f) such that
|supp(M(f))| =21,

Remark 1 Since a € supp(f), |a] < dimK + 1, so |supp(M(f))| = 2" lal >
2m—dimK—l.

Next, associating with the Tor-algebra TorkM(k(K), k) of k(K), we study a class
of generalized moment-angle complexes Z}(D’S) , in which the moment-angle complex
Zk and the real moment-angle complex RZk are contained, see Sect. 4.2 for the
definition of 2. We shall show that
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Theorem 1.3 (Theorem 4.2) H *(Z;D'S); K) has the same graded k-module structure
as Tor*M (k(K), k).

Remark 2 Theorem 1.3 tells us that Y, dimk H' (Zg; k) = Y, dimx H' (RZk; k).

As a result, we can consider the Halperin—Carlsson conjecture in the category
of (real) moment-angle complexes. It is well-known that Zg (resp. RZg ) naturally
admits a 7" -action @ (resp. (Z,)"-action ).

Theorem 1.4 Let H (resp. HRr) be a rank r subtorus of T™ (resp. (Zo)™). If the
H-action (resp. Hr-action) of @ restricted to H (resp. ®R restricted to HR) is free
on Zk (resp. RZg), then

Z dimg H (Zx; k) = Z dimg H' (RZg; k) > 2"
i i
Corollary 1.5 The Halperin—Carlsson conjecture holds for Zk (resp. RZg) under
the restriction of the T™-action ® (resp. the (Z)™-action ®g)."

Remark 3 Following [16], the Halperin—Carlsson conjecture is stated as follows:

e Let X be a finite-dimensional paracompact Hausdorff space. If X admits a free
action of a torus T (resp. a p-torus (Z,)", p prime) of rank r, then

Zdimk( H (X;ky)>2" (1.1)
i

where £ is O (resp. p).

Historically, the above conjecture in the p-torus case originates from the work
of P.A. Smith [17]. For the case of a p-torus (Z,)" freely acting on a finite CW-
complex homotopic to (§)* this problem was suggested by P.E. Conner [10], and
essential progress on it was made in [1, 7, 8, 18]. In the general case, the inequality
(1.1) was conjectured by S. Halperin in [13] for the torus case, and by G. Carlsson
in [9] for the p-torus case. So far, the conjecture is known to hold » < 3 in the torus
and 2-torus cases and if » < 2 in the odd p-torus case (see [16]). Also, many authors
contributed to the conjecture in many different aspects. For more details, see, e.g.,
[2, 3,6, 15].

The paper is organized as follows. In Sect. 2 we study the basic structure of the
algebra 2I"1* and the basic properties of the Z/2Z-valued Mobius transform, and
review the notions of Stanley—Reisner face rings and their Tor-algebras. Sections 3
and 4 are two main parts of this paper. We give the proof of the algebraic combina-
torics formula and estimate the lower bound on | supp(M (f))| in Sect. 3. In Sect. 4
we review the theorem of V.M. Buchstaber and T.E. Panov on the cohomology of Zk.

IT.E. Panov informs of us that using a different method, Yury Ustinovsky has also recently proved the
Halperin’s toral rank conjecture for the moment-angle complexes with the restriction of natural tori actions,
see arXiv:0909.1053.
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Then we prove Theorem 1.3 therein. Finally we finish the proof of Theorem 1.4 in
Sect. 5.

2 Mobius transform and Stanley—Reisner face ring
2.1 An algebra over Z /27

Let 2[™] denote the power set of [m], which is the set of all subsets (including the
empty set) of [m]. Then 2I"! forms a poset with respect to inclusion C, and it is also
a boolean algebra under the set operations of union, intersection and complement
relative to [m]. Let

b = Ly f:2lM — 727 =10, 1}}.
Then 2" forms an algebra over 7./27., where the addition is defined by (f +

g)(a) = f(a) + g(a) and multiplication is defined by (f - g)(a) = f(a)g(a) for
a € 2", Given a function f e 2"}, define

supp(f) == f ' (1)
which is called the support of f.
Definition 2.1 For each a € 2" the function 8, € 2" defined by

1 if b=a
%a(b) = { 0 otherwise
is called the a-function. For each i € [m], the function x; € 20m1* defined by
xi(a)=1 <& ie€a
Va e 2" is called the ith coordinate function.

Lemma 2.1 {5,|a € 2"} forms a basis for 2"},

Proof This is because any f € 2U"1* can be expressed as

f=) f@i= ) b

ae2lml aesupp(f) O

By 1 one denotes the constant function such that 1(a) = 1 for all a in 2”1, Obvi-
ously, 1 =) oim 8q. Foreacha e 2lml | set

{ [licaxi if a is nonempty
Ma = e
1 if a is empty.

Then it is easy to see that
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Lemma 2.2 Leta,b € 2" Then p,(b) =1<a Cb.

Definition 2.2 We say that f € 2" is nice if supp(f) is an abstract simplicial
complex on vertex set | J,equpp( )@ S [m]. Note that an abstract simplicial complex
K on a subset of [m] is a collection of subsets in [m] with the property that for each
a € K, all subsets (including the empty set) of a belong to K. Each a € K is called a
simplex and has dimension |a| — 1. The dimension of K is defined as max,c g {dima}.

It is easy to see that f is nice if and only if for each a € supp(f), any subsetb C a
has the property f(b) = 1.

Let Fim) = {f € 2| f is nice}, and KCj, the set of all abstract simplicial com-
plexes on vertex set A where A runs over all possible subsets in [m].

Proposition 2.1 All functions of F bijectively correspond to all abstract simplicial
complexes of K.

Proof Clearly, f +— supp(f) gives a bijection Fy,,] —> K], whose inverse is K —
ZaeK 611' O

2.2 Mobius transform

Based upon Proposition 2.1, we shall carry out our work from the viewpoint of func-
tional analysis.

Definition 2.3 The map M : 2" — 2l given by the formula

M(f) @)=Y f(b)

bla

for all f € 2" and a € 21" is called the Z/2Z-valued Mébius transform.

Lemma 2.3 M is a linear transform such that M?* = id. In particular,
M(8a) = ta (2.1

for any a € 2™, Consequently, M(j1,) = 8.

Proof The linearity of M is obvious. To check that M? = id, take f € 2"}*, one
has that for any a € 21"

M@= D =) > fO=f@+) Y fl. @2
bla cCh cCa bec,a] cCabelc,a]

For every term in the latter sum of (2.2), from ¢ C a we see that [c,a] is a
boolean subalgebra of 21 which has 2% elements for some k > 0. So the sum
Y peje.ar f(©) = 0 in Z/2Z. Therefore M*(f)(a) = f(a) for any a € 2™}, so
M?(f) = f as desired. Equation (2.1) is a direct calculation by Lemma 2.2. 0

As a consequence of Lemmas 2.1 and 2.3, one has
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Corollary 2.1 {u,|a € 2"} is also a basis of 2™
Remark 4 By definition of M, if f () =1 then M (f)(@) = 1.

In the next two subsections we shall review the Stanley—Reisner face rings and
Tor-algebras. Our main reference is the book by E. Miller and B. Sturmfels [14].

2.3 Stanley—Reisner face ring
Now let f € Fn) be a nice function such that K = supp(f) € Ky, is an abstract

simplicial complex on [m].
Following the notions of [14], let k[v] = Kk[vy, ..., v;,] be the polynomial alge-

bra over k on m indeterminates v = vy, ..., v,. Each monomial in K[v] has the
form of v® = vf‘ ... vy for a vector a = (ay, ..., a,) € N of nonnegative integers.

Thus, k[v] is N"-graded, i.e., K[v] is a direct sum @aeNm K[v]a with K[v], - K[V]p =
k[v]atp where K[v], = k{v?} is the vector space over k, spanned by v?®. Gener-
ally, a k[v]-module M is N"-graded if M = @y n Mp and v* - My © Map.
Given a vector a € N, by k[v](—a) one denotes the free k[v]-module generated
in degree a. So k[v](—a) is isomorphic to the ideal (v?) as N"-graded modules.
Furthermore, a free N"-graded module of rank r is isomorphic to the direct sum
k[v](—a;) @ - -- ® Kk[v](—a,) for some vectors aj, ..., a, € N,

A monomial v? in k[v] is said to be squarefree if every coordinate of a is 0 or 1,
ie., a {0, 1} called a squarefree vector. Clearly, all elements in 2" bijectively
correspond to all vectors in {0, 1} by mapping £ : a € 2" — a € {0, 1}, where
a has entry 1 in the ith place when i € a, and 0 in all other entries. With this under-
standing, for a € 2", one may write v¢ = [1;cq vi- Then the Stanley—Reisner ideal
of K is defined as Ix = (v'|t € K ). Furthermore, the quotient ring

k(K) =Kk[v]/Ix
is called the Stanley—Reisner face ring.

Example 2.1 If K = 20" then k(K) = Kk[v], and if K = 2"\ {[m]} then k(K) =
K[v]/(vl™l).

It is well-known that k(K) is a finitely generated graded k[v]-module. Hilbert’s
syzygy theorem tells us that there exists a free resolution of k(K) of length at most
m. One knows from [14, Sect. 1.4] that k(K) is N -graded and it has an N -graded
minimal free resolution as follows:

0«—K(K)«—Fo & Fle— oo —F 1 & F, <0 2.3)

where each homomorphism ¢; is N"-graded degree-preserving. Since each F; is
k(K)

a free N -graded Kk[v]-module, one may write F; = @aeNm k[v](—a)ﬂiva where

BEE) € N (see also [14, Sect. 1.5]). By [14, Corollary 1.40], if a € N™ is not square-

,a
l k(K) _ k(K)
a a

free, then ,31., = 0 for all i. Thus, we only need to consider those ,Bl., with
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K(K) . ﬂk(K)

a € {0, 1}". Throughout the following we shall write f; , where a € 2"

with £(a) = a.

Definition 2.4 (Cf. [14, Definition 1.29]) The number Bt is called the (i, a)th
Betti number of kK(K).

2.4 Tor-algebra of k(K)

Applying the functor Qg[yvk to the sequence (2.3), one may obtain the following
chain complex of N -graded k[v]-modules:

@ @,
0<—F0®k[v]k<—1F] ®k[v]k<_"’<LFh®k[v]k<_0-

Since the free resolution (2.3) is minimal, the differentials ¢;’s become zero homo-
kerg]
Img;, |
F; ®kv) k, denoted by Tor}([V] (k(K), k). Namely, Tor:([vl (k(K),k) = F; Qkv k so

morphisms. Then the ith homology module of the above chain complex is

dimy Tor!™ (k(K). k) =rank F; = Y 5.

ae2lm

ThlS also implies that for a € N" with a & {0, 1}, Tor; [V](k(K) k), = 0, and so
Tor i (k(K ), k) can be decomposed into a direct sum

P TorfM (k(k). k),

ae2lm]

with dimy Tor:.([v] k(K),k), = ,BI.ITEZK) (see also [14, Lemma 1.32]). Furthermore, one
has that

Tor*¥) (k(K ), k @Tor (k(K), k) = P Tori " (k(K). k),

i€[0,h]NN,ae2lm]

which is a bigraded k[v]-module. Combining with the above arguments, this gives

Proposition 2.2 3" dimy Tor™ (k(K), k) = Y1 3, comm BEE.

3 Mobius transform of abstract simplicial complexes and Betti numbers of face
rings

3.1 An algebraic combinatorics formula

Following Sects. 2.3-2.4, we now investigate the essential relationship between the
Mobius transform M (f) of f and the Betti numbers of the face ring k(K) of K.
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Theorem 3.1 (Algebraic combinatorics formula)

M(f)—Z > 5.

i=0 ge2lml

Proof For any b € 21", the exact sequence (2.3) in degree b reads into
0 «— kP «— k%0 kPl kB2 — .. — kD «—0

where D = dimgk(K), and dp,; = dimg(F;)p. Since the above sequence is also
exact, we have Dj = Z?:o (—l)idi ». An easy observation shows that f(b) =
dimek(K)y = Dy, and dp; = Y ,cpBro” (this is induced from F; =

PR
@aeN’” K[v](—a)¥ia ).
Now let us work in integers modulo 2. We then have Dy, = Zf’zo di b, and further

fb)= ZZ/B"““ Z > BEE na ).

i=0acbh i=0 ge2lm]

So

f= Z > B ha

i=0 ge2lml
Applying M to the above equality and noting that M(u,) = 8,, we arrive at the
required formula. g

Corollary 3.2 Let f € 2"V be a nice function such that K = supp(f) € Kpm) is an
abstract simplicial complex on [m]. Then

|supp(M(f)) |<Z YR,

i=0 ge2lml

Proof From the formula of Theorem 3.1, one has

MH=3 Y #Bs = 3 (Z ﬂkm)

i=0 ge2lml ae2lml

so for any a € supp(M(f)), Z oﬁk(K)

P Oﬂk(K) > 1. Therefore

ZZﬂ""“ S OYATs T il

i=0 qe2lm aesupp(M([)) i=0 aesupp(M(f))

must be odd and nonnegative, and then

as desired. O
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3.2 The estimation of the lower bound on | supp(M(f))]

We shall upbuild a method of compressing supp(f) to get the desired lower bound
on [ supp(M(f))].

Definition 3.1 Fix k € [m]. We say that f € F{,] is kth extendable if

k-1) fkh =1,
(k-2) M(f) - xx 0 in 20m*,

The linear transformation Ej : 2" — 21m1* determined by 14 > 2a\ (k) is called
the kth compression-operator. A function f € Fi,) is said to be extendable if it is
kth extendable for some k € [m]; otherwise, f is said to be non-extendable.

Introducing the map ¢; : 2U"1 — 20" defined by a + a U {k}, we derive the
following formula for Ej.

Lemma 3.1 Forany f € 2" we have
Ex(f) = foer.

Proof 1Tt suffices to check that the formula E; (i4,) = 4 o €; holds for each a € 2m],
Indeed, take b € 211 we have

Ex(ua)()=1 & a\{k}Shb & aCbU{k} & pua®d)=1
Therefore, Ej (1) = g © € as desired. O
Remark 5 We see from Lemma 3.1 that Ey is exactly the star operator at k.

Proposition 3.1 Fix k € [m]. If f € Fim) satisfies f({k}) =1, then Ex(f) € Fim
and supp(E(f)) € supp(f).

Proof For any pair a € b in 2" we have ¢;(a) C ex(b). So if Ex(f)(b) =
f(ex(b)) =1, then f(ex(a)) =1 since f € Fpn), and so Ex(f)(a) = 1. Also,
f({k}) =1 implies that Ex(f)(@) = f(W U {k}) = 1. Thus, Ex(f) is nice.

For any a € 2" if E;(f)(a) =1 then by Lemma 3.1 f(ex(a)) =1, so f(a) =1
since a C €, (a) and f € F;,). Hence, supp(Ex(f)) < supp(f) as desired. O

Now let us look at the composition transformation M o E; o M =: Ey. For any
a € 2" one has

Ex(84) = Mo Ex o M(8,) = M o Ex(1ta) = M(ia\(t)) = 8\ (k) - 3.1
Note also that since M2 = id, M o Ex = Ej o M.

Lemma 3.2 Forany g € 2m gnd k € [m], we have Ek(g)xk =0.
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Proof Write g = Zaesupp(g) 8q. Since Ek is linear and Ek(éa) = g\ (k) for any
a € 2" it follows that Ek(g) = Zaesupp(g) 8a\(k)- Obviously, for any a € 2lm,
Sa\iky Xk = 0. Thus, Ek(g)xk =0 as desired. O

Corollary 3.3 Let k € [m]. If f € 2" satisfies M(f)xi # 0, then f # Ex(f).
Proof Suppose that f = Ex(f). Applying M to both sides, we get M(f) =
M(E(f) = Ex(M(f)). Write g = M(f). Then g = Ej(g). Multiplying by xi
on the two sides of g = Ex(g), we have gxx = Ex(g)xx. Since gxg = M(f)xx # 0,
we have Er(g)xi # 0, a contradiction by Lemma 3.2. Il
Proposition 3.2 Let f € 2" Then for each k € [m],

|supp(Ex(f))] < [supp(f)].

Proof Let A ={a € 2|k ¢ a,a € supp(f)} and B = {a € 2" |k ¢ a, €1 (a) €
supp(f)}. Then we have

f= Z dq = Z dq + Z SaZZ(Sa"‘Z‘Sek(a)

aesupp(f) aeszlgp(f) aes;pp(f) acA aeB
a €a
and by (3.1)
Ex(f) =) bat+ D Sa@niki = Sat Y a= Y b
acA aeB acA aeB acAAB

where AAB=(A\B)U(B\ A). Now

|supp(Ex(f))| = |A A B| < |A| + |B| = |supp(f)|

as desired. O

Remark 6 Observe that for any f € F,,;, whenever f is kth extendable for some
k € [m], by Proposition 3.1 and Corollary 3.3 we obtain that Ex(f) € Fn) and
supp(Ex(f)) € supp(f). In addition, since (M o Ey)(f) = (Ek o M)(f), by Propo-
sition 3.2 one has that |supp(M(Er(f)))] < |supp(M(f))|. We replace f with
Er(f) and repeat the above process whenever possible, so as to get a sequence
of functions in F,) with strictly decreasing support. This process must end after
a finite number of steps, giving finally a fo € F) that is non-extendable with
supp( fo) € supp(f) and | supp(M(fo))| < | supp(M(f))|. It remains to character-
ize such a non-extendable fo € F,.

Proposition 3.3 Let f € Fn). Then f is non-extendable if and only if there is some
ag € 2" such that supp(f) =29 (ie., f = Zbgao 8p).

Proof Suppose that f is non-extendable. Let ag = {k € [m]|f({k}) = 1}. If ap = 0,
obviously we have f = 8y. Assume that ag is non-empty. Given an element b € 2”1,
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if f(b) =1, since f € Fiy], then for any k € b, f({k}) =1 so k € ap and b C ayp.
Since f is non-extendable, M (f)x; = 0 for any k € ag. Then we see from M(f) =
Zbesupp(/\/l(f)) 8p that for any b € supp(M(f)), bNag =@. Since M(f)(@D) =1, we
have @ € supp(M (f)). Furthermore

fla) =M (NHa)y=M| > ab)<ao>
besupp(M(f))

= > wlao) = pplag) = 1.
besupp(M(f))

Since f € Fuy, it follows that for any subset b C ag, f(b) = 1. Therefore, for b €
2lm]

fby=1 & bCay.

This implies that supp(f) = 2% = {b € 20"1|b C ag}.

Conversely, suppose that f = Zbgao 8p for some ag € [m]. If ag = [m], then
f =1=pug so M(f) = 8y. Moreover, for any k € ag, M(f)xx =0 so f is non-
extendable. If ap = ¢4, obviously f is non-extendable. Assume that ag # [m], @. Then
an easy argument shows that

f= 11 d+x= > .

ie[m]\ag b<l[m]\ag

Applying M to the above equality, it follows that M(f) = Zbg[m]\ao 8p. Now for
any k € ap and any b C [m] \ ag, we have §px; = 0 so M(f)x; = 0. This means that
f is also non-extendable. O

From the proof of Proposition 3.3, we easily see that

Corollary 3.4 Leta € 2. Then f =Y, 8 if and only if M(f) =3 pcpupa b
(i.e., supp(f) = 2% if and only if supp(M(f)) = 2"\ In this case,
| supp(M (f))] =21,

We now summarize the above arguments as follows.
Theorem 3.5 For any f € Fn, there exists some a € supp(f) such that
|supp(M ()| =21,
Remark 7 The interested readers are invited to see a simple fact that f € F{,,) can be
compressed by compression-operators into a non-extendable fo with supp( fp) = 2%
if and only if ag is a maximal element in supp(f) as a poset. This result will not be

used later in this article.
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4 Moment-angle complexes and their cohomologies

Let K be an abstract simplicial complex on vertex set [m]. Let (X, W) be a pair of
topological spaces with W C X. Following [5, Construction 6.38], for each simplex
o in K, set

m
B,(x.w)=[]A
i=1
such that
X ifieo,
’:{W ifi e [m]\o.

Then one can define the following subspace of the product space X":

K(X,W)= U B, (X, W)cC X™.

oekK

4.1 Moment-angle complexes
When the pair (X, W) is chosen as (D%, Sh,
Zk ==K (D% S") c (D"

is called the moment-angle complex on K where D> = {z € C||z| < 1} is the unit disk
in C, and S' = 9 D2. Since (D?)™ c C™ is invariant under the standard action of 7"
on C™ given by

((gl,---,gm)»(zl,---azm))'—> (g]zl7”-7gmzm)a

(D*)™ admits a natural 7" -action whose orbit space is the unit cube I C RY,. The

action T ~ (D?)™ then induces a canonical 7" -action ® on Zg.
When the pair (X, W) is chosen as (D', SO),

RZx := K (D', %) c (D')"

is called the real moment-angle complex on K where D! = {x e R||x| < 1} =[-1,1]
is the unit disk in R, and $° = § D! = {«1}. Similarly, (D)™ c R™ is invariant under
the standard action of (Z;)" on R™ given by

((gla"'agm)5(x17"'7xm))'—>(g]xlﬂ"'ﬂgmxm)'

Thus (Dl)’" admits a natural (Z;)™-action whose orbit space is also the unit cube
I" C RZ,, where Z, = {—1, 1} is the group with respect to multiplication. Further-
more, the action (Z2)™ ~ (D)™ also induces a canonical (Z,)™-action &g on RZk.

Let Px be the cone on the barycentric subdivision of K. Since the cone on the
barycentric subdivision of a k-simplex is combinatorially equivalent to the standard
subdivision of a (k4 1)-cube, Pk is naturally a cubical complex and it is decomposed
into cubes indexed by the simplices of K. Then one knows from [5] and [11] that both

T™-action @ on Zg and (Z;)™-action @r on RZg have the same orbit space Pg.
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Example 4.1 When K = 2"l Zx = (D?)™ and RZg = (D')”. When K = 2["1\
{Im]}, Zx = $*" 1 and RZg = S~ 1.

Remark 8 In general, Zx and R Zk are not manifolds. However, if K is a simplicial
sphere, then both Zx and RZk are closed manifolds (see [5, Lemma 6.13]).

4.2 Cohomology

V.M. Buchstaber and T.E. Panov in [5, Theorem 7.6] have calculated the cohomology
of Zk (see also [15, Theorem 4.7]). Their result is stated as follows.

Theorem 4.1 (Buchstaber—Panov) As Kk-algebras,
H*(Zk; k) = Tor*™ (k(K), k)
where K(K) =K[v]/Ix =K[v1, ..., vn]/Ik with degv; =2.

Here we calculate the cohomologies of a class of generalized moment-angle com-
plexes. For this, we begin with the notion of the generalized moment-angle complex,
due to N. Strickland, cf. [4] and [12]. Given an abstract simplicial complex K on
[m], let (X, W) = {(X;, W;)}{", be m pairs of CW-complexes with W; C X;. Then
the generalized moment-angle complex is defined as follows:

KX. W)= Bs(X. W)CHX

ogek
where B, (X, W) =[]'_, H; and
X; ifieo,
Tl w ifie[m]\o.

Now take (X, W) = (D, S) = {(D;, S;)}/; with each CW-complex pair (D;, S;)
subject to the following conditions:

(1) Dy is acyclic, that is, H M) =0 for any j.
(2) There exists a unique «; such that H . (Si) =Z and H (S;) =0 for any j # «;.

Then our objective is to calculate the cohomology of

7Y =KD.9= LMHDSCHD

oekK

First, for each i € [m], it follows immediately from the long exact sequence of
(D;, S;) that

~

0= H" (D;; k) — H(Si; k) — HTH(D;, Sisk) — HG (D3 k) =
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On the cellular cochain level, one has the following short exact sequence

0—> C*(D;, Si: K) > C*(Dy: K) —— C*(S;: k) —> 0

where each C¥ (D, Si; k) can be considered as a subgroup of CckD;; k), so j*isan
inclusion. By the zig-zag lemma, one can choose a x;-cochain x; of C* (ID;; k) such
that

e [*(x;) represents a generator of HEi (Si; k).

e dx; € keri* = Imj* so j*(dx;) = dx; may be regarded as a cocycle in
Cki 'H(ID),-, Si; k) since j* is an inclusion, where d is the coljoundary operator
of C*(ID;; k). Thus, the cohomological class of dx; generates H<+1(D);, S;; k).

Write xi(l) = x; and xl.(z) = dx;, and let xl.(o) denote the constant O-cochain 1 in

C 0(]D),~; k). Obviously, xl.(o), xi(l) and xl.(z) are linearly independent in C*(D;; k) as
a k-vector space.

Now let us work in the cellular cochain complex C*([ i, Dj; k) of the product
space ]/, D;. Let £2* be the vector subspace of C*([]i-, D;; k) spanned by the
following cross products

kal) N xr('fm)7 ki e {0, 1, 2}

An easy observation shows that £2* is a cochain subcomplex of C* (]_[;-":1 D;; k), and

{xfkl) X oee X x,(,{c’”)| ki € {0, 1, 2}} forms a basis of £2* as a vector space over k since
(e)) (2

;~ and x; are linearly independent in C*(Dy; k). For convenience, we write
l(k‘) X oo X x,(,f’") of £2* in the following form:

xi(O), by
each basis element x
x(©o)

_ (kD) k) o _ (i1 1. — — il — : e
where x=x"", ..., x™", T ={i| k; = 1} and o = {i| k; = 2}. In particular, if T =

o =@, then x9 = x%o) X oo X x,S?). Thus, £2* can be expressed as
%= Span{x(r’0)|r, o C[m]withtNo = (J}.
Next by @k we denote the composition
m l*
2% C*(H]D)i; k) — ¥ (2071 K)
i=1

where the latter map /* is induced by the inclusion [ : Z;(D’S) — [, Dy, and is
surjective. Set

Sk = Span {x"?) € 2*|o ¢ K }.

Clearly Sk is a cochain subcomplex of £2*.

Lemma 4.1 Sx C ker @g. Furthermore, @k induces a cochain map 2*/Sx —>
C*(ZE(D’S); k), also denoted by @k .
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Proof Let x(™%) be a basis element in Sx C C *(IT'L, Di; k). For any product cell
e=¢e| X - Xey C ZE(D@ C [T/, Dy, there must be some o’ € K such that
e C B,/(D,S), where each e; can represent a generator in the cellular chain group
Cdime; (D;; k). In addition, it is easy to see that e can also be regarded as a genera-

Ly .
tor of the cellular chain complex C, (Z;D@; k) — C*(]_[l'.”: 1 Di; k) where I, is the

inclusion induced by [ : Z}D’S) — [1i, Dj. Since o ¢ K, o is non-empty. More-
2
lFO) e
Chio Dy, Siy: k) € CioT (D, k) in x(9), together yielding that (xl,(OZ), eip) = 0.
Therefore, (x(%9), I, (¢)) = (x(T:9) ¢) =0 by the definition of cross product. Further-
more, we see that the value of @ (x(7?)) on e is

over, there is some ip € o \ o’ such that ei, C Sj; C D, and the factor x

(@k (xXT), e) = (x" oLy, e)=(x"7,1,(e)) =0
50 @k (x) = 0in C* (22 k), as desired. 0

By £2*(K) we denote the quotient £2*/Sk. Let L be a subcomplex of K. Then

we obtain a pair (ZE(D’S), ZED’S)) of CW-complexes. Now since Sg € Sy, we have a
short exact sequence

0 —> kern* —> 2*(K) 2> Q2*(L) —> 0 “.1)

where 7* is induced by the natural inclusion 7 : Sx¢ < Sp. By £2*(K, L) we de-
note the kernel kersz*. It is easy to see that two cochain maps @k : 2*(K) —

C*(ZED’S);k) and @; : *(L) — C*(ZIED’S);k) give a cochain map @ 1) :
*(K,L) — C*(Z;(D@, ZIED’S); k) such that the following diagram commutes

T
0——Q%K,L)—————2*(K) 2*(L) 0
Dk.L) Pk i (93

Furthermore, we may obtain a homomorphism between two long exact cohomology
sequences given by two short exact sequences above.

Proposition 4.1 For any K € K|}, @k induces an isomorphism
H*(2*(K); k) — H* (22 K)
as graded K-modules.

Proof First observe that for K = {#J}, £2*(K) is spanned by {x®D |t C [m]} with
zero coboundary operator. On the other hand, if K = {#J} then Z;{D’S) =[1.,Si. By
the Kiinneth formula, the above set is not only a set but also a basis of H *(ZE(@’S); k)
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as a graded k-module (if we view the elements of the set as cohomological classes).
Thus, clearly @ g induces an isomorphism in this case.

Next we proceed inductively by considering a pair of abstract simplicial com-
plexes (K, L) where K = L LI {og} for some simplex o (which is a maximal element
of K as a poset). Hence (ZE(D@, ZED’S)) is a pair of CW-complexes, which has by

excision the same cohomology as (ZE%S), 22(%\5{)00}). This pair (Zé%g), ZE%\S{)UO}) is
in turn homeomorphic to

l_[ Si X (HDZ’A<1_[D’)>
ie[m]\oo i€oy i€oy

where A(]_[ia,0 D)=, xDjy x - xD;)U--- U@y x--- x Dy, x§;,) with
oo = {i1,...,Isli] <--- <is}. By relative Kiinneth formula, its cohomology with k
coefficients is isomorphic to

Span{x(f"’(’)‘r C[m] witht Nog = (2)}

as graded k-modules. On the other hand, we see easily from the short exact sequence
(4.1) that 2*(K, L) =kerz* is exactly equal to the cochain complex

Span{x(””") |t € [m] with T N o =0}

with zero coboundary operator. It then follows that @k 1) induces an isomorphism

as graded k-modules. Inductively, now we may assume that @7 induces an isomor-
phism H*(£2*(L); k) — H *(Zép@; k) as graded k-modules. Hence we may con-
clude that the same holds for H*(2*(K); k) — H* (ZED’S); k) by the five-lemma.
This completes the induction and the proof of Proposition 4.1. O

Now let us return to study the complex (£2*(K), d). First, we may impose a
{0, 1} -graded (or 2I")-graded) structure on £2*(K), by defining for a € 2"

2%(K), := Span {x(f"’)|t C[m],oc e KwithtUo =a,TNo = @}.

Then, clearly 2*(K) = P weoim §27(K),. Furthermore, given a basis element
x(%9) € 2*(K), with T = a \ o, by a direct calculation we have

dXOD) = 3 @\ CUkD.oUkD

kea\o
oUfkleK

which still belongs to £2*(K),, where €, = £1. So (£2*(K),, d) has also a cochain
complex structure. This means that 2*(K) is a bigraded k-module. Also, clearly the
basis of £2*(K), is indexed by K|, where K|, = {o € K|o C a}.
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Lemma 4.2 For each a € 2!"1, (2*(K)q4,d) is isomorphic to the coaugmented
cochain  complex (C *(Klq;K),d) as cochain complexes. Furthermore,
H*(2*(K)q; K) = H*(K |4; K) as graded k-modules.

Lemma 4.2 is a (dualized) consequence of the following general result.

Lemma 4.3 Let K be an abstract simplicial complex on a finite set. Let V(K) be a
vector space over K with a K -indexed basis {vys|o € K}, and let 1 : V(K) — V(K)
be a linear map such that 2=0and t(vy) = Zkea EkVo\ (k) Where g = E1. Then
there is an isomorphism f : V(K) — C.(K;K) as k-vector spaces with form f :
Vo > €50 such that f ot =0 o f, where e, = 1 and C.(K;K) is the ordinary
chain complex over k of K with the boundary operator 9.

Proof We proceed inductively. For K = {J}, V(K) = Span{vg} = k with t =0 and
C«(K; k) = Span{#} = k with d = 0, so clearly we have such an f. Now for an
arbitrary K # {J}, take a maximal element o of K (as a poset) so that L = K \ {op}
is a subcomplex of K. The subspace V(K)|r = Span{v,|o € L} is invariant under ¢.
So we can apply induction hypothesis to (V(K)|r, ¢), yielding an isomorphism fj :
V(K)|L — C«(L;Kk) by vy —> e50 such that fop ot =09 o fy. Now observe that
t(Voy) = Doy EkVao\tk} € V(K)IL, 80 fo(t(Vo))) = D _perry EkEao\ (k) (00 \ {k}) which
is in the chain group C)q)|-2(2%;K) C Cjoy—2(L; k), and (3 o fo)(t(vey)) = (fo ©
D) (t(vgy)) = fo(Lz(vgo)) =0, 1i.e., fo(t(vs,)) € kerd. Since C4(2°°; k) is acyclic and
Coo|—1(2°; k) = Span{op}, we have fy(1(vs,)) = d(nop) for some n € k. However,
d(nog) =nd(og) so nd(og) = Zk@o ekEop\(k} (00 \ {k}). This forces n to be £1. We
can then extend fj to f : V(K) —> Cy(K;Kk) by defining vy, —> noy, so that we
have

S (t(sp)) = fo(t(vey)) = d(no0) = 3(f (vey))-
Hence f ot =090 f in V(K). The induction step is finished, proving the lemma. [J

The famous Hochster formula tells us (see [14, Corollary 5.12]) that for each a €

Zlml,

7 la|—i— ~ k

A=K 0 k) 2= Torf™ (k(K), k).
We know by Lemma 4.2 that each class of Hlal=i-1 (K |4; k) may be understood as
one of H*(£2*(K)4; k), represented by a linear combination of the elements of the
form x(@\°:%) ¢ 2*(K), with |o| = |a| — i; so by Proposition 4.1 it corresponds to a
cohomological class of degree || +) o, kk = =i+ (ki +1) in H*(ZE(D'S); k).
To sum up, it follows that for each n > 0,

"z K= P ToM(kE).K)

aealml
7’.+Zk6a (kg +1)=n

a

Combining with all arguments above, we conclude that
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Theorem 4.2 As graded k-modules,
H* (229 k) = Tor™ (k(K), k).
Together with Proposition 2.2 and Theorem 4.2, we obtain that
Corollary 4.3 Y, dimg H' (Z"% 1K) = Y10 3 o B

Remark 9 1t should be pointed out that here we merely determine the k-module struc-

ture of H *(Z;?’S); k). Of course, this is enough for our purpose in this paper. Ob-
serve that if there are two i, j € [m] with i # j such that x; and «; are even, then
for xl.(z),x(.z) € 2*(K), xi@) X x(.Z) = —x(z) X xl.(z). This means that in this case,
if k is not a field of characteristic 2, then' H*(£2*(K); k) cannot be isomorphic to
TorkM(k(K), k) as k-algebras since k(K) is a commutative ring. Even when K is a
field of characteristic 2, there is still some nuance preventing us from simply extend-
ing the ring structure result (4.1) of Buchstaber and Panov to the case of, say RZx;
Indeed, in this case xi(l) would be a 0-cochain, which satisfies xi(]) U xi(l) = xl.(l),
whereas in the cases when «; > 0, xl.(l) U xl.(l) would be instead zero element in
H*(S;; k). Nevertheless, our calculation of the module structure actually represents

any cohomological class in H* (Z;{D’S); k) as a sum of x(¥:9)°s via the isomorphism

H*(Q2*(K); k)= H* (Z;D@; k), from which we may also figure out the cohomolog-
ical equivalence relation amongst such sums; since the cup product of pairs of these
elements is clear, in a certain sense we should have also determined the ring structure
of H*(Z2%:k). In other words, let k(K) = k[v]/Ix =k[vi, ..., v,]/Ix be the
Stanley—Reisner face ring of K with degv; = k; 4 1. Then it should be reasonable to
conjecture that the following results hold:

o If all ;’s are odd, then H *(ZE(D’S); k) = Tor*lVl(k(K), k) as k-algebras.

o If k; > 0 for any i € [m], then H*(Z2"Y;ky) = Tork2M(ky(K), ko) as ko-
algebras.
e In general, H*(Z}?’S); ko) = H[H*([T/L, Si; k2) ®k,[v k2(K)] as kr-algebras.

5 Application to the free actions on Zg and RZg

First we prove a useful lemma.

Lemma 5.1 Let K € K, be an abstract simplicial complex on vertex set [m], and
let H (resp. HR) be a rank r subtorus of T™ (resp. (Z)™). If the restricted action of
@ to H (resp. PR to HR) is free on Zg (resp. RZg), thenr <m —dim K — 1.
Proof 1t is well-known that the restricted action of @ to H (resp. ®r to Hp) is free
on Zg (resp. RZk) if and only if for any point z (resp. x) of Zg (resp. RZg),
H N G, (resp. Hr N Gy) is trivial, where G, (resp. G,) is the isotropy subgroup

at z (resp. x) of the T™-action @ (resp. the (Z;)"-action ®R). Suppose that r >
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m —dim K — 1. Take a € K with |a| = dim K + 1. Without the loss of generality,
assume that a = {1, ..., |a|}. Then we see that Zg (resp. RZk) contains the point
of the form z = (0, ...,0, zjg|+1, -+, Zm) (resp. x = (0, ..., 0, Xjg41, . .., Xm)). It is
easy to see that the isotropy subgroup G, (resp. G) has rank at least |a|, so the
intersection H N G, (resp. Hr N G ) cannot be trivial. This contradiction means that
r must be equal to or less than m —dim K — 1. 0

Now let us use the preceding results to complete the proof of Theorem 1.4.

Proof Theorem 1.4 Let f =) g 8a € Fim) such that supp(f) =K. If f =1 (i.e.,
K =2["1) then Zx = (D*)™ (resp. RZx = (DYHY™). However, any properly nontriv-
ial subtorus of T (resp. (Z;)"™) cannot freely act on (DY (resp. (DY)™) since the
point (0, ..., 0) is always a fixed point. Thus we may assume that f # 1. By The-
orem 3.5, there exists some a € 2! with a # [m] such that a € supp(f) = K and
| supp(M(f))| > 2"~" where n = |a|. Since a € K, we have n <dim K + 1. So by
Lemma 5.1 it follows that n <m — r and r < m — n. Combining with Theorem 3.5
and Corollaries 3.2 and 4.3 together gives

2" <2 < |supp(M(f))| < Y dimy H' (Zg: k) = Y dimy H' (RZ; K)

as desired. O
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