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Abstract In this paper we prove that the P(q,¢) (¢ odd prime power and ¢ >
1 odd) commutative semifields constructed by Bierbrauer (Des. Codes Cryptogr.
61:187-196, 2011) are isotopic to some commutative presemifields constructed by
Budaghyan and Helleseth (SETA, pp. 403-414, 2008). Also, we show that they are
strongly isotopic if and only if ¢ = 1(mod 4). Consequently, for each ¢ = —1(mod4)
there exist isotopic commutative presemifields of order ¢g*¢ (¢ > 1 odd) defining
CCZ-inequivalent planar DO polynomials.

Keywords Commutative semifields - Symplectic semifields - Isotopy - Strong
isotopy - Planar DO polynomials

1 Introduction

A finite semifield S is a finite binary algebraic structure satisfying all the axioms for a
skewfield except (possibly) associativity of multiplication. If S satisfies all axioms for
a semifield except the existence of an identity element for the multiplication, then we
call it a presemifield. The additive group of a presemifield is an elementary abelian
p-group, for some prime p called the characteristic of S.

The definition of nuclei and center of a semifield can be found, for instance, in
[7, Sect. 5.9]. A finite semifield is a vector space over its nuclei and its center. Two
presemifields, say S; = (S1, +, @) and Sy = (Sy, +, %) of characteristic p, are said to
be isotopic if there exist three IF,-linear permutations M, N, L from S; to S; such
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that
Mx)xN(y)=L(xey)

for all x, y € S;. The triple (M, N, L) is an isotopism between S| and S;. They are
strongly isotopic if we can choose M = N. From any presemifield, one can naturally
construct a semifield which is isotopic to it (see [10]). The sizes of the nuclei as well
as the size of the center of a semifield are invariant under isotopy. The isotopism rela-
tion between semifields arises from the isomorphism relation between the projective
planes coordinatized by them (semifield planes). For a recent overview on the theory
of finite semifields see Chapter [11] in the collected work [6].

Commutative presemifields in odd characteristic can be equivalently described
by planar DO polynomials [5]. A Dembowski—Ostrom (DO) polynomial f € IFy[x]
(g = p°®) is a polynomial of the shape f(x) = Zf;lzo aijxpl+1"], whereas a poly-
nomial f € Fy[x] is planar or perfect nonlinear (PN for short) if, for each a € IF;,
the mapping x — f(x +a) — f(x) — f(a) is bijective. If f(x) € F,[x] is a pla-
nar DO polynomial, then Sy = (F,, +, %) is a commutative presemifield where
x*xy=fx+y) — f(x) = f(y). Conversely, if S = (F,, +, ») is a commutative
presemifield of odd order, then the polynomial f(x) = %(x * x) is a planar DO poly-
nomial and S =S¢.

Two functions F and F’ from I« to itself are called Carlet—Charpin—Zinoviev
equivalent (CCZ-equivalent) if for some affine permutation £ of ]F%,, the image of the
graph of F is the graph of F’, thatis, L(G ) = G pr where G = {(x, F(x))|x € Fpn}
and Gpr = {(x, F'(x))|x € Fpn} (see [3]). By [2, Sect. 4], two planar DO polynomi-
als are CCZ-equivalent if and only if the corresponding presemifields are strongly
isotopic. In [4], it has been proven that two presemifields of order p”, with p prime
and n odd integer, are strongly isotopic if and only if they are isotopic. Whereas, for
n =6 and p =3, Zhou in [15], by using MAGMA computations, has shown that the
presemifields constructed in [12] and [2] are isotopic but not strongly isotopic. In [1],
the author proved that the two families of commutative presemifields constructed in
[2] are contained, up to isotopy, in a unique family of presemifields, and we refer to
it as the family BHB. Also in [1], the author generalized the commutative semifields
constructed in [12] (LMPT B semifields) proving that each LMPT B semifield is
not isotopic to any previously known semifield with the possible exception of BHB
presemifields.

In this paper we study the isotopy and strong isotopy relations involving the above
commutative presemifields, proving that the LMPT B semifields are contained, up
to isotopy, in the family of BH B presemifields. Precisely, we show that an LMPT B
semifield of order ¢2¢ (¢ odd and £ > 1 odd) is isotopic to a BHB presemifield, and
that they are strongly isotopic if and only if g = 1(mod4). This yields the result that,
for planar DO functions from que to itself, when ¢ = —1(mod4) and £ > 1 odd, the
isotopy relation is strictly more general than CCZ-equivalence.

2 Preliminary results

If S= (S, +, o) is a presemifield, then S* = (S, +, *), where x e* y = y @ x is a pre-
semifield as well, and it is called the dual of S. If S be a presemifield of order p”, then
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we may assume that S = (Fpn, +, ), where x ¢ y = F(x,y) = Z?;io a,-jxpiypj,
with a;; € Fn. The set

S={py: x€Fp> Fx,y)€Fp | y€Fpn} SV =EndFpn,F))
is the spread set associated with S and
S*={¢*: yeFp > F(x,y) €Fpr | x €Fpi} SV =EndF, F)p)

is the spread set associated with S*. Both § and S* are subgroups of order p” of the
additive group of V and each nonzero element of S and S* is invertible.
For each x € [Fjn, the conjugate ¢ of the element ¢(x) = Z;:ol BixP" of V is
defined by (x) = Y"=1 87" xP""". The map
T:9peVi—>geV

is a IF-linear permutation of V. Straightforward computations show that

pov=Yop, ¢ l=@ " (1)

The algebraic structure S' = (F s+, o'), where x o' y = @y (x), is a presemifield and
it is called the transpose of S (see e.g. [12, Lemma 2]). The set S = {@,| y € Fn} is
the spread set associated with S'.

In what follows we want to point out the relationship between spread sets associ-
ated with two isotopic presemifields.

Proposition 2.1 Let S| = (Fn, +, ®) and Sy = (Fpn, +, x) be two presemifields and
let S;={py:xr>xo0y|lyeclFp} andSzz{gz); x> x*xy|y el pn} be the corre-
sponding spread sets. Then S| and S, are isotopic under the isotopism (M, N, L) if
and only if S, = LS\M~' ={L o @y o Ml ye Fpn}.

Proof The necessary condition can be easily proven. Indeed, if (M, N, L) is an
isotopism between S| and S;, then L(g,(x)) = (p;\,(y) (M(x)) for each x,y € Fpn.
Hence, <p}v( »= LopyoM ~lforeachy e F pr and the statement follows taking into
account that S = {(p;\,(y)| yeFpn}.

Conversely, let S, = {L o ¢y o M 'ye F,n}, where M and L are two IF ,-linear
permutations of IF . It is easy to see that the map N, sending each element y € F »
to the unique element z € Fj» such that ¢, = L o ¢, o M~! (where ¢, € S»), is
an [F)-linear permutations of IF,». Hence, for each x,y € F,» we get (p}v(y) (x) =
L(py(M~1(x))), i.e. x * N(y) = L(M~!(x) o y) and putting x’ = M~ (x) we have
the assertion. O

Let S = (IFpn, +, %) be a presemifield, where x xy = F(x, y) = Z?;io aijxpt yP,
with a;; € Fn, and let S and S* be the spread sets associated with S and S*, respec-
tively.

The middle (respectively, right) nucleus of each semifield isotopic to S is isomor-
phic to the largest field V,,, (S) (respectively, N, (S)) contained in V = End(F ,», F,)
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such that SN, (S) C S! (respectively, N, (S)S C S), whereas the left nucleus of each
semifield isotopic to S is isomorphic to the largest field NV;(S) contained in V such
that AV;(S)S* C S* (see [14, Theorem 2.1] and [13]).

Also, if F; is a subfield of F» and F(x, y) is a g-polynomial with respect to the
variable x, i.e. § C End(F,n,Fy), then Fy ={t): x € Fpn > Ax e Fju|d € Fy} C
Ni(S) [13].

If (M,N, L) is an isotopism between two presemifields S; and S;, we have
Ni(82) = LN (SDHL™Y, Ny (S2) = MNG, (S)HM ™! and Nj(S2) = LN (S1)L™! (see
e.g. [8] and [13]).

From these results we can prove

Theorem 2.2 If (M, N, L) is an isotopism between two presemifields S| and Sy of
order p", whose associated spread sets S| and S, are contained in End(Fn,[Fy)
(Fy a subfield of F,n), then L and M are F;-semilinear maps of F pn with the same
companion automorphism.

Proof Since Sy, S C End(IF pn, F), by the previous arguments we have
Fy={tr: xeFp>dx €Fp|r e Fy} CNI(S) NNI(Sy).

Also Nj(S2) = LN;(S))L~!. Then L_quL C N(S»), and since a field contains a
unique subfield of given order, it follows L~ FyL = F,. Since the map #;, — L~ 'nL
is an automorphism of the field of maps F,, there exists i € {0, ...,n — 1} such that
L7 nL = Ly foreach A € IF,, i.e. L is an IF;-semilinear map of IF ,» with companion
automorphism o (x) = xP". Also, by Proposition 2.1, LSiM~! =5,, and hence M is
an IF;-semilinear map of IF ,» as well, with the same companion automorphism o'. [

Finally, since the dual and the transpose operations are invariant under isotopy
[10], it makes sense to ask which is the isotopism involving the duals and the trans-
poses of two isotopic presemifields. We have the following result.

Proposition 2.3 Let S| and S, be two presemifields. Then

(i) (M, N, L) is an isotopism between S| and S if and only if (N, M, L) is an
isotopism between the dual presemifields S} and SJ.
(ii) (M, N, L) is an isotopism between S| and S, if and only if (371 N, M~y is
an isotopism between the transpose presemifields S’l and S}.
(iii) (M, N, L) is an isotopism between S1 and Sy if and only (N, L~
isotopism between S|* and S5'.

1 ——1_ .
,M )isan

Proof Statement (i) easily follows from the definition of the dual operation, whereas
(iii) follows from (i) and (ii).

1By juxtaposition we will always denote the composition of maps that will be read from right to left.
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Let us prove (ii). Let Sy = (Fn, +, @) and S; = (Fn, +, %) and let S| = {gy| y €
Fpn} and S = {g0§,| y € Fyn} be the corresponding spread sets. By the previ-
ous arguments the corresponding transpose presemifields are S| = (Fn, +, o') and
Sh = (Fpn,+,+"), where x o' y =@ (x) and x ' y = go_;(x), respectively. The triple
(M, N, L) is an isotopism between S; and S if and only if L o ¢ = <p}v(v) o M for

each y € Fyn. By (1), 9y o L = M o ¢}, for each y € Fn and hence
L(x)e y=M(x+ N(y))

for each x, y € F,n. By (1), this is equivalent to M~1(z o' y) = L~1(z) »' N(y) for
each z, y € IF,n. The assertion follows. O

Finally, by (iii) of Proposition 2.3 and by Proposition 2.1 we immediately get the
following result.

Corollary 2.4 Let S| = (Fpn, +, ®) and Sy = (Fn, +, %) be two presemifields and
let S* and S5* be the spread sets associated with the presemifields S|* and S5,
respectively. Then S and Sy are strongly isotopic if and only if there exists an F -
linear permutation H of Fn such that S* = HS!*H.

3 BHB and LMPT B commutative presemifields

The BHB presemifields and the LMPT B semifields presented in [1] can be de-
scribed as follows.

(BHB) B(p,m,s, ) presemifields [1, 2]: (F,m,+,%), p odd prime and
m > 1, with

+ B (xyP +xP ) o, 2
where 0 < s < 2m, w is an element of Iszm \ Fpm with wP" = —w and

the following conditions are satisfied:

pZm_]
BeF,,: PTHFM 41 and
i 3

da e IF;Zm ca+a’ =a+a” =0.

(LMPTB) P(q,t) semifields 1, 12]: (quz, 4+, %), g odd prime power and ¢ =
2k + 1 > 1 odd, with

Xxy= %(xy +xq€yq€) + %G(xyq2 +xq2y),

where G (x) = Y5_; (— 1)/ (v = x)" + 352} (= D (x = xaye ™™
In order to prove our results, we start by further investigating Multiplication (2)
and Conditions (3). Set h := gcd(m, s), then m = h{ and s = hd, where ¢ and d
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are two positive integers such that 0 < d < 2¢ and ged(¢, d) = 1. Putting g = p",
then w € que \]qu such that qu = —w and the BHB presemifields B(p,m, s, ) =

(quz, +, %) will be denoted by E(q, £,d, B). Moreover, Multiplication (2) and Con-
ditions (3) can be rewritten as

X*y= xyq‘Z + quy +[B (xyqd + quy) + ﬂql (xyqd + quy)qz]w,

where
20
BEeFiy: BUultiateh £1, 4)
and
ﬂaeIFZze: a+a"(=a+aqd=O. 5)

We get the following preliminary result.

Lemma 3.1

(i) Condition (5) is fulfilled if and only if € + d is odd.
(ii) If Condition (5) is fulfilled, then an element B € F(’;M satisfies Condition (4) if
and only if B is a nonsquare of IF 2.

Proof

(i) The sufficient condition can be easily proven. Indeed, since gcd(¢, d) = 1 then
£ and d cannot be both even integers. Moreover, if £ and d were both odd, then
each elementa € F > such that a? = —a would be a solution of xd' =x4" = —Xx,
contradicting our assumption. On the other hand, suppose that £ + d is odd, then
gcd(2¢, € 4+ d) = ged({, d) = 1. Hence, if there exists an element a € ]FZ” such

that aqi +a= aqd + a = 0, then a satisfies the equation x‘fHd’] = 1, which
admits ged(g? — 1, ¢+ — 1) = ¢&ed@6l+d) _ 1 = 4 — 1 solutions. It follows
thata € FZ, a contradiction.

(ii) We first suppose £ is odd and d is even and prove that gcd(g® + 1,¢¢ + 1) = 2.
If ¢ = 1(mod4), then ¢ + 1 = g? + 1 = 2(mod 4). On the other hand, if
g =3 (mod4), since £ is odd and d is even, ¢ + 1 =0 (mod 4) and ¢ + 1 =
2 (mod 4). So in both cases 2 is the maximum power of 2 dividing ged(¢® +
1,g% + 1). Now suppose that p’ is an odd prime such that p|(g* + 1) and
P'1(g% +1). Hence ¢ = —1 (mod p’) and ¢ = —1 (mod p'). Since ged(¢, d) =
1, then 1 = af + bd, with a an odd integer. From the previous congruences it
follows that g = q”“‘bd = (=D (=1)? (mod p') = (—1)?*! (mod p’) and since
d is even, we have qd = 1 (mod p'), a contradiction.

If £ is even and d is odd, arguing as in the previous case we obtain the asser-
tion. g

Remark 3.2 By Lemma 3.1, the algebraic structure E(q, £,d, B) is a presemifield if
and only if £ 4 d is odd and B is a nonsquare in I¥ 2.
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In [1], the author proved that the semifields P (g, £) are not isotopic to any pre-
viously known commutative semifield with the possible exception of BHB presemi-
fields. In what follows, using the notation introduced in this section, we study the
isotopy relation involving the families of presemifields P (q, £) and E(q, £,d, B) and
we prove that a P (g, £) semifield of order ¢*¢, with ¢ = p® an odd prime power and
£ > 1 an odd integer, is isotopic to a E(q, £,2, B) presemifield for a suitable choice
of B.

4 The isotopism issue

By [9], there is a canonical bijection between commutative and symplectic presemi-
fields. Precisely, if S is a commutative presemifield, then S'* is a symplectic pre-
semifield. Moreover, by (iii) of Proposition 2.3, two commutative presemifields are
isotopic if and only if the corresponding symplectic presemifields are isotopic as
well. So, in the following, we will prove that the symplectic presemifield P (g, £)* is
isotopic to a symplectic presemifield B(q, £, 2, B)*.

4.1 The symplectic version of P(q, £) semifields

From [1, Sect. 3], the symplectic presemifield arising from the commutative semi-
field P(q, ¢), ¢ an odd prime power and £ = 2k + 1 an odd integer, is P(g, £)* =
(F42¢, +, #) with multiplication given by

14

y+ y? 1 ¢ 2
5 x+1(y_yq +ory + By + yy)x
1

XxXey=

+ 4(y -y - ay — By — Vy)quHv

where @, = YZ/(=DFyr, g = YA and y, =
{—1 2+1
t:k—&-.l(_l)k-qu .
Setting g(y) :=ay + By + ¥y and

1 ¢
fy) = Z(y -7 +g)),
direct computations show that
22 1 ¢
FOT =20 =" =) (6)

Indeed, reducing modulo yqze — ¥, we have

£—1 k—1
o =y S e A ey
i=1 j=0
£—1
+ 3 (e

t=k+1
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and setting i’ =i — 1, j'=j— 1, =t — 1, we get

—1 k—1
4f(y)q2(372 —y— yq/é 4 Z(_l)i,yqzl + Z(_l)k+j/+1yq21 +1
i'=1 j'=0
—1 ,
+ 0 (ke
t'=k+1

¢
=y—y! —(ay + By +yy).

Hence
4

+y?
2

Let n € F 2 \ Fy such that n? = —n. Since g and £ =2k + 1 are odd integers, the

x4 O 4 f %)

Yy
Xxey=

mapp:y €F o>y + yqz € F e is invertible and
1 k 2j+1
. 1. ZEF&H (Z( I)Zq +Z( 1)k+j+l q* )EFq(.
—0 =0

Taking into account that {1, n} is an I ¢ -basis of F 2 and that ¢ is an invertible map,
it follows that any element y € I >¢ can be uniquely written as

y:A+(Bq2 + B)n,

with A, B € ]qu. Also

y+y4
A= 5 ®
and
qu+B:y—yq
2n

Direct computations show that

2

B y — yit i — )i e 0 —yaH?7"
B=¢~ ( ) (Z( = +Z( S —

j=0

k k—1
1 . i . i
= (y ¥ +§ O D IR A Y G D[R A Y G0 Do r AR A
i=1 j=0

i=1

k—1
+ Z(—l)"“*‘qu’“) ©)

j=0
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Putting 2t 4+ 1:=¢ 4 2i,i.e. i =t — k, we have

k -1 —1

- 02i _ 2t+1 2t+1
D =D = Y (=) TR = Y (=1 Ry
i=1 t=k+1 t=k+1

and putting 2v:=¢+42j 4+ 1,i.e. j =v —k — 1, we have

k—1 -1

: 4+2j+1 2v
D (=DEHH T = Y -y
=0

v=k+1

Hence, substituting the last two equalities in (9), we get

£—1 k—1 £—1
1 ¢ 2 ; 2j+1 241
B=4—(y—yq S N L S D A W C D o )
g i=1 j=0 r=k+1
1 ¢
=E(y—y‘1 _“y_ﬂy_yy)

and, taking (6) into account, this yields f(y) = B‘12n. Hence, from (7), (8) and the
last equality, we get the following result.

Proposition 4.1 The symplectic presemifield P (g, £)™* = (F2e, +, @) arising from
the commutative semifield P(q, {) has multiplication

xey=Ax+ BY’ nx"z + anqn_z,

where 1 is a given element of ¥ > \ Fg with nl=—nand y=A+ (qu + B)n,
A,Be qu. O

4.2 The symplectic version of E(q, £, d, B)-presemifields

Let g be an odd prime power, £ and d be integers such that 0 <d < 2¢, £ +d is
odd and gcd(¢,d) = 1. Then a commutative B(q, ¢, d, B)-presemifield is of type
(que, +, %), where

X*xy= xyq{ ~|—quy + [ﬁ(xyqd +quY) + ﬂq‘f (xyqd ‘I'quy)qe]w’

with B a nonsquare in F > and 0wl = —o (see Remark 3.2). By using [12, Lem-

mas 1, 2], the transpose semifield B' (¢, £, d, B) = (F 2, +, ') of B(g,¢,d, B) is
defined by

d

d 2(—11( 20—d - + ﬂa)(x _qu)yq )

x*y=(x +xqé)yqe + ﬂqze— wl

Hence B'"(q, €, d, B) = (F pu, +,+'*), where

£— d

" ooy -y )t

X *t* y= (y + yql)xqz + ﬂq227dwq287d (quZ—d _ ng,d)xqz
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Since {1, w} is an I ¢-basis of F o, putting y = A + Bw, with A, B € F_¢ and re-

. 4
calling that w¢ = —w, and hence w?

=0 € ]FZ‘“ we get
Proposition 4.2 The symplectic presemifield B(q, €, d, B)"* = (Fg2e, +, *') arising
from the commutative semifield B(q, ¢, d, B) has multiplication

X */ y= ZquL' + 20q2€—dﬂq2é‘—d BqZ(’,—dquK—d + Zo’ﬂqud ’ (10)

where B is a nonsquare in ¥ >c and y = A+ Bw with A, B € F ¢, o is a nonsquare
in ¥ e and w*=o0. O

Remark 4.3 Note that if o and o’ are two nonsquare elements of qu, then o’ =to,
where 7 is a nonzero square in F ¢. So, replacing B by 78 in (10), we may substi-
tute o with o’. It follows that, when £ is odd, in order to study, up to isotopy, the
BHB presemifields we may suppose wlg that o is a nonsquare in I, and hence w €
Fo2 \ Fy.

4.3 The isotopism theorem

Let us start by proving the following.

Theorem 4.4 Let g be an odd prime power, let £ and d be odd and even integers,
respectively, such that 0 < d < 2¢ and gcd(¢,d) = 1. The symplectic presemifield

E(q, l,d, B)* = (que, +, '), whose multiplication is given in (10), is isotopic to a
presemifield (F o, +, *") whose multiplication is given by

20—d
- q _
x*”y=2<Ax+on£qu +anN da)'BéqZ X" d),

where y = A + Bw with A, B € qu, w € qu \ Fy with w? = o € F*, and & is an
element of F jo¢ such that équ*l = ﬁl’ql and qu“ =o.

Proof By Proposition 4.2 and Remark 4.3, the spread set associated with the sym-
plectic presemifield B(g, ¢,d, B)"™* = (For, +, %) is

{—d

S = {gpy =@QAB:XH—> 24x7" + 20,3‘12(% T + ZU,Bqud ‘

y=A+Bw, A,BeF,},

where $ and o are nonsquares in F ¢ and F,, respectively.
20

-1

Since ged(g%’ —1,¢% — 1) =¢ — 1 and (81-9")'TT =1, the following equa-
tion:
Z+d_1

=B~ (11)

x4
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admits ¢ — 1 distinct solutions in F o.. Moreover, if § and & satisfy (11), then
EJE € ]FZ. Also, if £ is a solution of (11), then qu“ is a solution of x4 ~1 = 1
and since ged(g?t — 1,474 — 1) =g — 1, we get S‘/“ € Iy Moreover, taking into
account that 8 is a nonsquare in I 2, it follows that § ¢‘+1is q nonsquare in F,. In-
deed if (£9+)" = 1, then ()" = (60"~ 5" = (gu'+1) 5
tradiction. Hence the set {éqe“ | £ is a solution of (11)} C IF, is the set of nonsquares
in ;. This means that we can choose § € F ¢, satisfying (11) and such that

=1, a con-

g1 — 5 = 02 (12)

Now, consider the invertible maps of IF 2
1) ¢ ® e
Yix gx—i—x‘f and ¢:x—>x— — x4
q
and note that

Since ¥ and ¢ are linear maps over F¢, for each x € F > we have

v opapod(x)
_ 2(1//_1(A(¢(x))qe +Uﬁqzz—qu2(—d (¢(x))q2e—d —|—aﬁB(¢(x))qd))

=2(Ax +0 B Y (£ (0) + 0 By (g)). (13)

where f(x) = (Bp(x))4" " and g(x) = B(p(x))?".

Then, taking into account that w? = —w, direct computations show that

v (f) = %flqu + %fzxqzefd,

. 2 20—d {—d 20—d {—d
with f1 = —yszﬁq +p7  and fr= ﬁﬁq + ngaz)—d B .
BE

By (11), we get ,B‘/f = qr and elevating to the ¢?‘~?th power we have

20—d

=D From (12) it follows g = g4 (%2)@""’*1) -

ﬁqé—d _ IBqZ(Z—d%_qZ(q

20—d 2 20—d 2
B )5 =p7" " 2 hence f; =0.
{—d 20—d qZZfd
Also, f> = w(fqzw + o ) and by (11) we have f, = Za)":q,Z . Hence,
t—d B
Yy (f) = wﬂ;g x4 and using similar arguments we have ¥~ (g(x)) =

@ Springer



258 J Algebr Comb (2012) 36:247-261

a)é%qu. Then, by (13), we get

v 1o @A Bod(x) =2Ax + 20Ba);%x‘1d + ZUBqﬂ_da)'B;l X
Hence,
vl ogyodr) =x4"y,
ie.
p) K y =9 (x+"y). (14)
This means that (¢, id, ¥) is an isotopism between the two presemifields. The theo-
rem is proven. g

Theorem 4.5 Each LMPT B semifield is isotopic to a BHB presemifield.

Proof By Proposition 4.1 the symplectic presemifield P (g, £)™* = (Fy2e, +, @), g odd
and ¢ > 1 odd, arising from the commutative semifield P (g, £) has multiplication
xey=Ax+ B’ nxqz + anqnfz,

where n? = —n and y = A+ (B4’ + B)y with A, B € F .

Put d =2 in Theorem 4.4 and choose B = f8 as a nonsquare in [F,2¢ belonging to
F ;2 such that ,B_q*_‘1 = é Then B~ is a solution of (11) and since qujl = ,3‘“‘1_: %
we can fix £ = 1. By Theorem 4.4 the symplectic presemifield B(q, ¢, 2, B)* is
isotopic to the presemifield (IFj2¢, +, *"") whose multiplication is given by

2 20-2

x "y =2Ax +2Bwx? +2BT Cax? ",

where w? = —w and y = A+ Bw with A, B € qu. Let w = an and note that « EFZ.

Leth: y=A+ BweFp— 2A+ 2B”" 7 + Byw e F,. Since ¢ and € are
odd, 4 is an invertible F,-linear map of que. Also, since h(y) =h(A+ Bw) =2A+

2((@BT )7 + (@BT "))y we have
xoeh(y)=x+"y
for each x, y € F ¢, hence by (14) we get
)+ h @) =Y (xe2)

for each x,z € Iqu. Then (qﬁ,h_l,l/f) is an isotopism between P(g,£)™* and
B(q,£,2, B)™*. The theorem is proven. O

By Theorems 4.4, 4.5 and by (iii) of Proposition 2.3 we can state the following
result.
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Corollary 4.6 The triple (Y !, ¢ Jl) is an isotopism between the commutative semi-
field P(q, ) and the presemifield B(q, ¥, 2, B), where B is a nonsquare in qu.

Remark 4.7 Note that, since ¥ ~! = ¢, the above isotopism is not a strong isotopism.

5 Strong isotopism

In this section we will prove that the isotopic presemifields P (g, £) and B(q, ¢, 2, B)
of Corollary 4.6, are strongly isotopic if and only if ¢ = 1(mod4). Let us start by
proving the following.

Theorem 5.1 If g = 1(mod4), then the commutative presemifields P(q,{) and
B(q,¢,2,B) of Corollary 4.6 are strongly isotopic.

Proof By Corollary 2.4, the two involved presemifields are strongly isotopic if and
only if there exists an invertible IF,-linear map H of Iquz, such that HS1H = §3,

where S| and S, are the spread sets associated with P (g, £)'* and E(q, L2, B)t*,
respectively. By the proof of Theorem 4.5 and by Proposition 2.1, we have ¢ Sj¢p~! =
S, where

_ 1 _
Vixrs wfr+x7 and ¢'ixs E(x—l—wﬁqqu),

with the choices of B and & as in Theorem 4.5. Recall that wf Fo2 \ Fy, Bis a
nonsquare in F 20, 0? =0 € F, and g9+ = L

Let p = 2w and note that ¢~ (px) = ¥ (x),i.e.¢ o tp, =, wheret,(x) = px.

Since g = 1(mod4) and @? 1 = —1, we see that w is a nonsquare in qu, and
hence p = 2wp is a square in F,2. Let b € F > such that b* = p and let H(x) =
¢ ~1(bx),i.e. H=¢ ' o1 is an invertible [F)-linear map of I >¢. Then, by (1), we
get

HS\H = ((]3_1 otb)Sl (lb O(p_l).

Since the elements of S are I 2-linear maps of I 2c and b € F > we have

HS ' H = ((/’_)_1 o tbz)S1¢_l = ((5_1 o tp)Sl(Z)_l = 1//S1¢_1 =5.
This proves the theorem. g
Finally, we can prove

Theorem 5.2 If g = —1(mod4), then the commutative presemifields P(q,¢) and
B(q, £, 2, B) of Corollary 4.6 are not strongly isotopic.

Proof By way of contradiction, suppose that the two involved presemifields are
strongly isotopic. Then by Corollary 2.4, there exists an invertible I -linear map
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H of quz, q= ph, such that HS| H = S, where S| and S, are the spread sets asso-
ciated with S|* and S}*, respectively. In particular

S = {(pA,B x> Ax + qunxqz + an42l_2| y=A+ (qu + B)r}, ye€E quz}.
By Theorem 4.5, 1//S1¢_1 =55, hence Ip—lHS]ﬁ¢ = S, where
1, - _
1//_1:x9—>§(w,3qx —i—xq[), b x> x —wfixd
and v~ ! = %a)Bq ¢. It follows that
8§GS,G =S, (15)
where § = %a)Bq €F,pand G = ¢ H. Since the elements of S; are IF,2-linear maps
of F2¢, by Theorem 2.2 and Proposition 2.1, we find that G is an invertible F -

semilinear map of F >¢, with companion automorphism o = p*.
Let

—1 .y —1 5

hi+-e i

Gx)= E aix? = E a;x°7
i=0 i=0

then

{—
ph=2hi=e 2en—2hie o lg2t- Zz o122
G(x)= E a = E .
i=0 i=0

By (15), the map §(Gopa g0 G) belongs to Sy for each A € Iqu. Then there exist
A B e IF ¢ such that S§(G(A(G(x)))) = @ g (x) foreach x € F o
Since

£—14¢—1 . " »
S(G(A(G(X)))) = 8(22"40[{2]&]{1?2(2 +J)xq2(i +j)>
j=01i=0
= A'x +B/q27]xq2 _’_B/nxqzz_z’

reducing the above polynomial identity modulo x4 * _xand by comparing the coef-
ficients of first degree, we get

S(A%a} + A al 4+ AT ) )= A eFy
for each A € qu, ie.
4 4 1
A% (8ad — 8%ag? ) + A7 (803 — 89a}% ) + -+ AT (807, — 89a;! ) = 0
for each A € F . This is equivalent to

20-2

(B1a3 + Bag )x + (Bta} + Bai® )xt" + -+ (Blaj_, + Bal?)x7" " =0
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for each x € F¢. Reducing the above polynomial identity over F,¢ modulo xd' — X,

we get
Bla? + Ba?qz =0
foreachi € {0, 1,...,¢ — 1}. If @; # 0, then a; is a solution of
xzqf—z ,Bq—l
However, when ¢ = —1(mod 4), the last equation admits no solution in F¢. Hence
the unique I 2-semilinear map satisfying (15) is the zero one, a contradiction. 0
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