J Algebr Comb (2012) 36:475-500
DOI 10.1007/s10801-012-0346-4

Cluster-additive functions on stable translation quivers

Claus Michael Ringel

Received: 8 May 2011 / Accepted: 19 January 2012 / Published online: 14 February 2012
© Springer Science+Business Media, LLC 2012

Abstract Additive functions on translation quivers have played an important role in
the representation theory of finite-dimensional algebras, the most prominent ones
are the hammock functions introduced by S. Brenner. When dealing with cluster
categories (and cluster-tilted algebras), one should look at a corresponding class of
functions defined on stable translation quivers, namely the cluster-additive ones. We
conjecture that the cluster-additive functions on a stable translation quiver of Dynkin
type A,,D,, Eg, E7, Eg are non-negative linear combinations of cluster-hammock
functions (with index set a tilting set). The present paper provides a first study of
cluster-additive functions and gives a proof of the conjecture in the case A,,.

Keywords Translation quiver - Additive function - Cluster-additive function -
Hammocks - Cluster-hammocks - Dynkin quiver - Cluster category - Cluster-tilted
algebra

A translation quiver is of the form I" = (I, I, T), where (Ip, I'7) is a locally finite
quiver say with my, arrows x — y, and 7 : ({9 \ I Op ) — I is an injective function
defined on the complement of a subset Fop C I, such that for any pair of vertices
v,z € Iy, with z ¢ Fop one has m; y, = my ;. The vertices in Fop are said to be the
projective vertices, those not in the image of t the injective vertices. If there are
neither projective nor injective vertices, then I is said to be stable. A typical exam-
ple of a translation quiver is the Auslander—Reiten quiver of a finite-dimensional k-
algebra A, where k is an algebraically closed field. Such an Auslander—Reiten quiver

C.M. Ringel (X))
Fakultit fiir Mathematik, Universitit Bielefeld, P.O. Box 100 131, 33 501 Bielefeld, Germany
e-mail: ringel @math.uni-bielefeld.de

C.M. Ringel
King Abdulaziz University, P.O. Box 80200, Jeddah, Saudi Arabia

@ Springer


mailto:ringel@math.uni-bielefeld.de

476 J Algebr Comb (2012) 36:475-500

is equipped with an additive function on the set of vertices with values in the set of
positive integers, its value at a vertex x is the length of the corresponding A-module.
Here, a function f : Iy — Z is said to be additive provided

f@+ f(zz2) = Z my. f(y), forallze I\ Iy .
yelp

The importance of dealing with additive functions on translation quivers is well-
known since a long time, of particular relevance have been the hammock functions
introduced by Brenner [3], see also [14]; hammock functions for vertices of the trans-
lation quivers of the form I' = ZA with A a Dynkin quiver have been displayed
already by Gabriel [9] in 1980.

The present note is concerned with combinatorial features of cluster categories
(introduced by Buan, Marsh, Reineke, Reiten, Todorov [4], in the special case A,
also by Caldero, Chapoton, Schiffler [7]) and cluster-tilted algebras (introduced by
Buan, Marsh, Reiten [5]), and for simplicity we again will assume that we work over
an algebraically closed field. The cluster categories are triangulated categories with
Auslander—Reiten triangles, thus we may consider the corresponding Auslander—
Reiten quivers: these are now stable translation quivers. Thus, let I” be a stable trans-
lation quiver. Instead of looking at additive functions on I", we now will be interested
in what we call cluster-additive functions.

We use the following notation: Any integer z can be written as z =z — z~ with
non-negative integers z, z~ such that z*z~ = 0 (thus z7 = max{z,0} and z~ =
max{—z, 0}). A function f : Iy — Z is said to be cluster-additive on I" provided

+

f@+ f@)=) myf)T, forallze .

yelp

Linear combinations of cluster-additive functions usually are not cluster-additive.
Theorems 1 and 2 deal with this topic. Here, we assume that we deal with a stable
translation quiver I" such that any vertex is starting point of an arrow (we call such a
stable translation quiver proper; in the terminology of Riedtmann [13], it means that
we assume that no component of I” has tree class A ). Theorem 1 provides a criterion
for sums of cluster-additive functions to be cluster-additive again: If f, g are cluster-
additive functions on I', then f + g is cluster-additive if and only if f(x)g(x) >0
for all vertices x (in this case, we say that f and g are compatible). Theorem 2 shows
that the difference f — g of cluster-additive functions f, g is cluster-additive if and
only if g(x)* < f(x)T and g(x)™ < f(x)~ for all vertices x (if this is the case we
write g < f).

The remaining parts of the paper deals with translation quivers related to those
of the form ZA where A is assumed to be a finite directed quiver, or often even a
Dynkin quiver. Recall that any locally finite directed quiver A gives rise to a stable
translation quiver ZA with vertex set A x Z, with arrows («, 1) : (§£,i) — (n,i) and
(a*,i): (n,i) — (&,i+1) for any arrow « : £ — 1 in A and with translation (&, i) >
(&,i — 1). Theorem 3 asserts that a cluster-additive function on Z.A with A a finite
directed quiver is uniquely determined by its values on a section and that these values
are arbitrary integers. Thus, if A has n vertices, we may identify in this way the set
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of cluster-additive functions on I" with the set Z"; but note that this is just a set-
theoretical bijection!

Our main interest lies in the translation quivers ZA where A is a Dynkin-quiver,
thus the underlying graph is one of the simply laced Dynkin diagrams A,,, D,, Eg,
[E7, or Eg. Theorem 4 asserts that for A of type A, any cluster-additive function
on ZA is a non-negative linear combination of cluster-hammock functions (they are
introduced in Sect. 5). We conjecture that the same assertion holds for all Dynkin
cases. This would be an analog of an old theorem of Butler [6] which asserts that
for a representation-finite algebra A, the additive functions on the Auslander—Reiten
quiver of A are the linear combinations of the hammock functions.

Cluster-additive functions arise naturally in the context of cluster categories and
cluster-tilted algebras (see Sect. 10), thus one may be tempted to focus the attention
to cluster-additive functions on stable translation quivers I” such as the Auslander—
Reiten quiver of a cluster category, a typical example is ZA /F where A is a Dynkin
quiver and F = t~![1]. It may come as a surprise that instead of looking at ZA/F,
we prefer to consider cluster-additive functions on its cover ZA. After all, every
cluster-additive function on ZA/F lifts to a cluster-additive function on ZA, thus
we deal with a setting which on a first sight appears to be more general. But we
conjecture that all the cluster-additive functions on ZA actually are F-invariant, so
that we would get the shift F for free.

The experienced reader will observe that the cluster-additive functions exhibit a lot
of typical features known in cluster theory (as started by Fomin and Zelevinsky [8]
and developed further by a large number of mathematicians): that negative numbers
arise only seldom, that they have to be ignored in some calculations, that there is a
playing field which concerns only non-negative numbers, and if the ball leaves the
field, it is bounced back immediately ... .

One of the referees of the paper suggested to mention here the “frieze functions”
introduced by Assem, Reutenauer, Smith [1], since they also assign integers to ver-
tices in Auslander—Reiten quivers; the frieze functions are related to the numerators
of cluster variables, whereas the cluster additive functions are related to the denomi-
nators.

1 Preliminaries

Let I be a stable translation quiver. We compare additivity and cluster-additivity and
look for the image of a cluster-additive function.

A special cases should be discussed beforehand, namely the stable translation
quivers I" without arrows. In this case, a function f : [y — Z is cluster-additive
if and only if f is additive, if and only if f(tz) = — f(z) for all vertices z. If we
consider the r-orbit of the vertex z, then two possibilities have to be distinguished:
either the 7-orbit has an odd number of elements, then we must have f(z) =0 for any
cluster-additive function on I, or else the t-orbit is infinite or has an even number
of elements, then f(z) is an arbitrary integer, and determines the values of f on the
complete t-orbit if we label the vertices as x; with i € Z such that tx; = x;_1, the
cluster-additive functions are the functions of the form f(x;) = (=Dia, where a is a
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fixed integer. Note that this implies that in this special case, the set of cluster-additive
functions is closed under (pointwise) addition and subtraction.

Let us call a stable translation quiver I" proper, provided any vertex is starting
point of at least one arrow (in the terminology of Riedtmann [13], this can be formu-
lated as follows: no component of I" is of tree class Aj). Observe that a connected
stable translation quiver with at least one arrow is always proper! The stable transla-
tion quivers we are interested in will always be proper. We start with some properties
of functions f : Iy — Z. The first property is obvious:

(1) A function f on I'y with values in Ny is cluster-additive if and only if it is additive.

(2) If I' is a proper translation quiver, then any function f : Iy — Z which is both
additive and cluster-additive takes values in Ny.

Proof Let yo € I'y. Since I' is proper, any vertex is the starting point of an arrow,
thus there is an arrow yp — z. Now

FQ+Fa=Y my f)T =Y myf()
y y

implies that ), my.(f(y)T — f(y)) =0. However we have f(y)* — f(y) > 0 for
all y. This shows that for m,, # 0 we must have FfONT = f(y). Since my, . 70, we
see that f(yo)™ = f(yo). Thus f(yo) > 0. O

(3) Let f be cluster-additive. Let f(z) <0. Then f(tz) > —f(2) > 0.

Proof By definition, f(tz) + f(z) is a sum of non-negative numbers, thus non-
negative. O

This shows:
(4) Any cluster-additive function with only non-positive values is the zero function.

(5) Let I' = ZA with A of Dynkin type. Any cluster-additive function on I" with only
non-negative values is the zero function.

Proof Let f be cluster-additive on I" with only non-negative values. Then f is addi-
tive, but according to [11] any additive function on I" with only non-negative values
is the zero function. U

It follows from (1), (3) and (5) that there are many stable translation quivers with-
out non-zero cluster-additive functions. For example, if A is a Dynkin quiver, then
the only cluster-additive function f on I' = ZA ]t is the zero function. Namely, (3)
asserts that f only takes non-negative values, thus f is additive by (1). This means
that f is an additive function on ZA with non-negative values. According to (5) this
implies that f is the zero function.
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2 Sums of cluster-additive functions

The sum of two cluster-additive functions usually will not be cluster-additive, a typi-
cal example is the following:

Example Let I’ =ZA,.

As we have mentioned, if I” is a stable translation quiver of tree class A1, then the
set of cluster-additive functions on I is closed under addition. Thus, let us assume
now that I' is proper.

Two cluster-additive functions f, g on I are said to be compatible provided
f(x)g(x) = 0 for all vertices x. Compatibility can be characterized in many different
ways (the proof is obvious):

Lemma Let f1, ..., f, be cluster-additive functions on I'. The following conditions
are equivalent:

1) fi,..., fn are pairwise compatible.

(i) If fi(x) <O for some index i and some vertex x, then fj(x) <0for1 < j <n.
(iii) If fi (x) > O for some index i and some vertex x, then fj(x) >0 for1 < j <n.
(iv) Given a pairi # j, there is no vertex x with f;(x) <0and f;(x) > 0.

Theorem 1 Let fi, ..., f, be cluster-additive functions on a proper stable transla-
tion quiver I'. Then Y, f; is cluster-additive if and only if the functions are pairwise
compatible.

Before we start with the proof, let us isolate a decisive property of the operator
+
=2 .

Lemma Let ay,...,a, be integers. Then

@ Cia)t <Y, a

(b) Equality holds if and only if either all a; are non-negative or all are non-positive.
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Proof Let q; 20f0r1§i§m and a; <Oform+1<i<n,leta=Y"a.
Then Y% a" =" a; > Y !, a; = a and therefore ) __, a;" > a™. If we have
equality, and a > 0, then 0 =a — >}, al.+ =) it @ shows that a; =0, for
m + 1 <i <n (since these a; are non-positive). Thus all the a; are non-negative in
this case.

If a <0, then Z;’;l a; = 0 shows that these a; = 0, since all g; are non-negative
for 1 <i <m. In this case, all a; are non-positive.

Also the converse holds: If all a; are non-negative, then » ;_, al.+ =37 4=
(Zl lal)Jr If all a; are non-positive, then also Z?:l a; is non-positive, and

Zl 14 —0—(2 1a,)+ O

Proof of Theorem 1 Since we assume that I is proper, we know that for any vertex
yin I', there is a vertex z with my, # 0.

First let us assume that fi, ..., f, are pairwise compatible and let f =", f;. We
claim that for all vertices y of I

fot=>fmt. ()

Let 7 be the set of vertices x € I such that f;(x) < O for at leastone i. If y € 7,
then f;(y) <0 forall 1 <i <n, since we deal with pairwise compatible functions. It
follows that f(y) =Y, fi(y) < 0 and therefore f(y)* = 0. Butalso f;(y)* =0 for
all 7, this yields (x) incase y € 7.

Now assume y ¢ 7. Then fi(y) > 0 forall i, thus f(y) =), fi(y) > 0, therefore

fOT=fm=Y_ fim=>_fm*

and we see that (x) is satisfied also in this case.
Now consider some vertex z.

f@)+ @)= Zf,(rzHZf,(z) Zﬁ(rz)+ﬁ(z))

= Z(Z myzfi()’)Jr>
i y

= Zmyz Zﬁ()’)+
y i

= Zmyzf(y)+’
y

where we use that all the functions f; are cluster additive as well as the equality (x)
for all y. This shows that f is cluster additive.

Now let us assume that f =) f; is cluster additive. Let z be a vertex of I". Then,
as above, we have

f@)+ @)= Zﬁ(rz)+2f,<z> Zﬁ(rz>+ﬁ<z))
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=Z(vazﬁ(y> )
=Y "my Y T,
y i

thus

0=fT)+f@) =Y myfm*
= Zmyz Zfi(y)+ - Zmyzf(y)+
y i y
=D my (Z fin™ - f(y)+).
y i

According to assertion (a) of the Lemma, all the brackets in the last line are non-
negative, thus all the summands myz(zi f:(»)T — f(y)™) are non-negative. Since
their sum is zero, all these summands are zero.

It follows that for any y we have

Y imt=romt

(since there is z with my, # 0). According to the assertion (b) of the Lemma, we
conclude that all the values f;(y) for 1 <i < n are non-negative or all are non-
positive. But this means that the functions fi, ..., f, are compatible. 0

3 Subtraction

Let us introduce the following partial ordering on the set of cluster additive functions
on I'. If f, g are cluster additive functions on I", we write g < f provided g(x)* <
F(x)T as well as g(x)~ < f(x)~ for all vertices x of I". (Note that g < f implies
that |g(x)| <|f(x)| for all vertices x.)

Theorem 2 Let f, g be cluster additive functions on the proper stable translation
quiver I'. Then f — g is cluster additive if and only if g < f.

Proof First, let us assume that g < f. We claim that

(f—9@ T =f@)"—g®"

for all vertices x. Namely, if g(x) > 0, then g(x) = g(x)™ < f(x)™", and therefore
f(x)= f(x)T, thus g(x) < f(x) and therefore (f — g)(x) = f(x) — g(x) > 0, thus

(f—9@T=(f-9@0=f(x)—gx)=f®"—gx™".
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Also, if g(x) <0, then g(x)T™ =0,and 0 < —g(x) = g(x)~ < f(x)~, thus f(x)* =
0. Also, f(x)™ = —f(x) and therefore g(x) > f(x), thus (f — g)(x) = f(x) —
g(x) <0. It follows that

(f—9@T=0=fx0)"—g)™.

Finally, if g(x) = 0, then also g(x)™ =0 and
(f—oW =" =f@"—gx)".

Let z be a vertex of I", then
(f=89@)+(f—8)@) = fr2) — f(z) +g(r2) — g(@)
= Zmyzf(Y)+ - Zmyzg()’)+
y y

=Y my(f — M.

y

This shows that f — g is cluster additive.

Conversely, assume that f — g is cluster additive. Since the sum f=(f —g)+ g
of the cluster additive functions f — g and g is cluster additive, we know by The-
orem | that f — g and g are compatible functions, thus (f — g)(x)g(x) > 0 for
all vertices x, thus f(x)g(x) > g(x)g(x) for all x. If g(x) > 0, then this implies
that f(x) > g(x) > 0, thus f(x)™ > g(x)™ and f(x)™ = g(x)~. If g(x) < 0, then

f(x) < g(x) <0, therefore g(x)™ = —g(x) < —f(x) = f(x)” and g(x)T =0 =
f(x)T. Of course, if g(x) =0, then g(x)T=0< f(x)T and g(x)" =0 < f(x)".
This shows that g < f. O

4 The restriction of cluster additive functions to a section

We consider now cluster additive functions on a translation quiver I" = ZA, where
A is a (usually finite) directed quiver. The subset Ay x {0} is a section of I" (by
definition, the sections of Z A are the subsets n(A6 x {0}), where n: ZA" — ZA is
an isomorphism of translation quivers).

Theorem 3 Let A be a finite directed quiver. Any function f : Ay x {0} — Z can be
extended uniquely to a cluster additive function on Z A.

This may be reformulated as follows:

Corollary 1 The restriction furnishes a bijection between the set of cluster additive
functions on ZA and the functions f : Ag x {0} — Z.

Proof of Theorem 3 Let & be a source in A. Then f is defined for (&, 0) and all its
direct successors, thus we use the defining property of a cluster additive function in
order to define f (&, 1). Inductively we define in this way f(n, j) for all vertices n of
A and all j > 0. The dual procedure yields the values f (1, j) for j <O0. O

@ Springer



J Algebr Comb (2012) 36:475-500 483

Remark 1 Note that we need here that A is finite. For example, if A is the linearly
ordered quiver of type AY, then any function f : ZA — Np which is constant on
the sections A x {i}, for all i € Z, is additive, thus cluster additive and of course not
determined by the value taken on one of these sections.

We also may look at I' = ZA with A a locally finite (but not necessarily finite)
directed quiver. A section S of I" may be said to be generating provided we obtain all
vertices from S of I" using reflections (see [2]) at sinks and at sources. If A a finite,
then any section is generating, but in general not. If I' = ZAZ, then a section S is
generating if and only if no arrow in S belongs to an infinite path. The corollary can
be generalized as follows: Let S be a generating section. Then the restriction function
f = fIS is bijective.

Remark 2 The extension of a function f : Ag x {i} — Z to a cluster additive function
on I can be achieved by using what one may call cluster reflections. Given a locally
finite quiver A and a vertex x of A, which is a sink or a source, then the cluster reflec-
tion oy maps any function f : A9 — Z to the function o, f with (o, f)(y) = f(¥)
for y Zx and (o, f)(x) = —f(x) + Zy m,cyf(y)+ and o, f should be considered
as a function on (o, A)g, where o, A is obtained from A by changing the orienta-
tion of all the arrows involving x (thus replacing a source by a sink and vice versa).
Starting with a source x of A = A x {i}, then we may identify o, A with the section
obtained by deleting x and adding v~ 'x; given a function f : A — Z, and looking
for its cluster additive extension, then we have to use oy f on the section oy A.

Altogether we see that the restrictions of a cluster additive function on I" to the
various sections of I" are obtained from each other by a sequence of cluster reflec-
tions.

5 Cluster-hammock functions

Here we introduce some basic cluster additive functions. As before, we consider a
translation quiver I" = ZA, where A is a finite directed quiver, but later we will
assume that A is a Dynkin quiver.

Recall the definition of the left hammock function h’p for a vertex p of I' (and
that left hammock functions with finite support are called hammock functions). First,
h;,(p) = 1. Second, if z is not a successor of p, then h;,(z) = 0. Third, assume that
h;, (y) is defined for all proper predecessors y of z; if there is an arrow y — z with
h}, (y) > 0, then

(@) =—h(x2) + > myh, (),
S

otherwise h/p(z) =0.

It is well-known that all the values h’p(z) are non-negative; the support of h;, will
be denoted by H),. If A is a Dynkin quiver (thus of type A,,, D,, Eg, E7, or Eg), then
H), is finite and there is a unique vertex vp with h;,(vp) # 0 such that any vertex y
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with h’p(y) # 0 is a predecessor of vp; the map v : Iy — I is called the Nakayama
shift (see [9], where also typical hammock functions are displayed; but note that in
contrast to the definition given in this paper, but also in [3] and [14], Gabriel extends
the function h;|H » to an additive function on all of ZA). The shift vr—lis usually
denoted by [1], the shift vz =2 by F.

We insert here that ZA for A a Dynkin quiver may be interpreted as the
Auslander—Reiten quiver of the derived category D”(mod A), where A is the path
algebra of the opposite quiver of A, see [10]. Given an indecomposable A-module
X, we denote by [X] the corresponding vertex in ZA. In this interpretation, [1] cor-
responds to the shift functor of the derived category and F to the functor [1]z ! (also
denoted by F) which is used in order to define the corresponding cluster category,
see [4].

If A is connected and not one of these Dynkin quivers, then the support H, of h’[7
is infinite, for any vertex p of ZA.

For any vertex x of I", we now define a cluster additive function %, as follows:
Let S be any section containing x, let iy (x) = —1 and A, (y) =0for y #x in S.

According to Theorem 3, we know that &, extends in a unique way to a cluster
additive function hy on I' and this extension is independent of the choice of S. We
call hy the cluster hammock function for the vertex x.

Proof of the independency There is a section S’ with x the unique sink of " and a
section S” with x the unique source of S”, and all other sections containing x are
obtained from &’ or also S” by reflections at sinks or sources different from x. The
corresponding cluster reflections oy do not change the value 0. O

Note that the proof shows that 4, (y) = 0 for all vertices y % x which belong to
the convex hull of S’ and S”.

From now on, we will assume that A is a Dynkin quiver (if not stated otherwise).

Lemma Let I' = ZA with A a Dynkin quiver, then hy is F-invariant. The support
of hy consists of

o the F-orbit of x and hy takes the value —1 on these vertices, as well as
o the F-orbits of the hammock H_ -1, and here hy takes positive values, namely

hy(y) =h;71x(y) forye Hrflx'
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Here is a schematic illustration, where we write p = 71 (the vertical dotted
lines mark a fundamental domain for the action of F'):

We have mentioned that 4, is F-invariant: i, (y) = hy(Fy) for all y € I". But this
means also that i, = hry. Thus, when dealing with a set of cluster hammock func-
tions, we may restrict to look at those indexed by elements in some fixed fundamental
domain for F.

Let us mention a property of the hammock functions h’p (and of h;p) which will
be used in the next section. If there is a sectional path from p to a vertex y, then
h/p (y) =1 (or better: in this case, h’p(y) is the number of sectional paths from p
to y).

We call a subset 7 of ZA confined provided there is a section S such that 7 is
contained in the convex hull of S and tS[1]; note that this is the Auslander—Reiten
quiver I"(A) of a hereditary algebra A of type A, with S the indecomposable projec-
tive A-modules, and tS[1] the indecomposable injective A-modules.

We call a subset 7 of I" a tilting set provided we can identify I" as a translation
quiver with D?(mod A) for some hereditary algebra A such that 7" are just the posi-
tions of the indecomposable direct summands of a tilting A-module. Subsets of tilting
sets are called partial tilting sets.

Lemma Let X, Y be non-isomorphic indecomposable A-modules. Then Ext! (X,7)
=0 if and only if hjy1([X]) =0.

Proof There is the Auslander-Reiten formula Ext!(X,Y) ~ DHom(t~Y, X) and
dimHom(z Y, X) :thlY]([X]) =h([X]). O

Corollary A subsetT of I' is partial tilting if and only if T is confined and hy(x') =
0 for all pairs x # x" in T.
6 Non-negative linear combinations of cluster hammock functions

Again, we deal with a translation quiver I" = ZA, where A is a Dynkin quiver, say
with n vertices.

Proposition 1 Consider a set hy, ..., hy, of cluster hammock functions. These func-
tions are pairwise compatible if and only if there is a tilting set T such that any h; is
of the form hy, withx € T.
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Proof Let T be a tilting set and x, x’ € 7. We have to show that &, h,/ are com-
patible. This is clear if 4, = h,s. Thus assume that &, # h,/, thus x and x” do not
belong to the same F-orbit of Iy. Let hy(y) < 0, then y belongs to the F-orbit
of x', thus &, (y) = hy(x’) = 0. This shows that &, (y)h(y) = 0. Similarly, we
see: if h,(y) <0, then h, (y)h, (y) = 0. For the remaining vertices y we have both
hy(y) = 0and A, (y) >0, thus also A, (y)h(y) > 0.

Conversely, assume that the functions 41, ..., h, are pairwise compatible. First,
we show that for h; # h;, and h; = hy for some vertex y, then £;(y) = 0. Namely,
hi(Y)hy(y) =h;(y)hj(y) =0, and hy(y) = —1 shows that 4; (y) <0. But h;(y) <0
would imply that h; = hy, a contradiction. Thus £; (y) = 0.

Now, let iy = h, for some x € Ip. Let S be the section in I" such that T 2F~1x
is the unique source. Let &’ = S[1], this is the section with unique source 71y,
Clearly, the convex hull F of S and &’ is a fundamental domain for F, thus h; = hy,
for some x; € F. Since T~ lx is the unique source of &', we see that &, (z) > 0 for all
z € S’. Assume that some x; belongs to &', then x # xj, thus hy # hxj (since x, x;
belong to the fundamental domain F of F), but then we know that i, (x;) =0, a
contradiction. In this way, we see that all the vertices x; belong to the convex hull of
S and 1S’ = tS[1], thus the set 7 = {x1, ..., x,,} is confined. Since also &, (x") =0
for x # x" in 7, we see that 7 is a tilting set. O

Corollary A linear combination h = ceT Nxhy With positive integers ny is cluster
additive if and only if T is a partial tilting set.

Proof This is a direct consequence of Theorem 1 and Proposition 1. O

Proposition 2 Let f = erT nyhy for some tilting set T and ny € Ny, then f(x) =
—ny for x € T and f(y) > 0 provided the intersection of T and the F-orbit of y is
empty. Thus

f=Y mhe==Y f@h=Y f&) he= Y f() hy,

xeT xeT xeT xer?®

where I'? is the convex hull of some section S and tS[1].

Conjecture Let I' = ZA where A is a Dynkin quiver and let f be cluster additive
on I'. Then f is a non-negative linear combination of cluster hammock functions

(and therefore of the form
Z nyhy

xeT
for a tilting set T and integers ny € Ny, for all x € T).

If this conjecture is true, then any cluster additive function satisfies the following
properties:
(a) f is F-invariant.
(b) {x € Iy | f(x) <0} is the union of the F-orbits of a partial tilting set.
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(c) There is a partial tilting set 7 with

f=Y F@) he

xeT
A proof of the conjecture in the case A, will be given in Sect. 9. We also note that
it is not difficult to exhibit explicitely all the cluster additive functions on ZA, where
A is a quiver of type Dy, thus verifying the conjecture also in this case.

7 The rectangle rule

Lemma Let [ be cluster additive on the following translation quiver with s > 1,

t>1:
as
//\\
al e S
x y
b1 \ .
l}/

Then for y = y(s, t) with f(x) <0, we have

fOI=FO"+ Y fla) +fa)™+ Y fhp +fbt.

1<i<s 1<j<t—1
In particular, f(y) > f(x)~ > 0.

Proof By induction on s and 7.

Ifs=r=1,then f(y) = f(a1)T + f(b)" — f(x).
Now assume that we know the formula for some s, 7. Let us increase s by 1, thus
we deal with

ay

For t = 1, we have x’ = ay and y' = a,y, otherwise x’ = y(s,r — 1) and y' =
yis+1,r—1).
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Now, consider first the case ¢ = 1. Then (since f(y) > 0):
FO) =0+ o - £(¥)
=flag DT+ @+ Y fla) + fla)t

1<i<s—1
+ > fBHTH+ fB)T = fay)
1<j<r—1
=flag )T+ fO+ D fla) + Y, fb)T+ 00T
1<i<s 1<j<t—1

where the last equality comes from f(as)* — f(as) = f(as) ™.
Second, let t > 2. Then both f(y) >0, f(y") >0, thus

FO") =10+ o = ()
=f@)7+ Y, f@) + flagnT+ D fBNT+ fBi)T

1<i<s I<j<t-2
@+ DY fla)T+fa)t+ > fb)T+ fb)t
l<i<s—1 l<j<t—1
—f0)" = Y fla) = fa)t = Y fbpT—fbt
1<i<s—1 1<j<t-2
=M+ Y f@) + [T+ Y [T+ FB)T,
I<i<s I<j<t-1
as we want.
By symmetry, the same argument works, if we increase ¢ instead of s. This com-
pletes the proof. U

Extended version Let f be cluster additive on the following translation quiver with
s>1,t>1:

ay

Then for y =y(s + 1,t) with f(x) <0, we have

fOY=f@"+ Y fla)y + Y fBb)”+fb)t.

1<i<s 1<j<i—1
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Proof We add a vertex a1 and arrows ag — ag4+1 and as41 — d, so that we obtain
arectangle. Also, we extend f to be defined on the rectangle by setting f(as+1) = 0.
Then the extended function satisfies the cluster additivity condition on all the meshes
of the rectangle and we can apply the lemma.

As+1

ay

bt D

There is also a corresponding double extended version for dealing with ZA where
Ais of type Agyi41.

Double extended version Ler f be cluster additive on the following translation
quiver with s > 1, t > 1:

ay

Then for y =y(s + 1, + 1) with f(x) <0, we have
fO=FW"+ D fa) + Y. fb).
1<i<s l<j=t
8 Wings
Lets >0,¢ > 1, let y be a wing vertex of rank s 4+ ¢ 4 1, say with sectional paths
pll]l— pl2]—> - = pls+t+1]l=y, y=[s+t+1llg—>---—[2]g = [1llg.
Lemma Assume that

f(pls) <0, f(pls+il)=0, forl<i<t,  f(pls+t+1])=<0.
Then
f(ltlg) =— 1Tii2z f(pls +11).
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Also, f is non-negative on all vertices between p[s + 1] and [1 +t]q different from y.

Here is a sketch which exhibits the vertices in question in case s > 1:

P T P [Ma

plsit) [s4tlq

The case s = 0 looks as follows:

In particular

x=plsl, z=I[tlg, bi=pls+il, a=t"pls—il
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Note that we have added the vertex a; to the wing, (with additional arrows as—1 — ay
and a;, — b’l) and we put f(as) =0, as in the proof of the extended rectangle rule.
Using the new labels, the assumptions read:

fx) <0, fbi)=0, forl<i<t, f =0

and the assertion is that f is non-negative on the shaded area (the vertices between
by and a] different from y) and that

f@=—min(f(b)|1<i<t).

The rectangle rule asserts that f is bounded below by f(x)~ on the rectangle be-

tween T~ 'x and a}, = b;. By assumption, f is non-negative on the vertices by, ..., b;.
Thus, concerning the non-negativity assertion, it remains to show that f is non-
negative on the vertices af, ..., aj .

The rectangle rule asserts that

i—1 t—1
F@) =@+ flap™+fat+> fbp~+ fb)T.

j=1 j=1

Since f(y) <0 and f(a}) >0, we have f(a}) = f(a}) — f(b;) > 0. Assume by
induction that we know that f(a]) = f(a;) — f(b;) >0, then we get

flafin) + fla) = £(af) "+ f(af)”
= f(af) + f(ai11)
= f(ai) = f b + f(ai11)
and therefore

flai) = flain) = £ o).

By the rectangle rule for a; | we see that f(a; ;) — f(b;) > 0 provided i + 1 <.
It remains to calculate the value f(z).
Using induction on i, we show that

F(b)= fbi) —min(f (b)) | 1<) <i)

fori > 2.
The rectangle rule for b; yields

s—1 i—1
FB)=F@"+) f@p™ + fla)t+ > fbj)~ + fb)T

j=1 j=1

s—1

=f) T+ flaj)” + f(bi),

j=1
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since f(ag) =0and all f(b;) > 0. Similarly, for bl/.Jrl we get:

s—1
FBy)=FO)™ 4+ f@p)™ + fbig),

j=1
thus
Fbiy) = £(b]) = fbiv1) — £ (bi).
For i =2, we have
f(b3) = f(b3) = f(bY),
since f(b}) > 0, thus
F(B5) = £(B5) = F(B) = f(b2) — f(b1) = f(b) —min(f (b)) | 1 < j <2),

as we have claimed.
Similarly, we have for all i > 2

FOa) = £ )+ £ (Bi) = £ ()
= F(B))" + f biv1) = £ (B)-

By induction, we may assume that
f(Bf) = fb) —min(f )| 1=j<i),

and we have to distinguish two cases:
First, assume that f(b!) < 0. Then f(b/)* =0and f(b;) <min(f(b;)|1<j <
i), so that min(f(b;) |1 < j <i)= f(b;). Thus
F0i) = £ (B)" + £ i) = £ B0
=0+ f(bit1) —min(f (b)) |1 < j <i),

as we want to show.
In the second case, f (b)) > 0, thus f(b!)* = f(b)) and f(b;) = min(f(b;) |
1<j<i),sothatmin(f(b;)|1=<j<i)=min(f(b;)|1=j <1i). Thus

F®L) = £+ fbic) — f(b)
= f(b)) —min(f(b)) | 1<j<i)+ flbi1) — F(b)
=—min(f (b)) |1 <j <i)+ fbir1).

Thus we see that
FO))T = fb) —min(f b)) [1<i <1).

@ Springer



J Algebr Comb (2012) 36:475-500 493

On the other hand, the calculations in the first part of the proof had shown that
f(a}) = 0 and that

f(a) = flag) =1 bo).
It follows that
F@=FON)" + fla) = £la) = £ )"+ f(a)" = f(a)
= F(B))" = fb) = fb) —min(fBi) | 1<i <t) = f(br)
=—min(f () |1<i<1).

This completes the proof. g

9 The case I' =7ZA,
Consider now the case I" = ZA with A of type A,,.

Theorem 4 Let I' = Z A with A of type A,,. Then any cluster additive function on I"
is a non-negative linear combination of cluster hammock functions.

If n =1, then any cluster additive function on I” is a non-negative multiple of one
of the two cluster hammock functions. Thus, we can assume that n > 2.
Let f be a cluster additive function on I".

(1) If z is a vertex of T" with f(z) <0, then there is a vertex 7 # z with f(z') <0
and a sectional path from z to 7' or from 7' to z.

Proof Since n > 2, there is an arrows a; — ag = z. Choose m maximal such that
there exists a sectional path

am —> - —>a;—>ag=2.

If f(a;) <O for some 1 <i <m, then let 7/ = a;. Otherwise we consider the wing
with corners

m

plll=ayy, 2, [llg=7t"ap.

The wing lemma (with s = 0) asserts that f(z’) <0 (even f(z/) < 0) for 7/ =

‘L’ilal. Il

2) If f(z) <0 for some vertex z, then f(z) = f(Fz) and
f@ h; < f.
Proof According to (1), there is a vertex y =z’ with f(y) <0 and a sectional path

from z to y or from y to z. Up to duality, we can assume that there is a sectional
path from y to z (otherwise we consider instead of I" the opposite translation quiver).
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Also, we can assume that we choose y such that the path from y to z is of smallest
possible length (thus f is positive on all the vertices between y and z). Consider the
wing with corners

pll], v, [1]q,

thus there are sectional paths

plll— pl2]— -+ — plm]l=y, y=I[mlg—---—[2]qg > [llq

and z is one of the vertices [i]g with 1 < j < m.Lets > 0 be maximal with f(p[s]) <
Oandt =m — s — 1. We claim that 7 > 1 and that z = [t]q.

First of all, for = 0, the rectangle rule would imply that f([j]lg) >0for1 < j <
m, but z is of the form [j]g and f(z) <O.

This means that we can use the wing lemma, it asserts that

f([tlg) = —min{ f(pls +il) | 1 <i <1}

and that f([jlg) >0for 1 +1 < j <s+¢. Since f(z) <0, with z of the form [j]lg
and j <s +1t, it follows that j <. On the other hand, we know that f is positive on
all vertices between y and z, thus we see that j =¢.

Letx = p[s], bi = p[s +i], and z = [t]g and note that we have f(x) <0, f(y) <
0, and f(b;) > 1 for 1 <i <t. This yields the upper wing in the following picture,
namely the wing with corners

pl1], v, [1lg.

Mg~~~

____[n]»a:__________:"_'--A-__

According to the wing lemma, we know that
f@ =—min(f(b,-) [1<i §t) <0.
But starting with x and y, we may also look at the wing with corners

[n]q, X, plnl,
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and use the dual argument: the dual of the wing lemma concerns the vertex F~!z (as
well as the vertices between F !z and x), it yields

f(F~'2)=—min(f(b) |1 i <1).
This shows that
f@=f(F'2).

Also, the rectangle rule for F~'z (or the dual rectangle rule for z) assert that f is
bounded from below by f(z)~ = — f(z) on the rectangle starting with t~! F~!z and
ending with 7z (the shaded area).

Using induction as well as duality, we see that f(F%z) = f(z) for all a € Z. Also,
it follows that

f@“h < f. O
Proof of Theorem 4 Choose some section S. Given a function g on the set of vertices

of I', we write
lgls = _|gx)
xeS

’

thus |g|s = 0 if and only if g(x) =0 for all x € S. In case g is cluster additive, we
know from Sect. 1 that |g|s = 0 if and only if g is the zero function.

We want to show any cluster additive function f on I" is a non-negative linear
combination of cluster hammock functions. We use induction on | f|s. If | f|s =0,
then f is the zero function.

Now assume that | f|s > 0. According to the assertion (5) in Sect. 1, there is some
vertex z with f(z) <O.

According to Theorem 2 and (2), we know that h, < f(z)"h, < f. We see by
Theorem 2 that f — h, is cluster additive again, and |f — h;|s < | f|s. Thus, by
induction, f — h; is a non-negative linear combination of cluster hammock functions
and then also f = (f — h;) + h; is a non-negative linear combination of cluster
hammock functions. This completes the proof. O

10 Cluster-tilted algebras

Let A be a finite-dimensional hereditary k-algebra (k an algebraically closed field).
Let T be a tilting A-module, 7 the set of isomorphism classes of indecomposable
direct summands of T, and F7 the union of the F-orbits which contain elements
of 7. Let B be the opposite endomorphism ring of 7 in the cluster category C =
DP(mod A)/F (see [4]), thus B is a cluster tilted algebra.

Define a function dr on the Auslander—Reiten quiver I” of D?(mod A) as follows:
Consider the projection

D?(mod A) —> D”(mod A)/F =Cp —> C4/(T) =mod B,

and denote it by 7 (here, we use that we can identify C4 /(T) with mod B according
to [5]).
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Let y be a vertex of I", thus the isomorphism class of an indecomposable object
in D?(mod A). If y is not in F7, then 7 (y) is the isomorphism class of an indecom-
posable B-module and we denote by dr () its k-dimension. On the other hand, if the
F-orbit of y contains an element x of 7, and x = [X], where X is an indecomposable
direct summand of T, then let d7 (y) = —ny, where n, is the Krull-Remak—Schmidt
multiplicity of X in T, note that this is also the k-dimension of the corresponding
simple B-module S,. In this way we obtain a function

dr : Iy — Z

which obviously is F'-invariant.
Of course, instead of looking at the k-dimension of the B-modules, one may also
consider their length. In this way, one similarly defines the function

Iy : Iy —>7Z

with 7 (y) the length of 7 (y) in case y is not in F7, and with I7(y) = —1 otherwise.
If the tilting module 7" is multiplicity free, then /7 = dr. For a general tilting module
T, let T’ be multiplicity free with the same indecomposable direct summands as T,
then I7 = dyp-.

Let us assume now that A is the path algebra of a Dynkin quiver.

Lemma The function dr on I is cluster additive and we have

dr = Z nyhy.

xeT

Proof We use the projection  of I" = Z A onto the Auslander—Reiten quiver of B as
defined above, in particular the identification of C4 /(T") with mod B given by [5].
Let us consider the mesh of ZA ending in z, say with arrows y; — z, 1 <i <s.
We assume that the vertices y, 41, ..., ys belongto F7, and yy, ..., y, not.
First, consider the case that neither z nor 7z belong to F7, thus we may consider
the Auslander—Reiten sequence ending in Z. By the assumption on the y;, we see that
the Auslander—Reiten sequence has the form

,
0—>tZ—>@Yl.mi—>Z—>O,

i=1

with indecomposable B-modules Z and Y; such that [Z] = z, [Y;] = y; and where
m; =my, ;. It follows that

dr(z) +dr(tz) =dimZ +dimtZ

r r
= Zmi dimY; = Zmy,.,sz(yi)
i=1 i=1

s
= Zmyi,sz(Yi)Jr,
i=1
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since dr(y;) <Oforr+1<i <s.

Next, let 7z belong to F7, thus z is a projective vertex, say z = [Z] for some
indecomposable projective B-module Z. By the assumption on the y;, the radical of
Z has the formrad Z = @, _, Yl.m" and Z/rad Z has dimension n. This means

dr(2) +dr(tz) =dimZ —dimZ/rad Z = dimrad Z

r r
= Zm,' dle, = Zmyi,sz(yi)
i=1 i=l

N
= Zm)’i,sz()’i)+~
i=I

Finally, we have to consider the case where z belongs to F7. This case is dual to
the previous one, now tz = [X] for some indecomposable injective B-module X and
the socle of X has dimension 7.

The Jordan—-Holder theorem for mod B shows that dr is just the sum of the
various functions n,h, with x € 7; namely, if y is a vertex of I", such that 7 (y)
is the isomorphism class of an indecomposable B-module N, then £, (y) is just the
Jordan—-Holder multiplicity of the simple B-module Sy in N. 0

We can use the cluster algebras in order to prove our conjecture for an F'-invariant
cluster additive function f provided two conditions on the position of the vertices x
with f(x) <0 are satisfied.

Proposition Let f be a cluster additive function on I' = Z.A with A a Dynkin quiver.
Assume that f is F-invariant and that there is a tilting set T with the following two
properties:

(a) If x belongs to T, then f(x) <0.
(b) If f(x) <O, then x belongs to the F-orbit of an element of T .

Then f is a non-negative linear combination of cluster hammock functions.

Proof We identify I' = ZA with the Auslander—Reiten quiver of D?(mod A) where
A is a finite-dimensional hereditary algebra and where 7T is a tilting A-module such
that 7 is the set of isomorphism classes of indecomposable direct summands of 7.
Let B be the opposite endomorphism ring of 7 in C4 = D?(mod A)/F. We form the
factor category DP(mod A)/(F'T | i € Z), this is the module category of a Galois
cover B of B (with Galois group Z). Thus, the Auslander-Reiten quiver I "=T(B)
of mod B is the translation subquiver obtained from I" by deleting the F-orbits of
the vertices in 7 .

Denote by f' the restriction of f to I'’. By assumption (b), f’ takes values in Ny,
is cluster additive, thus additive on I” (§) and F'-invariant; thus it induces an additive
function f” on I'" = I'(B) = F(§)/F = I''/F with values in Ny. According to
Butler [6], f” is additive on all exact sequences, thus it is a linear combination of the
“hammock functions” h:,/, for mod B, where p runs through the set of indecomposable
projective B-modules. If we compose these functions h’IQ with the projection I’ —
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I'"/F =T", we obtain just the restriction of /), to I", where p = t~!x for some
x € 7. Thus, there are integers n, such that

" __ 1
F=2 nphys
P

and therefore

FIT =f'=3"nph, I
14

If P’ is an indecomposable projective B-module with isomorphism class p’ and S’ is
its top (a simple B-module), then

np = mphy ([ = £"([s]) =0

(here we use that f” takes values in Ny), thus all the coefficients n p are non-negative.
We have seen that f and h =}, nph), coincide on I, it remains to show that

they also coincide on 7. Let x € 7, thus p =t~ 'x is in I and

fE==f@)+ Y my, f*

yelp

= —f(p) + Z my,p(s)f(Y)+

’
Yerly

= _h(P) + Z my,p(x)h()’)+
yely

=—h(p)+ Y my pih(*

yelp

= h(x),

where we have used that both f and & are cluster additive, that they coincide on I’
and have positive values only on vertices in FO/ (condition (a)). This completes the
proof that f = h. g

If a cluster additive function on I” is a non-negative linear combination of cluster
hammock functions, then also the following properties are satisfied:

(d) f =dr for some partial tilting module T .

(e) If f takes values in {—1} U Ny, then f = dr for some multiplicity-free partial
tilting module T, if f takes values in Z \ {0}, then f = dr for some tilting mod-
ule T.

We end this section by giving an interpretation of the exchange property of cluster
tilting objects in a cluster category in terms of the cluster hammock functions. Thus,
suppose that we deal with a tilting set 7 in ZA, where A is a Dynkin quiver. Let us
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look at the hammock &, for some x € 7. Let 7' =7 \ {x}. We claim that there are
precisely two F-orbits of vertices of I" which are not in the support of any function
hy with y € T’. Of course, one of these vertices is x itself, since h y(x) =0 for all
y € T'. In order to find the other orbit, we only have to consider the vertices z which
do not belong to F7. As above, we know that 7 (z) is the isomorphism class [N] of
an indecomposable B-module, say N. Now either [N] = [S], then indeed £, (z) =0
for all y € 7' (since N has no composition factor of the form S,), or else N is not
isomorphic to Sy, but then N has at least one composition different from S, say Sy
with y € 77, and therefore /1 (z) # 0. This shows that the second orbit consists of the
vertices z such that 7w (z) = [S,]. (But a warning is necessary: the position of z with
7 (z) = [Sx] in the support of &, does not only depend on £k, itself, as already the
case A, shows.)

11 Final remarks

1. The main results and conjectures of this note concern the translation quivers ZA
with A a quiver whose underlying graph is a simply laced Dynkin diagram. But there
is no problem to extend the considerations to the case of an arbitrary (not necessarily
simply laced) Dynkin diagram (thus dealing with the cases B,, C,, F4, G3). In
order to do so, we need the notion of a valued translation quiver.

A valued translation quiver I' = (I, I'1, T, m, m’) is given by a translation quiver
(Iy, I'1, T) with the property that there is at most one arrow x — y for any pair x, y
of vertices and two functions m, m’ : I'T — Nj such that

m(tz,y)=m'(y,z) and m'(rz,y) =m(y,2),

for any arrow y — z in I" with z a non-projective vertex. In case m = m’, then we
may consider (I, I'l, T, m,m’) as an ordinary translation quiver by replacing any
arrow x — y by m(x, y) arrows.

For example, the valued translation quiver ZB3 has the following form (in such
pictures it is sufficient to add the pair of numbers (m(x, y), m'(x, y)) to an arrow
x — y only in case at least one of the numbers is greater than 1):

The valued translation quiver I' = (I, I, t,m, m’) is said to be stable, if
(Ip, I', 7) is stable.

Given a stable valued translation quiver I", a function f : Iy — Z should be called
cluster additive provided

f@O+fa=) m@.0fm", forallzel.

yelp
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2. We should stress that cluster additive functions are definitely also of interest
when dealing with stable translation quivers which are not related to translation quiv-
ers of the form ZA with A a finite directed quiver. Examples of cluster additive
functions on the translation quiver ZD«, (as well as on ZAY) have been exhibited in
[12].
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