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Abstract. The concept of spin model is due to V. F. R. Jones. The concept of nonsymmetric spin model, which
generalizes that of the original (symmetric) spin model, is defined naturally. In this paper, we first determine the
diagonal matrices T satisfying the modular invariance or the quasi modular invariance property, i.e., (PT)% =

vmP?or (PT)® = mir (respectively), for the character table P of the group association scheme of a cyclic
group G of order m. Then we show that a (symmetric or nonsymmetric) spin model on G is constructed from
each of the matrices T satisfying the modular or quasi modular invariance property.
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0. Introduction
0.1. Spin models

The definition of spin model is due to V. F. R. Jones [9]. In his definition symmetric
conditions are required. Kawagoe, Munemasa, and Watatani [13] generalized it by dropping
the symmetric conditions.

Definition 1 (Generalized spin model). (X, wy, w_, D) is called a (generalized) spin
model if X is a finite set, w, and w_ are complex valued functions on X x X satisfying
the following axioms (1), (2) and (3) (forall o, B, v € X):

(1) 'LU+(,B, a)w—(aa ﬂ) = 11
@ Y w-(o, Djwi(z, B) = |X|ba, s,

z€X
(3) (star-triangle relation)

Y wile, D)wy(z, Byw-(, 7) = Dwy (e, Bw-(B, T)w-(a, 7),
z€X

where D? = | X|.
(X, wy, w-, D) is called symmetric if the following condition is satisfied:

©) wi(a, B) = w4 (B, a), w-(e, f) =w-(B, a) forany aand § in X.
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Remark 1. According to Watatani, Jones suggested that he consider spin models without
the symmetric conditions. It is proved in [2] that the concepts of symmetric spin models
and of generalized spin models (in Definition 1) can be further generalized by using four
functions w;(i =1, 2, 3, 4)on X x X.

Remark 2. Tt is easy to check that a (generalized) spin model (in the sense of Definition
1) gives an invariant of oriented links in a similar way as a symmetric one (see [13], [2]).
This confirms that Definition 1 given above is a right definition of spin models.

Let W and W_ be the matrices defined by Wy = (w4 (c, ﬂ))aex gex and W_ =
(w- (@, B)) ex, pex- Let I be the identity matrix and J be the matrix whose entries are

all 1. Let Y, be the column vector defined by Yo, = (wy(@, 2)w_(z, 7)), - Leto
denote the Hadamard product (i.e., the entry-wise product) of two square matrices of the
same size. Then the conditions (1), (2) and (3) in Definition 1 are expressed in the following
forms.

1) Wy oW_ = J,
@) WoW- = |X|I,
(3) tWiYyy = Dw_(a, 7)Yay, where D? = |X|.

In what follows we will denote a spin model simply by (X, w4, w-) or (X, Wy, W_)
without mentioning D when there is no confusion.

0.2. Cyclic group association scheme and the modular and quasi modular invariance
properties

Let G = Gy, be a cyclic group of order m generated by g. Then the group associa-
tion scheme X(G) is a pair consisting of the finite set X = G and the set of relations
{Ri}ogi<m-10on X defined for z, y € G by

(x, y) € R; ifandonly if yz™! = g* (0 <4 < m —1) (see [3]).
Note that the adjacency matrix A; with respect to the relation R, is given by
A; = A" where A; has (z, y) — entry equal to 8¢, , forz, y € G.

Let % = (Ao, 431, ..., A—1) = (A1) be the Bose-Mesner algebra of the group associ-
ation scheme X(G). Then the primitive idempotents Ey, F, ..., E,,_; of 2 are given
by

m=—1

A=) C'E

=0
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where ¢ is a primitive m-th root of unity. The matrix P = ({*/)ogi<m-1 is the character

0<ji<m~1

table of the group association scheme X(G) (and also the character table of the group G) and

the (3, L)—entry of P?is m fori+ j = 0 (mod m) and O otherwise. The second eigenmitn'x

Q = (¢¥) ozicm-1 of X(G) corresponds to the linear transformation mE; = ymslcig
S3sm—

and satisfies PQ = mlI, Q = P, so that X(G) is self dual.

Definition 2 (Modular invariance property). Let P be the matrix defined above. A
diagonal matrix T is said to satisfy the modular invariance property if the relation

(PT)? = ymP?

holds.

Definition 3 (Quasi modular invariance property). Let P be the matrix defined above.
A diagonal matrix T is said to satisfy the quasi modular invariance property if the relation

(PT)3 =miI

holds.

Remark 3. Note that for a finite cyclic (or abelian) group G, the matrix S of the corre-
sponding fusion algebra at algebraic level (cf. [1]) satisfies

1
§=—=P
VIG|

and the modular and quasi modular invariance properties become
(ST} =82 (8*=1)

and
(ST =1

respectively. The matrix S is symmetric and unitary. For further explanations on why we
are led to notice the modular invariance properties for association schemes in connection
with spin models, the reader is referred to the following survey article by the first author:
Eiichi Bannai, Algebraic Combinatorics—Recent topics on association schemes—, Sugaku
(Mathematics) (Math. Soc. of Japan) 45 (1993), 55-75 (in Japanese). An English trans-
lation of this article will be published in Sugaku Exposition (Amer. Math. Soc.). Further
relations between modular invariance properties and spin models will be treated in a joint
paper by Eiichi Bannai, Etsuko Bannai and Frangois Jaeger, which is in preparation.

The first purpose of this paper is to give the complete list of the diagonal matrices T'
satisfying the modular or quasi modular invariance property for the character table P of
X(Gp,). The results are given by the following two theorems.



246 BANNAI AND BANNAI

Theorem 1. X(Gy,) has the modular invariance property with a diagonal matrix
T = diag(a, a1, ..., Qm-1)

if and only if the following holds:
;2 m-] 2
a; =n" ag fori € {0, 1, ...,m—l}andcxg:\/ﬁ/znl ,
=0
where n = CL""A‘—J' ifmisoddand n® = ¢~ if m is even.

Theorem 2. 1) Let m be odd. Then X(G,,) has the quasi modular invariance property
with a diagonal matrix

T = diag(ag, 01, + .y Gp—1)
if and only if the following holds:

o = ¢H0+2-D20, fori € {0,1,...,m -1}

and
1,3 2 m-l 1472
af = /me(= )21 / Yo ¢t
i=0

withs € {0, ..., m —1}.
2) Let m be even. Then X(G,, ) has the quasi modular invariance property with a diagonal
matrix

T = diag(ag, 01, -+, Gm—1)

if and only if the following holds:
. 2 m—1 N
o; =10ty forie {0,1,...,m—1} and of = vmn® / Z 7
1=0
withn* =Cands € {0,..., m —1}.
Remark 4. For any positive integer n, it is known (cf. [15, 14, 7]) that
n—1 2
|
1=0

n—1
@ Y& =o0if n=2(4),
=0

=+/n if n=1(2),
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n-1 2

(iii) | Yy é ‘ =V2n if n=0(4),
=0

where £ is any primitive n-th root of unity. In Theorem 1 or Theorem 2, if m is odd then
¢ 25 and ¢ = are primitive m-th roots of unity. Therefore |ap| = 1 in Theorem 1 or
Theorem 2 if m is odd. In Theorem 1 or Theorem 2, if m is even then 7 is a primitive 2m-th
root of unity. Since 2m = 0(4), by (iii) we have

2m-1
‘ > 17‘2|=M=2\/r_n.
=0

On the other hand
2m-1 2 m-—1 )
Z 7 =2 Z nt.
=0 1=0

Therefore | 2,=31 n*’| = v/m and hence we also have || = 1 for those cases. Moreover
we can show that o in Theorem 1 or Theorem 2 is a root of unity using results in Schur
(15] or Nagell [14, Section 53].

0.3. Spin models on G,,

Let A;(i =0, 1, ..., m — 1) be the adjacency matrices of the group association scheme
X(Gp), namely, the A; as given in Section 0.2. We want to construct a generalized spin
model (X, W4, W_) on the cyclic group X = Gy, with

m-—1
Wi = Z tiA; (ti e C,t; # 0).
i=0

By the relation (1) in Definition 1 we have

m-—1
W. = Z t,-_lAi,,
1=0

where ' A; = Ay (thatis , i’ = —i(m)).

The second purpose of this paper is to construct a spin model from each matrix T satisfying
the modular or quasi modular invariance property, which was completely characterized in
Theorem 1 or Theorem 2 respectively. Our result is summarized in the following two
theorems.

Theorem 3. Let W, and W_ be defined by t; = a;tg/ap, i = 0,1,...,m -1, and
t2 = af, where a; are given in Theorem 1. Then (Gp,, W, W_) is a symmetric spin
model with D = \/m.
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Theoremd. Let W, and W_ be definedbyt; = aite/p, i =0, ..., m—1,andt3 = o3,
where a; are given in Theorem 2. Then (G, Wy, W_) is a spin model with D = \/m.
Moreover, (G, W4, W_) is a symmetric spin model if and only if 2s — 1 = 0(m) for m
odd or 2s = 0(m) for m even.

Remark 5. 1t seems that symmetric spin models constructed in the above two theorems
are known in some forms (cf. [9], or ¢f. [6]. See also [5], [12]). However, nonsymmetric
spin models on G, have not been studied, except for the following result due to Kawagoe,
Munemasa and Watatani [13]. They found an example for each of G3, G4, and G, through
a systematic search by computer, namely

11 ¢f
W, Ca| G§ 1 1 on G3,
1

Gs 1

15 G 1 &

_ G 1 ¢ 1
Wy = 1 ¢ 1 G on Gy,

G 1 ¢ 1

and
1B 1 8 s
Gs 1 g 1 S
Wy = Go| 8 ¢ 1 & 1 on Gs.

1G8 G610 ¢
Go 1 B8 G 1

where {m = exp(27/—1/m). However, it has not been clear where they came from. Our
theorems include as special cases the examples by Kawagoe, Munemasa and Watatani [13],
and show how these spin models are constructed in a general context.

Remark 6. The question of what kinds of invariants of links are obtained from nonsymmet-
ric spin models constructed in Theorem 3 and Theorem 4 has not yet been studied. It would
be interesting to know whether new invariants of links are obtained from these spin models.
(For general informations on link invariants, see [9], [10], [8], [4].) (For the symmetric
case these have been studied, say in [6], [11].)

1. Proofs of the theorems
1.1, Proofs of Theorem 1 and Theorem 2

First we give the following proposition which will be used several times in the proofs of
the theorems.

Proposition 1. Let n = Cm’é_—l ifmisoddand n? = ¢~Yif mis even, and l; = Iy (m).
Then we have

@ n* =ns,
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(i) =,

Proof: (i) is obvious. If m is odd, thenn = ¢ =5 and (ii) is obvious. If m is even, then
by the assumption, # — 12 is a multiple of 2m. Since 7°™ = 1, we have (ii). o

Let T = diag(ag, o4, ..., @m—1) be a diagonal matrix satisfying
(PT)® = v/mP? or (PT)® = mi1I.

Note that T is invertible.Then for any 4, j € {0, 1, ..., m — 1} with i + €5 # 0 (m) we
have

m—-1m-1 ] '
Yo S ¢t g0, = 0, o

=0 k=0

where € = 1if (PT)3 = /mP? and € = —1if (PT)% = m3 L.
To prove the theorems we need the following propositions.

Proposition 2. Foranyu, s € {0, 1, ..., m — 1} we have

m* a0y — Z C“‘alak =0.
l+e(s—k)—u=0(m)

Proof: Sincea; #0, j=0,..., m — 1, by (1) we have

m—1m-1
Z C .93( Z z (‘Ll+lk+k3alak> =0

=0 k=0
Ji‘ ﬂ(m)

forany s € {0, 1, ..., m — 1}. Since

m-—1
z ¢Y = m-1ift=0(m)

=0
i#—ei(m)
and
m—1
Yo o= ¢ ift#0(m),
=0
#Z—el(m)
we have
m-1m-—1
m Z Czl+lsalaa _ Ct(l—ek+es)+lkalak -0
=0 k=0

foranyi € {0, 1, ..., m — 1}. Then we have
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m-—1 ' m—1 _ m~1m-1 .
Z C—w (m Z Czl+laala‘g _ Z Z C@(l—ek+es)+lkalak> =0.
=0

i=0 1 1=0 k=0
m-1 '

Since Z ¢* = 0if t # 0(m), we have Proposition 2. w
i=0

Proposition 3. Foranyu, s, j € {0, 1, ..., m — 1} withu — €s = j (m), we have

C”‘aua, = ;00p.

Proof: Let s = 0and u = j in Proposition 2. Then we have

ki
mojag = Z Cogag.
l—¢k—3§=0(m)

On the other hand, let u — €s = j (m) in Proposition 2. Then we have

mi™ayos = Y (o

l—ek—j=0(m)
foranyu, s € {0, 1, ..., m — 1} with u — es = j (m). Therefore (**a 0, = a;jay for
any u and s with u — es = 7 (m). ]

Proposition 4. (i) If e = 1, then
a; =nagforje{0,1,..., m—1},

where n = C‘"Li__l if mis odd and n® = ¢~ if m is even.
(ii) If e = —1, then

Q;j =?7jCj T
where ™ = 1 if mis odd and n™ = —1 if m is even.

Proof: Let s = 1 in Proposition 3. Then 4 = j + ¢(m) and
Cj+€aj+fa1 = a;Qp,
where indices are to be read modulo m. Let a;; = nag. Then we have

Qj; = n(j+‘aj+€. (2)
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(i) Ife=1,thena; =n¢"*'a;.; and
a; =07 Fa;_q for j=1,...,m—1. (3)
Put j = 1 in (3), then
a1 =17 ao.
Therefore we get n? = ¢! and
oy = nzj'laj_l forj=1,...,m—1.
Hence we have
ajznjzaoforj=1,...,m—-1. C))
Moreover by Proposition 3 with ¢ = 1 we obtain
(™ larom-1 = agap = (3osay.
Therefore by (4)
am—1 = (*as = (*n°ag = nag.
The equation (4) also gives

m34+1

12
tm-1 =™V g = g™ *ay.

Hence we have n™ = 1. Since 2 = ¢~?, if m is odd then = ¢ ™. This completes
the proof for (i).

(ii) If e = —1 then by (2) we get

Qa;j =77Cj_laj_1 forj=1,...,m-1.
Then we obtain
aj=C._’l‘njao forj=0,..., m—1. (5

Let s = 1 and u = m — 1 in Proposition 3. Then
™ lapo1o = ag.
Therefore we have

-1 -
am-1 = {ajay" = (n ap.
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On the other hand by (5) we have

m—2)(m—1 -
o1 =T ™ ey,

Hence we have Cw‘?)ﬂnm = 1. If m is odd, then Cgm*_;m = 1 and we have n™ = 1.
If m is even, then ¢ T = (¢#)™=3 = (=1)™3 = —1. Therefore ™ = —1. This
completes the proof. a

Proposition 5. For a diagonal matrix T = diag(oy, ..., am-1), satisfying, a; = a; for
i, € {0,..., m— 1} withi + j = 0 (m), the modular invariance property (PT)? =
/mP?2 is equivalent to the quasi modular invariance property (QT)3 = m3 I with respect
to the second eigenmatrix Q@ of the group association scheme X(G).

Proof: Assume that T satisfies the statement of Proposition 5. Then 7' commutes with
the matrix P2. Since PQ = mI, P* = m?I, we have Proposition 5. 0

Now we are ready to prove Theorem 1 and Theorem 2. Let T = diag(ay, ..., Qm-1)
satisfy the modular invariance property. Then by Proposition 1 and Proposition 4(i) a; = «;
foranyi, j € {0, ..., m—1} withi+j = 0(m). Since Q = P, Proposition 5 says that if
T satisfies the modular invariance property, then T" satisfies a special case of quasi-modular
invariance property for the inverse value of (. Actually in Proposition 4 (i) we can express
the solution by

oz,-=nj(_”7_l apforje{0,1,...,m—1}

for both cases m even and odd and this is indeed a special case of Proposition 4(ii) with ¢
replaced by . Therefore by Proposition 5 it is enough for us to prove Theorem 2.

We have seen that if T satisfies the quasi modular invariance property, then oy, | =
0,1, ..., m — 1, must satisfy the conditions given in Proposition 4(ii). Conversely for
suich oy we have

(i, 5)-entry of (PT)?
m-1m-1

i—1)i . . g QR 24k
- agcs’j-LnJ Z Z Ct(l+k)+k(1 t)+3—L,—(—an+k.

=0 k=0
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If m is odd, then, by Proposition 4, n = {* with some s € {0, 1, ..., m — 1}. Therefore
in this case

(i, j)-entry of (PT)?
— aocﬂ—i—ucej Z (k(] 1) Z <d+ sl

= 8, j03¢ T i Z gl
=0
m-1 144)2 — (144 .
= 6,-|jmag Z CS_-H—(_Z""(H")

l
1

3 Lyl
—6,]maoz C’ 8
=

l

= 6;, jmag Z (-t

=0
m~—1
= 6;,mod Y PO+ 20— 1)~ (B4)2 2-1)%)
=0
m-l m+1y;2 m+14\3 2
= &, jma3 Y (- (B @s-1)?
=0

Therefore we have (PT)3 = m+/mlI if and only if

ad = m¢ ) 2e- 1)“/ Z cFIE,

This completes the proof for m odd. (To obtain Theorem 1 with m odd for Q instead of P
take s = 21 ))

If mis evcn, then, by Proposition 4, = 7' *2* with some s € {0, 1, -1} and
o satlsfymg 702 = ¢. Then by Proposition 4,

(i, j)-entry of (PT)?
m—1m-1

= 77 3%+2s5 Z Z Ct(l+k)+k(3 1)+s(l+k),q (l+k)2
=0 k=0

By Proposition 1,
(¢, j)-entry of (PT)
=odnd 4205 Z k-9 E ¢italph 12

=

= &, ymadno Z Mo
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Therefore we have (PT)? = m,/mI if and only if
23 mol 2
o =vmng [
1=0

This completes the proof for m even, and Theorem 2 has been completely

proved. (To obtain Theorem 1 with m even for @ instead of P take s = 3
ors=0.)

O
1.2. Proofs of Theorem 3 and Theorem 4
Leto;, 2 = 0,1, ..., m — 1 be the complex numbers defined either in Theorem 1 or

Theorem 2. Let ¢p be a complex number satisfying t% = ag and t; = oty 1 =
0,1,....,m—1 LetW, = Z;’;Bl t;A;and W_ = Z;’;Bl ti‘,lA,- where Ay =tA;. In
this section we will show that (G,,, W4, W_) is a spin model.

Let T and T_ be m-dimensional column vectors whose i-th entries are ¢; and £, ! (i=
0,1, ..., m— 1) respectively.

Proposition 6.
@ PT =./mT_,
(i) PT- = /mT.
Proof: Since PP = ml, (ii) is obtained from (i) immediately. In order to prove (i), first
let T and T_ be defined using o; (i =0, 1, ..., m — 1) given in Theorem 1. In this case
we have

a,=ay fori=0,1,...,m—1. (6)
Since

(PT)% = /mP?
foranyi, j € {0, 1, ..., m — 1} we have

m—-1m-1

Z Z cil+lk+kjalakaj — 6ij’m%-

=0 k=0

Since a; # 0, we get

[y

3

m— -1

-1
Z 2 ¢ilHktks gy o mz: 8iy aj-1mg
. pre

j=0 1 =0

l
o
o
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and then we have

m—1

. _ 3

m Z Cloyag = ai,lmf.
1=0

Therefore by (6) we have

3

Clagap = vmoj !

-
It
o

and then

3

¢ty = vmit]!

l

It
S

by the definition of ¢; (I =0, 1, ..., m — 1). The left hand side of the last equation is the
i-th entry of the vector PT.

Now let T and T_ be defined using o; (1 =0, 1, ..., m — 1) given in Theorem 2. Since
(PT)3 = m3 I in this case, we have

m—1m-—1 .
Czl+lk+kyalakaj — 6‘i,jm’
=0 k=0
for any 4,7 € {0,1,...,m — 1}. By a similar argument as above we obtain
= /mT_. ]

Proposition 7. W, and W_ satisfy the conditions (1) and (2) of Definition 1 for spin
models.

Proof: By the definition of W, and W_, (1) of Definition 1 is clear. For (2)

m-1

Ai = Z C“Elv = Z C JlEl ElEk = 61 kEla
=0 =0
implies
m—1m-1
Wowo = Y it Zt et
=0 i=0

Hence by Proposition 6 we have
W, .W_ =ml. a

To show that (G,,, W, W_) is a spin model we only need to show the star-triangle
relation.
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Proposition 8, The star-triangle relation ((3) of Definition 1) is equivalent to the following
equations.

(tir —ta)EiYoy =0

foranyie {0,1,..., m—1}and o,y € G, with (a, 7) € R,.

Proof: In Section 0.1 we mentioned that the star-triangle relation (with D = \/m) is
equivalent to

tW+Ya'y = \/7_nw— (a’ 7)Ya‘7 )

for any @, ¥ € G,,,. (Note that w_(a, v) = t,~! for (@, ¥) € R,.) By the definition of
W.. and (i) of Proposition 6 (multiplied on the left by m~! P2)

m~1

tW.J,.Ym,Y = Eti’AiYa'y
=0

m-1

m~1
= Yt ) (“EYe
=0 =0
m—1

= \/ﬁ tgl_lElYa7.
=0

Therefore (7) is equivalent to

m—1
( S 4B - ta,‘1>Ya., s ®
=0

Since E;E; = §;F; foranyi€ {0,1,..., m —1} and Z,"__’_Bl E; = I, (8) is equivalent
to

(b —ty V)EiYey =0, foranyic {0,1,..., m—1}.
This proves Proposition 8. a
Proposition 9. Let W, be as in Theorem 3 or Theorem 4. Then E;Y ., = 0 if and only if
a # i, where (a, v) € R,.

Proof: By Proposition 5 it is enough to prove the case of Theorem 4. Since E; =
L Z;’:ol ~4A;, E;Ysy = 0 if and only if z;.':ol (" A;Ysy = 0. Let (4;),, and
(v)y be the (z, y)-entry of A; and y-entry of v respectively, where v is a column vector of
dimension m and z, y € Gy,. Then

(AjYey)z = z (Aj)z,y(ya’v)y
y€Gm
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= z (Aj)_—,;,y’w-}-(a, y)w—- (y7 7)'
YEGm

Since wy (o, y¥) = t, with (@, y) € R and w_(y, v) = t;~! with (y, v) € R; we have

m—~-1m—1

(Aonry)z = Z Z pjkl(x’ a, 7)tktl-71’

=0 k=0

where pjkl(x) a, 7) = ﬂ{y | ((II, y) € Rj, (a’ y) € Rka (y’ ’Y) € Rl} Let (III, a) € Rb-
Then by the definition of the relations { R;}o<i<m—1 we have

piki(z, @) = lifk=j—b(m),l=a+b-j(m), ©)
piki(z, o, v) = 0 otherwise.
Hence

(AjYor)o = titp! withk=j—b(m) and l=a+b—j (m).

Therefore
1

m— m—1
( > g-“fA,-Ya.,> =Y (Tt (10)
j=0 z J=0
where k = j — b(m) and l = a + b — j(m).

Now we are ready to show Proposition 9.

1(143s—1

(i) If W, is as in Theorem 4 and m is odd, then ¢; = C'(_T—lto, 0<!<m-=1with
some s € {0, 1, ..., m — 1}. Therefore by (9) we have

m~1 —a?ta(2e—1 m-1
3 CTIAYy | = (TR S i)
j=0 x j=0

for any = € Gy, where (z, o) € Rp. The right hand side equals 0 if and only if (a — i) £
0 (m).

(ii) If W, is as in Theorem 4 and m is even, then t; = 5'(+28)t, with n2 = ¢ and
s € {0, 1, ..., m — 1}. Therefore by (9) we have

m—1 B . . m—1 N
( Z C_”AjYa'y) — C—bzn%a—a Z C(a—l)]
T j=0

=0
forany x € Gy, where(z, a) € Rj. Theright hand side of this equation equals 0 if and only

ifa—1i#0(m). Sincea, i € {0, ..., m—1},a = i(m) is equivalent to ¢ = ¢. Hence in
any of the cases, E; Y,y = Oif and only if a # . This completes the proof of Proposition 9.
]

Proof of Theorem 3 and Theorem 4. By Proposition 9, clearly we obtain (t;; —
ty)EiYay = Oforanyi € {0,1,...,m — 1} and o, v € Gy, with (o, ¥) € R,.
Therefore, by Proposition 8, (G,,,, W, W_) satisfies the star-triangle equation. Together
with Proposition 7 we can complete the proof of Theorem 3 and Theorem 4.
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2. Concluding remarks

Remark 7. Constructions of spin models for finite cyclic groups given in Theorem 3 and
Theorem 4 have obvious generalizations for constructions of spin models for finite abelian
groups. Generally, let (X;, (W;)4, (W;)-), for i = 1, 2, be (generalized) spin models.
Then it is easy to see that the triple (X; x X3, (W1)4 ® (Wa)4, (W1)- ® (W2)-) isalso
a spin model which is called the tensor product of the two previous models. (This is well
known, see e.g., Kawagoe, Munemasa and Watatani [13] or de la Harpe [4].) Since any
finite abelian group is a direct product of cyclic groups, we shall obtain a spin model by
assigning one of the spin models constructed in Theorem 3 and Theorem 4 to each cyclic
factor of the abelian group. It seems to be an interesting question to know how far, in
general, the spin models for an abelian group are different from the ones obtained this way,
i.e., as the tensor product of spin models constructed in Theorem 3 and Theorem 4 for each
of the cyclic factors.

Remark 8.  Although Theorem 1 and Theorem 2 give the complete characterization of
the matrices T satisfying the modular invariance property or quasi modular invariance
property, the complete characterization of spin models on the cyclic groups G = Gy, with
Wy =3 7% tiA; is not yet determined, even for odd primes m. It would be interesting
to know the answer to this question. Also, it would be interesting to study constructions
(or determinations) of more general types of spin models (c¢f. [2]) on finite cyclic groups.

Remark 9. The idea of using association schemes to construct spin models is due to Jaeger
[8]. We remark that we owe Jaeger {8] for some ideas of the proofs in the present paper.

References

1. Bannai, B, “Association schemes and fusion algebras (an introduction),” J. Algebraic Combinatorics 2
(1993), 327-344.

2. Bannai, E. and Bannai, B., “Generalized generalized spin models (four-weight spin models),” to appear in
Pac. J. Math.

3. Bannai, E. and Ito, T., Algebraic Combinatorics I: Association Schemes, Benjamin/Cummings, Menlo Park
CA, 1984.

4. delaHarpe, P, Spin models for link polynomials, strongly regular graphs and Jaeger’s Higman-Sims model,
preprint.

5. Fateev, V.A. and Zamolodchikov, A. B., “Self-dual solutions of the star-triangle relations in Zx models,”
Phys. Lett. A 92 (1982), 37-39.

6. Goldschmidt, D. M. and Jones, VFR., “Metaplectic link invariants,” Geom. Dedicata 31 (1989), 165-191.

7. Ireland, K. and Rosen, M., A Classical Introduction to Modern Number Theory, Springer-Verlag, New York,
Heidelberg, Berlin, 1982,

8. Jaeger, F, “Strongly regular graphs and spin models for the Kauffman polynomial,” Geom. Dedicata 44
(1992), 23-52.

9. Jones, VFR., “On knot invariants related to some statistical mechanical models,” Pac. J. Math. 137 (1989),
311-334.



SPIN MODELS ON FINITE CYCLIC GROUPS 259

10.
11.

12.

13.

15.

Kauffman, L.H., “An invariant of regular isotopy,” Trans. Amer. Math. Soc. 318(2) (1990), 417-471.

Kobayashi, T., Murakami, H. and Murakami, J., “Cyclotomic invariants for links,” Proc. Japan Acad. 64A
(1988), 235-238.

Kashiwara, M. and Miwa, T., “A class of elliptic solutions to the star-triangle relation,” Nuclear Physics
B275 [FS17] (1988) 121-134,

Kawagoe, K., Munemasa, A., and Watatani, Y., Generalized spin models, preprint.

Nagell, T., Introduction to Number Theory, Almqvist and Wiksell, Stockholm, and John Wiley and Sons,
New York, 1951 (Reprinted by Chelsea Publishing Company, New York.).

Schur, L, Uber die Gauf3schen Summen, Gesammelte Abhandlungen, vol II, Springer-Verlag, 1973, 327-333,



