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Abstract. For each element X of codimension two of the intersection lattice of a hyperplane arrangement we
define a differential logarithmic 1-forms wy with poles along the arrangement. Then we describe the class of
arrangements for which forms wy generate the whole module of the logarithmic 1-forms with poles along the
arrangement. The description is done in terms of linear relations among the functionals defining the hyperplanes.
We construct a minimal free resolution of the module generated by wy that in particular defines the projective
dimension of this module. In order to study relations among wy we construct free resolutions of certain ideals of
a polynomial ring generated by products of linear forms. We give examples and discuss possible generalizations
of the results.
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Introduction

Let A be an arrangement of n (linear) hyperplanes in an [-dimensional linear space V over
an arbitrary field F (an l-arrangement). For each H € A fix a linear form ay € V*
such that Keray = H and put Q@ = [[4 4. Denote by S the symmetric algebra
of V* that is naturally isomorphic to F[xy,...,x/] for any choice of basis (xi,..., x/)
of V*. Denote by QP[V] the S-module of all differential p-forms on V with coef-
ficients from S. Of course QP[V] is free with the natural basis (dx;, A dx;, A --- A
dxip)15,~1<,-2<...i,,51. Also denote by Q7(V) the S-module of differential p-forms with co-
efficients from the field (5) of quotients of S, ie., QP(V) = QP[V] ®; (§). Clearly all
the modules 7 (V) can be graded by the degrees of coefficients at elements of the natural
bases.

The modules of logarithmic differential forms with poles along a divisor were defined
by Deligne [2] for a divisor with normal crossings and by Saito [9] for an arbitrary divisor.
The following specialization of these modules to the union of hyperplanes (and to the
category of S-modules) became the subject of extensive studies in arrangement theory. Put
QPFA) = {w € QP(V) | Qw € QP[V], Qdw € QPF[V]} and call it the S-module
of logarithmic p-forms with poles along A. Under the condition n = Qw € QP[V] the
condition Qdw € QP'[V1is equivalent to day A n € agQRPT{V] forevery H € A.

The structure of modules Q7 (.A) is known to certain extent for some classes of arrange-
ments. For generic arrangements (i.e., in the case where every | forms oy are linearly
independent) certain free resolutions of these modules were constructed by Rose and Terao
in (8]. If A is just r-generic (3 < r <! ~ 1), i.e., every r forms oy are linear independent,
then Ziegler [14] announced that every module Q (A) with p < r — 2 was generated by

the exterior products of the forms %"Jﬁi He proved this for r = 3 and even constructed
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a resolution of the module 2!(A4). For r > 3 a complete proof was given by Lee [5].
Another class of arrangements that has been studied is the class of free arrangements, i.e.,
arrangements A for which Q'(A) is a free S-module. Then every module Q7 (A) is free
that is equivalent to the fact that this module is generated by (;,) elements. Explicit bases

for —!(A) have been found in [3] for certain subclasses of free arrangements.

Let us focus our attention now on ! (A4), the module that often defines the structure of all
modules 2P(.A). The forms ‘{7"‘1 belong to this module and according to [14] generate the
whole module if and only if A 1s 3-generic. Introducing the intersection lattice L = L(A),
i.e., the set of all intersections of hyperplanes from .4 ordered opposite to inclusion, we can
view %‘3‘;’“ as the forms corresponding to the atoms of L. For A that is not 3-generic it is

natural to look for forms in ©2!(A) that correspond to the elements X of L of codimension
2, i.e., the intersections of pairs of hyperplanes from 4. Then the natural question arises
for what arrangements these forms generate the whole module.

In this paper, for each X € L of codimension 2 we define a unique (up to a constant)
form wy € Q!(A) and describe the class of arrangements for which these forms together
with the form "—;‘l generate ' (A). This class is given by the condition that for any subset
B C {ay | H € A} of rank 3 all linear relations of length 3 among «¢y € B are linearly
independent (see Theorem 3.1). Naturally this class includes all the 3-generic arrangements
since they do not have linear relations of length 3 at all. This class can be viewed as the
collection of general position central arrangements using a weaker definition of the general
position than the usual one. We also find a minimal free resolution of the module Q' (.A4) for
A from this class. In fact we construct a minimal free resolution of the module generated
by the forms wy for any arrangement (see Theorem 2.9). In order to find all the relations
among these forms we need to resolve certain ideals of .S generated by products of linear
forms. This is done in Section 1 (see Theorem 1.3). In Section 4, we give examples and
suggest possible generalizations of the main results of the paper.

Besides the notation introduce above we will use the following. The lattice L is ranked by
codimension of its elements in V. Denote the rank of L by m. Clearly m is the dimension of
the subspace W of V* generated by all «y whence m < 1. If m = [ (equivalently (.4 H
= 0) then A is called essential. If A is not essential we will always assume that a basis
(x1,...,x7) in V* is chosen so that xy, ..., x, are among ay and thus form a basis in W.
The forms oy define an essential m-arrangement A; in W*. It is easy to compute (e.g.,
cf. [10]) that Q1 (A) = (' (A1) ®F Flxmet, - .., x)®s(Flxy, ..., xm]®p25=m+, Sdx;).

Foreachi, 0 <i <m, weput L(i) = {X € L | rank X = i}. Finally, foreach X € L,
wepwt Ax = {H € A| H > X}, Qx =nHeAxcx”,and7rx = -QQ;

1. Polynomial ideals generated by products of linear forms

Let A be an [-arrangement. With every nonempty A C L we associate the (homogeneous)
ideal J(A) of S generated by {nyx | X € A}. Clearly J(A) does not change if one substitutes
for A the subset of all maximal elements of A. Thus without loss of generality we can assume
that all elements of A are pairwise incomparable. The goal of this section is to exhibit a
minimal free resolution of the graded S-module J(A).

Denote by K = (0 — K, — - > K; % K,_| > .- > Ko — K_; = F > 0) the
chain complex over F of the simplex with the set of vertices A. In particular K; has the
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basis consisting of all the subsets of A with ¢ + 1 elements and d; is given in this basis by a
matrix (d,..) where o, T C A, |o| =1, |t| =i + 1. The entry d,,. may be non-zero only
ifo Cr.

We will also use other complexes over F defined by A. ForeveryZ € Lput Az = {X €
A|X >Z}andfixY € L, Y # V. Then for every Z < Y define two subcomplexes of
K: K-z whose linear spaces K>z ; are generated by subsets of Az and K,z whose linear
spaces K.z ; are generated by subsets o of Az with the extra condition A\, X A Y > Z.
Finally put Kz = K>z/K. 2.

Lemma 1.1 ForeveryZ € L (Z <Y) the complex Kz is exact in any dimension i such
thati > rankY.

Proof: First notice that if Az = @ then K>z ; = 0 for every i > 0 and the result follows.
Thus it suffices to consider the case where Az 3 @ whence Kz is the complex of a (non-
empty) simplex and thus exact. Denote by Z;, Z,, ..., Z; all the successors of Z such
that Z; <Y, i=1,...,k,and Az, # 9. Clearly K.z = 25‘:1 Kz, (recall that all the
complexes under consideration are subcomplexes of K so it is possible to add them). Again
it suffices to consider the general case where & > 0 since otherwise the result is immediate.

In the general case we need to study K. z. For that we define two posets. The poset
Py consists of all ordered by inclusion nonempty subsets o of A such that A X > Z;
for some i. The poset P, is the subposet of L°P defined by P, = {U € U,.[Y, Z:3
Ay # @}. Define the order preserving map ¢: P, — P, viag(oc) = A, X A Y. For
every Z € Pywehave p7'({U € P, | U < Z) = {o € P, | \, X = Z} that
is the poset with the unique maximal element Az and thus contractible. Thus by [7]
¢ is a homotopy equivalence. Now consider two cases. If Y € P, (ie., Ay # 0)
then Y is the greatest element of P, whence P, is contractible. Then P; is contractible
also.

Suppose Y ¢ P;. Then H;(P1) = 0 fori > rank Y — 1 since the length of any linearly
ordered set in P, is smaller than rankY. In any case since Kz is homotopy equivalent to
the order complex of Py we have H;(K-z) = Ofori > rankY — 1. Applying the homology
long exact sequence corresponding to the short exact sequence

O—>K>z—)Kzz-—)Kz—)0

we obtain the result, .
Now we define a sequence of S~mo~dulgs and Eheir homomorphisms. Put K; = K; ®F
S, i > 0, and define the S-linear map d;: K; — K- by the following matrix (with respect

to the standard bases of K ;)
der ( H O!H)
HeA \Ar

where A, = (¢, Ax for every v C L. Also put Ky=1J (A) and define the S-linear
mapc?o: Ky — K_; byd~0(X)=nx forevery X € A. 0

The following lemma is straightforward.
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Lemma 1.2 The sequence K = (Ki.d)isa complex and dy is surjective.
Now we are ready to prove the main result of the section.

Theorem 1.3 For every nonempty subset A of L the complex K is exact, i.e., it is a free
resolution of the S-module J(A).

Proof: We will prove the result by checking the conditions {(a)—(c) of [6, Sect. 6.4, Theorem
15]. For that we use the evaluation of K at points of V (cf. [12, p. 437]). Forevery x € V
define the complex K (x) of linear spaces putting K (x); = K; fori > —1 and defining the
differential d; (x) by evaluating at x the matrix of d;. Now we consider two cases.

(1) Let x be in general position with respectto A4, i.e., ay (x) # Oforevery H € A. Define
foreacho C L the subarrangement A, = ("\x., Ax and the polynomial @, = [Ty 4, @n-
Then the matrix for d;(x) can be obtalned from the matrix for d; by multiplying the o -row
by Q. (x) and the T-column by 5-=. Since all the polynomials O, do not vanish at x the

multiplication do not change the rank of the matrices. Thus the exactness of K implies the
exactness of K(x). Since besides the evaluation at x does not increase the rank of a matrix
we have
rankp K, = ranks K, > ranksd, > rankgd, (x) = rankz K,

whence
rankgd, = ranksK,.
In a similar way, using induction, one can show that
ranksJi+1 + rankgd; = ranksK;

for every i, 0 <i < r. These are the conditions (b) and (c) from [6].
(2) Now let x € V be such that A, = {H € A | ayg(x) = 0} # #. Then put
Y = MNae 4, H and notice that Ay = A,. In particular Y # V. Now the evaluation at

x annihilates some entries of the matrices of d;. More precisely d, (x) = O if and only
if A, X AY # A, X A Y. This means that K (x) = @zKz(x) where the subcomplex
Kz(x) of K(x) is generated by {oc C A| A\, X A Y = Z}. Now we use Lemma 1.1. The
matrix of a differential of complex Kz (x) can be obtained from the matrix of the respective
differential of complex Kz by multiplying its rows and columns by the same factors as in
the case (1). Because of the restrictions on the generators o and t these factors are again
non-zero whence the multiplication preserves the ranks of the differentials. According to
Lemma 1.1 the complex Kz is exact in dimension greater than or equal to [ — dim Y. This
implies that for £ > codim Y at least one minor of size rank d; of the matrix of dj is not
annihilated at x or, in other words, x does not belong to the variety of the Fitting ideal I of
dy. Thus the variety of I lies in the union of elements of L of codimension greater than k.
Extending F to an algebraically closed field and applying the Hilbert Nullstellensatz one
sees that any prime ideal containing I; contains at least k¥ + 1 linearly independent forms
ay (H € A). Thus depthl;, > k + 1 which is the condition (a) of [6]. This completes the
proof of the theorem. |



ON GENERATORS OF THE MODULE OF LOGARITHMIC 1-FORMS 257

Corollary 1.4 Let ZXEL(2) pxx = O for some px € S. Then for every X we have
PX € Y pox S%}. If besides for every X with px # 0 we have Hy, D X then px € S%.

Proof: Let A = L(2) and consider the resolution K of J(A). Since (px)x € Kerdy =
Imd, we have ) 4., pxX = E{x‘”c,‘ E‘%(QXX — QyY) for some cxy € S where
ayy = ay if Ax N Ay = {H} and axy = 1 1f Ax N Ay = @. Comparing the coefficients
of X we obtain the result. 0O

Remark 1.5 Since ideal J = J(A) is homogeneous one can consider its Hilbert series
P(J,t) or the polynomial p(J, t) where P(J,t) = (I(%J"))y Then Theorem 1.3 gives

n-1
pU, D= xut"™
k=0

where xx = Z,ZO(—I)idi(k) withdi(k) =|{c CA|lol =i+ 1,|A,] =k}l

2. A free resolution of a module of logarithmic forms

In this section we define certain canonical logarithmic 1-forms with poles along .A and
construct a minimal free resolution of the module generated by these forms.

To make the notation simplier let us agree that any time when we use a lower or an
upper index for H € A we use the same index for ay. For instance, we linearly or-
der A and use o; for ap,. We will always assume that o, = x; fori = 1,...,m.
For every X € L(2) we denote by H}, H2x the first two elements from Ay in this
ordering.

Recall that Q! = Q!(.A) is the S-module of all logarithmic 1-forms with poles along A.
For each X € L(2) we define the form wy by

wy = —L(a{(daé‘ ~ of daf).

Qx

One checks easily that wy € Q'. Also if one changes the ordering, i.e., uses other a|, o)
from 4y in the definition of wy, then wy is multiplied by the determinant of the transition
matrix from the basis (e, &) to the basis (o], @) of AnnX C V*. In particular the
S-module Q' (A) generated by ail the wx (X € L(2)) does not depend on the ordering of
A. Since each wy is homogeneous in the natural grading of ' (V) the module Q!{.4) has
the structure of a graded S-module.

In the rest of the section the elements X of L with X C H; will play a special part.
Every H € A, H # H, defines Xy = Hi N H € L(2) (of course it is possible that
Xy, = Xy, fori # j). Then we have oz,x” =xyand oy = tyx; + sHoz2x”. To simplify
computations we will normalize every oy (H # H)) by the condition sy = 1 and by
virtue of this assume from now on that oy = tyx; + af” . Putting Qy = Qx, we have
Wy, = —I—H-(xldayf — (XHfdxl) for any H' e .AxH, H' # H,.

Now denote by E, the free S-module with basis L(2) and by §¢ the S-linear surjective
map Ey — Q'(A) sending X to wx. First we study the kernel of 8.
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Denote by C = (0 - C, —» Cy_;y — -+ = Cp — 0) the chain complex over F
of the atomic complex of the subposet L(1) U L(2) of L. In particular C; is the linear
space spanned by all i/ + 1-element subsets of A, each lying in Ay for some X € L(2).
Let z = 3 1 j<n Cij{Hi, Hj} be a 1-cycle in C. Every 2-element set {H;, H;} defines
Xij = H; N H; € L(2). We define r1(z) € Ep by

r(2) = qu "&‘X!’j

where Q;; = Qx, and A;; is the determinant of the transition matrix from («{f, o) to
(o;, o) for X = X;;.

Lemma 2.1

(i) The map z — r1(2) is F-linear.

(ii) The element r\(2) depends only on the homology class of z.
(i) For every 1-cycle z we have r1(z) € Kerdy.

Proof:

(i) is clear.

(ii) Due to (i) it suffices to show that r; (z) = 0 for z being the boundary of a basic element
uof Cy. Supposeu = {H;, H;, Hy} € X (X € L(2))wherei < j < kand o = aa; + b
witha, b € F. Thenri(z) = (2 — g2 — pLxyx = (4, — go; — baj)X = 0.

aiay ooy ooy oo

(iii) For arbitrary 1-cycle z = ), _; cij{ H;, H;} we have

dor1(z) = Zcq U wX,/ —ZCU (ga—j_ - %)
da,
=z(zcu zcﬂ)i=

i J<i Jj=i
because z is a cycle.
From now on for any z € H;(C) we put r|(z) = r;(Z) where Z is an arbitrary cycle from
the class z.
Now let A: Cy — V* be the linear map sending H € Ato ay and R = R(A) = Kera,
i.e., R is the space of all F-linear relations among ay. Also let Ry be the subspace of R

generated by all the relations of length 3 that include x;. According to the convention above
each of these relations is a scalar multiple of

Xy + coy — ¢ =0 2.1
for some non-zeroc € F.
Forevery p =Y p.,anH € R we put
rap) = Z 0}1&)(11 € Ey
H#a, ™

(recall that Xy = H N Hy and Qp = Qx,,). 0O
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Lemma 2.2

(i) The map ry: R — Eg is F-linear.
(ii) ra(R) C Ker 4.
(iii) Kerry = Ry.

Proof:
(i) isclear.
(ii) Forevery p =3 y. anH € Rwehave 3, anay = —ay, xi whence
QOn
Sor2(p) = Z AH K

H#£H,
dxl

= - apoy— + apda

S anen St 4 Y ander

d
= alxl—ﬂ —d(ayx,) =0.
X1

(iii) One computes easily that r,(p) = 0 for every p of the form (2.1) whence Ry C Kerr;.
Conversely let p = Y pcaauH € Kerry, i, 3 py.py aH%f’-X” = 0. Thus for every
X € L(2) such that X C H; we have

ay =0. 2.2)
HoX, H#H,
On the other hand
Y away =0 (2.3)
HOX

since p € R. Put Hy = H2x and recall that oy = tgx; + ax for every X C H; and
H > X, H # H,. Thus projecting (2.3) to x; we obtain

Y auty =0. (2.4)

HOX

Now we can put py = H — ty H, — Hx, € Ry, forevery H # H,, Hx, and compute

P— Z aype = ay H) + Z ap, Hy + Z ayty Hy

H#Hl.Hx" XCcH, H#HLHXH
+ Z < E ah-) Hx =0
XCH,; H#H].HXH
by (2.2) and (2.4). Thus p = ¥ _aypu € Ry which completes the proof. o

Lemmas 2.1 and 2.2 give two F-linear subspaces of Ker 8y, namely K| = r (H,(C))
and K, = ry(R). Their importance can be shown as follows.

Theorem 2.3 The sets K, and K, generate the whole S-module Ker &.
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Proof: Letg =) y.; cxX € Kerédoforsomecy € S. Thismeansthaty 'y cxwx = 0.
Multiplying by Q we have Y, cxmxBi(X) = O forevery i = 1,...,! where gi(X) =
aXof — afaf with Olj}-( = Z£=1 aﬁx,- for every j = 1,2. Due to Corollary 1.4 we have
cxBi(X) € ZﬂeAX S%f. Since two of 8;(X), ..., Bi(X) are linearly independent and thus

af can be expressed as their linear combination we have
X QX
cxof = Y g = 2.5)
HeAx H

for some gy € S. Clearly (2.5) implies that o divides g HX whence upon canceling o
from (2.5) we have

cxey s 2x_ (2.6)

where summation is taken over all 2-subsets { H;, H;} of Ax. Now forevery X € L(2) such
that X ¢ H, and for every H;, H; > X denote by z;; the 1-cycle {H;, H;} — {H;, H;} —
{H;, H;} of C. Due to (2.6) there exists a linear combination g1 = }_s;;r1(z;;) € K;
(s;j € S) such that in the representation ¢ — g1 = ) ydxX we have dy # 0 only if
X C H,. Using that g — g € Ker 8y we have similarly to the above ), dxmxx; = 0 and
upon canceling x; we obtain ), dxmx = 0. Applying now the second part of Corollary 1.4
we have

dy € S& 2.7
X1
for every X. Recall that (x;, x, ..., Xx,) is a maximal linear independent system in 4

andx; = o; = 1,...,m). Foreach X put py = H2X — Y ,ai(X)H; € R for some
a;(X) € F. Then due to (2.7) there exists a linear combination g, = Y_, sxr2(px) € K>
(sx € S) such that in the representation ¢ — g1 — g2 = )_x exX we have ex # 0 only if
x; € Ay forsome i, 2 < i < m. For such an X we have wy = fx(%‘L — ‘i—fl) for some
rational function fx. Since dx; are linearly independent over S we have g — gy — g, = 0
whence g € Ky + K;. This completes the proof. O

Corollary 2.4 Put Ey = (H1(C) @ R) ®F S and define the S-linear map 8;: E; — E,
via 81(z) = r1(z) for every z € H1(C) and &,(p) = ry(p) for every p € R. Then

E S E S a4 >0

is exact.

The result follows directly from Theorem 2.3.

Our next goal is to study Kerd;. First of all it is convenient to choose a specific basis
of Hy(C). For every X € L(2) such that X ¢ H) and forevery H D X, H # HIX, put
zZ(X, H) = {H;, H{¥} — {H;, H} — {H{, H}. Clearly 7Z(X, H) is a 1-cycle of C. Denote
by z(X, H) the respective homology class.

Lemma 2.5 The classes z(X, H) form a basis of H,(C).
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Proof: First of all let us compute dim H;(C). One of many ways to do this is to use the
Euler characteristic of the graph L(1) U L(2) that coincide with the Euler characteristic of
C. We have dim H1(C) = 3y ymx — ) —(n — 1) = > xeL@).xgn (mx — 1) where
my = |Ax|. Since on the other hand this is the number of classes z(X, H) it suffices to
prove that they generate H;(C). But this follows easily from the fact that each 2-subset of
A belongs to C;.

Now we put Ry = R(Ay) for every X € L(2) and notice that Ry C R. If for every
H € Ay we write

ay =aXHot,x +bxﬁa§
with ayy, bxy € F then the elements H — axy HY — bxy H¥ with H € Ax\{H{, H¥)
form a basis in Ry.

We are going to construct an F-linear map p: ®xRxy — Kerd;. Fix X € L(2) and
ty = ZHDX txyHe Ry CR(xg e F). If X C Hyputp(ty) =tx. f X ¢ H; put

pux)=— Y txuenz(X, H)+ix.
HOX HAHY
In any case p(tx) can be viewed as an element of E|. 0

Lemma 2.6

(i) The map p:®xRx — E) given by (tx)x > 2y p(tx) is F-linear.
(ii) p(dxRx) C Keré.

Proof: (i) is obvious. (ii) Due to (i) it suffices to consider the case where r = H —
axyHX — byyHX for some X and H D X,H # HX,i = 1,2. If X C H, then
8,0(t) = ry(t) = 0 by Lemma 2.2. (iii) Suppose X ¢ H,. In this case

§1p(1) = —ay (xQX)'( X — —Qﬂx,, — byn g" X)

10 X1y o Oy
Ox Ox» Ox )
byna¥ X - X" - X
T Ooxnes (x,alx TS S
" (QXH Xor — axy ZEX — by 2 X”) (2.8)
X1 X) Xy

where X' = Hy N H¥X, X" = Hy N HY, and Xy = H; N H. One can easily check that all
the terms in (2.8) cancel out which proves the result. a

Theorem 2.7 The S-module Ker 8, is generated by p(®x Rx).

Proof: Fix abasis (py,..., py)of Rand fixs € E}, i.e,

k
s= Y s(X.HzX. H)+ Y sipi

XZH, HOX H#HY i=l
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for some s(X, H), s; € S. Assume that s € Kerd;. Applying 8, to s and considering the
coefficients of X we obtain for each X ¢ H,

Y s H) Ox 4w =0, 2.9)
oy

H>X, HAHX

The equality (2.9) implies that s(X, H) = s'(X, H)ay for some s'(X, H) € S such that

> bxus'(X, H) =0. (2.10)
HDX

Now for each X ¢ Hy we puts’'(X, H¥) = — ZHDX.H#Hlx s’ (X, H)ax g to achieve

> axus'(X, H) =0. (2.11)

H>X

If one fixes an F-basis B in S (e.g., consisting of monomials) and represent s’ (X, H) =
ZﬁeB s,’S(X, H)B then (2.10) and (2.11) imply

3 sp(X, Hyay = (Z sp(X, H)aXH) aX + (Z spX, H)bXH) X =0 (212
HoX
for each 8 € B. The equality (2.12) means that s;,(X) = n-ox s;, (X, H)H belongs to
Ry.
Now consider s; = s + ZX(ZH; (ZﬂeB Bp(sp(X))). Clearly

k
5 = Zsipi +y (Zﬂs},(X)) ER®S.
i=1 X 8

Since besides s; € Kerd; and §; = r; ® ls on R ® S we have by Lemma 2.2(iii) that
51 € Ry ® S. Thus s; can be represented as a linear combination (over ) of p(¢x) where
X C H and ty € Ry which completes the proof.

Theorem 2.7 justifies the following construction. Put E; = @y Rx ® S and define
an S-linear map &;: E; — Ej via 8,(t) = p(t) for every t € @x Rx. Now we are able to
prove the main result of this section. O

Theorem 2.8 The sequence

05 E2 3 E B BB ala)—0 (2.13)

of S-modules and their homomorphisms is a free resolution of Q' (A).

Proof: Modulo Corollary 2.4 and Theorem 2.7 we need to prove only that 8, is injective.
For that let us compute the ranks (over ) of the modules in (2.13). Put N = |L(2)| and
recall that my = | 4x| for every X € L(2). Then it is easy to see that
rank(Q'(4)) =m — 1,
rank(Egp) = N,
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rank(E) = ) (mx—1) (= 1)+ (1 —m)
XeL(2)

=Y (my—-D-m+1

XeL(2)

(cf. proof of Lemma 2.5), and
rank(Ep) = Y (mx ~2).

XeL(2)

This implies that 3> (—1)~'rank (E;) = rank (Q'(.A)) whence rank (Ker 8,) = 0. Since
Ker &, is a submodule of a free module it vanishes which concludes the proof.
In general the resolution (2.13) is not minimal. Our next goal is to modify it in oder
to get a minimal resolution. First put X = {X € L(2) | m(X )= 3o0r X C Hj}and
=3 yexSX C Eo. Then denote by 8o the restriction of & to Eo Also denote by C the
subcomplex of C generated by all the subsets of A each lying in one of sets Ay with X € X.
Consider the F-linear map ¢: @xer2) Rx — R generated by the embeddings Ry C R and
put T = T(A) = Ker¢ and U = U(A) = Coker¢. Finally put El=HG)oU)® S
and E, =T Q®S. O

Theorem 2.9

(i) 8y induces an S linear map §,: E, — Eqand 8, induces an S-linear map 8: E, —» E,
such that the sequence

0—>E2—-2>E1—¥E0—>Q(.A)—>0 (2.14)

is exact.
(ii) The sequence (2.14) is a minimal resolution of Q' (A).

Proof:

(i) First put Ej = Y ygy SX. Then fix some splittings e:U — R and y:@®Rx —> T
of the projection R — U and the embedding T C @Ry respectively. Thus we have
R=U@eW)and ®Rx = T & T' where U’ = Im¢ and T' = Ker . Also denote
by H’ the subspace of H;(C) generated by the homology classes of the cycles { H;, H;} —
{Hy, H;} —{H;, Hj} withm(H; " H;) = 2. Then H|(C) = H(C)® H'. This implies that

Eo = Eo ® E), (2.15)
Ey=€ENDH @)D WU'®S), (2.16)

and
E,=Ee(T'®5) @.17)

where € = (1 & © €) ® 15. Denote by 7; (i = 0, 1, 2) the projections of E; to the first
summands in Q. 15)—(2 17) and by 5; the restrlctlons of §; to the first summands. Now we
can put 8o = 8o, 5 = noale and &, = é'm5,.

The surjectivity of &y follows from the fact that for every X € L(2) with Ay =

{ai, a;} (i < j) we have wxy = ‘%’L - ‘L'ji whence wy is a linear combination over S
4
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of forms wy with ¥ C H;. The exactness of (2.14) in the other terms follows from the fact
that the projection of &;(H’ ® S) to Ej in the decomposition (2.15) and the projection of
(T’ ® S)to U’ ® S in (2.16) are isomorphisms.

(ii) To prove the minimality of the sequence (2.14) let us notice that this sequence can be
made into a sequence of graded S-modules and homogeneous homomorphisms (with the
natural grading on ©!(.4)). One way to do this is to put deg X = n — my, degz = 0,
degu = 1, and degt = O forevery X € L(2),z € Hl(é), ue€lU,andt € T. Thus not
only all the maps §; become homogeneous but also all entries of their matrices in the natural
bases have positive degrees. Then the minimality of (2.14) follows from a well-known
criterion (e.g., see [11, p. 54. Lemma 4.4]). ]

Corollary 2.10

(i) pds(Q2'(A)) <2.
(i) pds(R2'(A)) < lifand onlyif T = 0. }
(iii) The S-module Q' (A) is free if and only if A is formal (i.e., U = 0) and H,(C) = 0.

3. Generating Q' (A)

In this section we are concerned with generators of the S-module Q' = Q!(A) for a
(non-empty) arrangement 4. To get rid of a trivial summand consider the S-linear map
¢: Q! — S defined by dx; +> x; foreveryi = 1,2,...,1. Put Q} = Ql(A) = Kerg.

Since the map f — fd;—:l (f € S) splits ¢ we have Q! = Q) @5 S(%—L) whence it suffices

to find generators of Q(‘,. Clearly all the forms wx (X € L(2)) belong to Q}(A). If Ais not
essential there are also forms n; = dx; — xi% G=m+1,...,Din Q},(.A). Denote the

module generated by all these forms by ' (A). Clearly
Q' (A) = Q'(A) Bs Q) (A)

where Q})(.A) is the free module generated by all ;.
The main goal of this section is to prove the following result.

Theorem 3.1 The equality
Q(A) = Q'(A) 3.1)
holds if and only if T (Ay) = 0 for every Y € L(3).
Notice that for an essential arrangement (3.1) means that all the forms wy together with
%1 generate Q! (A).
Also notice that if m < 3 then L(3) = #. On the other hand Q},(A) = Zf=2 Sn; for
m = 1and Q{(A) = Swz & Zﬁ=3 Sn; for m = 2 where Z = ()4 H. In any case (3.1)

holds and this can be used as the base of induction on n.
We will need the following lemma whose proof appeared first in [1, Lemma 3.3.7].

Lemma 3.2 pd Q) =pdQ! <I-2.
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Proof: First observe that the submodule QQ! of Q![V] is the kernel of the S-linear
map y: QV] - M = Q2[V]/QQ?} V] defined by w > dQ A w. Since Q2[V] is free
pdgM < 1. Thus due to (4, p. 199, Prop. 1.8] pdgImy <! — 1. Now applying the same
proposition to the exact sequence

02" 89 (VIS my >0

we obtain the result.
The following result shows that the property (3.1) is hereditary. a

Theorem 3.3 Let (3.1) hold for Aand B C A, B # 0. Then (3.1) holds for B.

Proof: It suffices to consider the case where n > 2 and B = A\{ay )} for some H € A.
We can assume that H = H,,, i.e., ¢y = x,,. Fix o € Q(B) C §2)(A). We need to prove
that w € Q'(B).

By the condition of the theorem

]
W= zx:sxwx + Z Sim; (3.2)

i=m+1

for some sx,s; € S. Put L’ = L(B) and notice that L' C L. If X € L’(2) then denote
by w) the respective form from QUBY. If X e L(2)and X ¢ H, then X € L'(2) and
wy = wx. Thus without loss of generality we can assume that if in (3.2) sx # O then
X C H,,. Alsosince n; € Q!(B) we can assume thateachs; =0 (@ =m+1,...,1).

Since w € Q(‘)(B) we know that x,, divides Qw. For every X C H,, we can write
wy = cxb—l;(axdx,,, — x,day) where cy is a non-zero scalar and ay = alx oray = ozf if
af = x,,. Then the divisibility condition amounts to

ngxﬁx&x =0
XeL(2),XCHy

where the bar above a polynomial means its evaluation at x,, = 0. Since oy divides ny for
every Y 3 X every @y cancels out. Now by similar reason if H D X and oy # x4, ax
then @y divides 5x. This implies that

X 4 xmrx (3.3)

CxSx = qx
XmQx

for some gy, ry € S suchthat ), gx = 0. Now notice thatif X € L(2) and X C Hp, then
either X € L'(2) and 0}y = xnwyx or wx = :l:("—x"”"JL - %"). In any case x,wx € QY(B).
Thus we can ignore the summands x,,7x in (3.3) and assume thatw = )_, gx ;mgg; ‘;’—;‘ where
> x gx = 0. This assumption leads to

w €

Ox ox Qv ﬂ)

X.Y€L(2),X,YCHp (xmax CxX  XpmOy Cy

Then since -;mgg;%f — Dy or _ day %l e QY(B) we have w € Q!(B) which completes

Xmlly Cy ay

the proof. )
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Now using the results of Section 2 we will prove a partial converse of Theorem 3.3.

Theorem 3.4 Suppose that m > 3 and for every subarrangement B of A (3.1) holds.
Then (3.1) holds for A also if either m > 3 orm =3 and T(A) = 0.

Proof: First notice that the statement can be reduced to essential arrangements. Indeed
if A is not essential then recall that there exists an essential m-arrangement .4, such that
QUA) = (Q'(A) ® Fllmits-. 2] ® (Fx1, ..., %] ® Yty Sdx;). Thus (3.1)
holds for A if and only if it holds for A;. Also T(A") = T(A). Besides there exists a
natural bijection between the sets of all subarrangements of .4 and those of .A; preserving
(3.1).

From now on we assume that 4 is essential, i.e., m = [. If we fix H € 4 and put
A’ = A\{H) then we have

ag QA C QLA) = QYA c Ql(A).

Since this holds for every H € A and A is essential (i.e., 5.4 Sey = Sy where S,
is the irrelevant ideal of S) we have S+Q(‘)(A) < QY(A) whence the S-module M =
Q4(A)/ Q! (A) is either 0 or has Krull dimension 0 and pdgM = I. Suppose that M # 0.
Then applying Lemma 3.2 and [4, p. 199, Prop. 1.8] to the exact sequence

0 QYA - QA > M~ 0
and using that/ > 3 we have
pdsQY(A) = pdgM — 1 =1~ 1. (3.4)

If I > 3 then (3.4) contradicts Corollary 2.10(i). Thus in this case M = 0 always, If/ =3
then according to Corollary 2.10(ii) the equality (3.4) is possible only if T(A) # 0. Thus
if T(A) = 0 again M = 0. This completes the proof. a

Corollary 3.5 Suppose | = 3. Then (3.1) holds if and only if T (A) = 0.

Proof: If T(A) # 0 then by Corollary 2.10(ii) and Lemma 3.2 Q(l,(.A) # QU(A) since
their projective dimensions are different. Suppose T(4) = 0. Then (3.1) can be easily
proved by induction on » using Theorem 3.4, (]

Now we can prove Theorem 3.1.

Proof of Theorem 3.1. Suppose that (3.1) holds for A and Y € L(3). By Theorem 3.3
the equality (3.1) holds for Ay whence by Corollary 3.5 we have T (Ay) = 0.

Conversely suppose that forevery Y € L(3) we have T (Ay) = 0. Then by Corollary 3.5
the equality (3.1) holds for .Ay. Now the fact that (3.1) holds for A follows by induction
on z using Theorem 3.4.

4. Examples and possible generalizations

In order to make the condition of Theorem 3.1 more understandable we consider several
examples.
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The first one is the simplest example of a 3-arrangement A with T (A) # 0.

Example 4.1 Let A be given by the functionals
xyy,Zyx—y,x_Zyy—Z

(essentially, A is the braid 4-arrangement or the reflection arrangement of type A3). Recall
that R is the space of all linear relations among the functionals, i.e., the kernel of the
map Co — V™ sending H to ayy. Here the space Cy is 6-dimensional (according to the
number of hyperplanes) and the space V* is 3-dimensional. Since besides the functionals
ay generate the whole V* we have dim R = 3. On the other hand, there are 4 elements X;
(i =1,...,4)of L(2) that can be described by the respective arrangements Ay, as

x,y,x—yhi{x,z,x =z}, {y.z,y—zt {x—y,x—z,y —z}.

For each of those X; there is a unique (up to aconstant) linear relation among the functionals,
i.e., dim Rx, = 1 for every i (every other X € L(2) has Rx = 0). Since R is generated
by relations of length 3, the map {: ®Rx — R is surjective, and thus dimT = 1. More
explicitly, the following elements generate the images of Ry, in R

riy=Hy - Hy— Hyrp=H — Hy— Hs,r3 = Hy— Hy — Hg,r4 = Hy — Hs + H;

(the functionals are enumerated in the order they are introduced). These elements are
subject to the relation

ri—ro+ri+ry=0

which corresponds to a generator of 7.
In any way, since T # 0O the forms wy do not generate Q(',(.A).

Example 4.2 Consider the 4-arrangement A given by
x,,Z,w, x+z,x+w,x+y+z,x+y+w,x+y+z+w.

There are 6 linear relations of length 3 among these functionals. As in Example 4.1, this
shows that dim T = 1. However using similar computation for Ay for every ¥ € L(3) one
can show that 7' (Ay) = 0. This means that the only (up to a constant) relation among the
3-relations involves the set of functionals of rank 4 (in fact, the set of all of them). Thus for
this A the condition of Theorem 3.1 holds and the forms wyx do gnerate 2} (A).

The class of arrangements for which the condition of Theorem 3.1 holds is not combi-
natorial, that is the lattice L(.A) does not define in general whether .4 belongs to the class.
To show this we can use an example from [13].

Exampled.3 Suppose thatchar(F) = Ooris sufficiently large. Define two 3-arrangements
A; and A; by the seven common functionals ¢y = x, ap =y, a3 =2z, ¢4 =x+y + 2,
s = 2x+y+2z, o = 2x + 3y + 2z, a7 = 2x + 3y + 4z and by the two more
ag = 3x + 5z, a9 = 3x +4y + 5z for Ay and og = x + 3z, a9 = x + 2y + 3z for A,.
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For each A, there are 6 relevant X € L(2), for each of those X we have dim Ry = 1, and
the images of Ry in R are generated by

H; + Hy — Hs
2H, + Hs — Hg
3H; + Hg — Hy
3H, + SH, — Hy “.1)
4H, + Hy — Hy
H,+ H; — Hy
for A, and
Hy + H4 — H;s
2H, + Hs — Hg
3H;+ Hg — H,
Hy + 3H; — Hy “-2)
2H, + Hg — Hyg
H, — H; + Hy

for A;. One can easily see that while the elements (4.1) are linearly independent, there is
a unique (up to a constant) relation among the elements (4.2). In other words T(A;) =0
while dim T (A,) = 1. On the other hand, the one-to-one correspondence between 4; and
Aj given by the enumeration of the functionals generates an isomorphism between their
intersection lattices.

Notice that there is another principle difference between .A; and .A;: while A, is a formal
arrangement, i.e., the map ¢: @Ry — R is surjective, A; is not formal. If we restrict our
consideration to the class of formal arrangements then the condition of Theorem 3.1 becomes
combinatorial. More precisely the following proposition follows easily from Theorem 3.1.

Proposition 4.4 Let A be an arrangement such that for every Y € L(3) the arrangement
Ay is formal. Then Q) (A) is generated by wy if and only if

Y (A -2 = Ay -3 (4.3)

XeL2),X<Y

foreveryY € L(3).

Notice that among all the arrangements with a given intersection lattice the formal ones
form a Zariski open set. One can deduce from this that if a geometric lattice L satisfies
(4.3) then a sufficiently general arrangement having L as the intersection lattice satisfies the
condition of Theorem 3.1. For a concrete example of such an L one can take the intersection
lattice of the arrangements from Example 4.3.

There are at least two directions in which it would be natural to try to generalize the
results of this paper.

First, one can study generators of Q7(A) for p > 1. More precisely, the S-linear
map ¢ generalizes to ¢,: QP(A) — QP-1(A) forevery p (0 < p < ) viadx; A--- A
dxi, = Y0 ((=1)""xidxiy A oo A dxip A dxg, A--- A dxi, (of equivalently via
¢p(w) = [w, O] where 0 is the Euler derivation 6 = ZL] Xi dlx, and [-, -] is the interior
product of forms and derivations). The maps ¢, form a chain complex that is homotopy
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equivalent to 0. Indeed as a homotopy between identity map and 0 map of this complex
one can take the collection of maps ‘%L/\: QP~1(A) - QP(A). Since the homotopy maps
form a cochain complex too there is a splitting Q7(A) = Qf(A) &5 ("x—? A QE (A
where Q{)(.A) = Ker¢; for every i. Thus to find generators of Q7(A) it suffices to find
generators of Qg (A) and Qg" (A). On the other hand, for every X € L(p + 1) one can
X X

define wy € Qf(A) viawy = ¢p41 (ﬁ'—éi—aﬂ'—) where (af, .. ., a,’fH) is amaximal linearly
independent system from Ax. Clearly a change of the linearly independent system changes
wy by a non-zero multiplicative constant. It would be interesting to find conditions on .4
under which Qg (A) is generated by wyx (X € L(p + 1)).

Second, it is possible to give an algorithm that starts with an element ¢t € T(A) and

produces a form ; € Q},(.A). For instance, for the arrangement of Example 4.1 this form
is (up to a constant)

o = dx B dy 4 dz
Taxr—x -2 ye-»o-2 2x-20-2)

and it generates Q})(A) together with wy. Perhaps this process can be continued to obtain
an increasing sequence of classes of arrangements with canonical generators of Q'(A)
constructed from some kind of “higher syzygies” of the space of relations among the
functionals.
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