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Abstract. Let Y be any commutative association scheme and we fix any vertexx of Y. Terwilleger introduced a
non-commutative, associative, and semi-simpleC-algebraT = T(x) for Y andx in [4]. We callT the Terwilliger
(or subconstituent) algebra ofY with respect tox.

Let W(⊂ C|X|) be an irreducibleT(x)-module. W is said to be thin ifW satisfies a certain simple condition.
Y is said to be thin with respect tox if each irreducibleT(x)-module is thin.Y is said to be thin ifY is thin with
respect to each vertex inX.

The Doob schemes are direct product of a number of Shrikhande graphs and some complete graphsK4.
Terwilliger proved in [4] that Doob scheme is not thin if the diameter is greater than two. I give the irreducible
T(x)-modules of Doob schemes.

1. Introduction

1.1. The Terwilliger algebras of association schemes

In this section we give the definition of the Terwilliger algebra, and some of its properties.
See [4] for more information.

Definition 1 LetY = (X, {Ri }0≤i≤D) be a commutative association scheme, andAi be the
i th associate matrix ofY (0≤ i ≤ D). Now fix anyx ∈ X. For each integeri (0≤ i ≤ D),
let E∗i (x) be the diagonal matrix in MatX(C) defined by

(E∗i (x))yy :=
{

1, if (x, y) ∈ Ri ,

0, otherwise,
(y ∈ X)

where MatX(C) is the Mat|X|(C) whose rows and columns are indexed byX. Throughout
this paper, we adopt the convention thatE∗i (x) := 0 for any integeri such thati < 0 or
i > D.

Let T(x) be the subalgebra of MatX(C) generated byAi (0≤ i ≤ D) andE∗i (x) (0≤ i
≤ D). We call T(x) the Terwilliger (or subconstituent) algebra of Y with respect
to x.

Definition 2 Let Y= (X, {Ri }0≤ i ≤ D) be a commutative association scheme, andEi

(0≤ i ≤ D) be the primitive idempotents ofY. X Pick anyx ∈ X and writeE∗i = E∗i (x)
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(0≤ i ≤ D), T = T(x). T acts onV :=C|X| by left multiplication. We callV thestandard
module. Let W(⊂ V) be an irreducibleT-module and define

Ws := {i | 0≤ i ≤ D, Ei W 6= 0}.

We callWs thesupportof W and|Ws| − 1 thediameterof W. Now define

Wσ := {i | 0≤ i ≤ D, E∗i W 6= 0}.

We callWσ thedual-supportof W and|Wσ | − 1 thedual-diameterof W. W is said to be
thin if

dim E∗i W ≤ 1 for all i (0≤ i ≤ D).

W is said to bedual-thin if

dim Ei W ≤ 1 for all i (0≤ i ≤ D).

Y is said to bethin (resp. dual-thin) with respect to xif each irreducibleT(x)-module is
thin (resp. dual thin). Y is said to bethin (resp. dual-thin) if Y is thin (resp.dual thin)
with respect to each vertexx ∈ X.

Definition 3
(1) Assume the association schemeY = (X, {Ri }0≤i≤D) is a P-polynomial with respect

to the orderingA0, A1, . . . , AD of the associate matrices. Pick anyx ∈ X and write
E∗i = E∗i (x) (0≤ i ≤ D), T = T(x). Let W be an irreducibleT-module. We set

ν := min{i | 0≤ i ≤ D, E∗i W 6= 0}.

We callν thedual-endpointof W.
(2) Assume the association schemeY = (X, {Ri }0≤i≤D) is aQ-polynomial with respect to

the orderingE0, E1, . . . , ED of the primitive idempotents. Pick anyx ∈ X and write
E∗i = E∗i (x) (0≤ i ≤ D), T = T(x). Let W be an irreducibleT-module. We set

µ := min{i | 0≤ i ≤ D, Ei W 6= 0}.

We callµ theendpointof W.

Lemma 1 ([4], Lemmas 3.4, 3.9 and 3.12) Let Y = (X, {Ri }0≤i≤D) be a commutative
association scheme.
(1) Pick any x∈ X. Then T(x) is a semi-simple algebra.
(2) Assume Y is P-polynomial with respect to the ordering A0, A1, . . . , AD of the associate

matrices. Pick any x∈ X and write E∗i = E∗i (x) (0 ≤ i ≤ D), T = T(x). Let W be
an irreducible T -module with the dual-endpointν and the dual-diameter d∗. Then
• T is generated by A:= A1 and E∗i (0≤ i ≤ D).
• The dual-support Wσ = {ν, ν + 1, . . . , ν + d∗}.
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(3) Assume Y is Q-polynomial with respect to the ordering E0, E1, . . . , ED of the primitive
idempotents. Pick any x∈ X and write E∗i = E∗i (x) (0 ≤ i ≤ D), T = T(x). Let W
be an irreducible T -module with the endpointµ and the diameter d. Then

The support Ws = {µ, µ+ 1, . . . , µ+ d}.

1.2. Doob schemes

Definition 4 Thedirect product(=: 0)of t graphs01, 02, . . . , 0t is defined by as follows.

The vertex set of0:= V0
:= V01× V02× · · · × V0t ,

where V0i is the vertex set of0i (1 ≤ i ≤ t). And for x = (x1, x2, . . . , xt ), y =
(y1, y2, . . . , yt ) ∈ V0, x is adjacent toy if and only if there ism (1≤ m≤ t) such thatxm

is adjacent toym andxi = yi for all i 6= m.

Definition 5 ([2, 3])
(1) A graph is calledcompletewhen any two of its vertices are adjacent. The complete

graph onn vertices is denoted byKn.
(2) Shrikhande graphS is defined as follows. The vertex set ofS is {(i, j ) | 1≤ i ≤ 4, 1≤

j ≤ 4} and two vertices(i, j ) and(k, l ) are defined to be adjacent if and only if the
following three condition hold:

(i) i 6= k.
(ii) j 6= l .

(iii) i − j 6≡ k− l (mod 4).

(3) The Doob schemes are direct product of a number of Shrikhande graphs and some
complete graphsK4.

Doob schemes are distance-regular graphs, that is,P-polynomial association schemes.
The eigenvalues of the 1-st associate matrix of Doob scheme are{3D − 4i | 0 ≤ i ≤ D},
whereD is the diameter of the Doob scheme. Doob schems areQ-polynomial with respect
to the orderingE0, E1, . . . , ED, whereEi is the primitive idempotent corresponding to the
eigenvalue 3D − 4i (0 ≤ i ≤ D). Terwilleger proved in [4] that Doob scheme is not thin
if the diameter is greater than two.

2. The irreducible modules of Terwilliger algebras of Doob schemes

Let D1 ≥ 1 andD2 ≥ 0. We denote the Doob scheme as

0(D1, D2) = S× · · · × S︸ ︷︷ ︸
D1

× K4× · · · × K4︸ ︷︷ ︸
D2

,

whereS is Shrikhande graph andK4 is the complete graph of 4-vertices.
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For anyx, y (vertices of0(D1, D2)), there exist aϕ ∈ Aut(0(D1, D2)) such thatϕ(x) =
y. HenceT(x) ∼= T(y). So we may pickx = (x0, . . . , x0︸ ︷︷ ︸

D1

, y0, . . . , y0︸ ︷︷ ︸
D2

) as the fixed point of

Terwilliger algebra, wherex0 is a vertex ofSandy0 is a vertex ofK4. Let E∗i = E∗i (x)be the
i th dual idempotent of0(D1, D2) andT = T(x) be the Terwilliger algebra of0(D1, D2)

with respect tox.
For any integersn,m (0 ≤ n ≤ D1, 0 ≤ m ≤ D2, n + m > 0), we consider the

Terwilliger algebra of0(n,m) with respect tox(n,m) = (x0, . . . x0︸ ︷︷ ︸
n

, y0, . . . , y0︸ ︷︷ ︸
m

).

Let E∗i (n,m) = E∗i (n,m)(x(n,m)) be thei th dual idempotent of0(n,m) (0 ≤ i ≤
2n + m), A(n,m) be the 1st associate matrix, andT(n,m) = T(n,m)(x(n,m)) be the
Terwilliger algebra of0(n,m) with respect tox(n,m).

We find

A(n,m)=
(

n∑
i=1

I16⊗ · · · ⊗ I16⊗
i
^

A(1, 0) ⊗ I16⊗ · · · ⊗ I16

)
⊗ I4m

+ I16n ⊗
(

m∑
j=1

I4⊗ · · · ⊗ I4⊗
j
^

A(0, 1) ⊗ I4⊗ · · · ⊗ I4

)
,

E∗i (n,m)=
∑

i1,...,in∈{0,1,2},
j1,..., jm∈{0,1},

i1+···+in+ j1+···+ jm=i .

E∗i1(1, 0)⊗ · · · ⊗ E∗in(1, 0)⊗ E∗j1(0, 1)⊗ · · · ⊗ E∗jm(0, 1),

0≤ i ≤ 2n+m,

and for anyk, l (1≤ k ≤ n− 1, 1≤ l ≤ m− 1),

A(n,m) = A(k, 0)⊗ I16n−k4m + I16k ⊗ A(n− k,m)

= A(n, l )⊗ I4m−l + I16n4l ⊗ A(0,m− l ),

E∗i (n,m) =
∑
r,s≥0
r+s=i

E∗r (k, 0)⊗ E∗s (n− k,m)

=
∑
r,s≥0
r+s=i

E∗r (n, l )⊗ E∗s (0,m− l ).

T(D1, D2) naturally acts onC16D14D2 ∼= C16⊗ · · · ⊗ C16︸ ︷︷ ︸
D1

⊗C4⊗ · · · ⊗ C4︸ ︷︷ ︸
D2

. We identify

the standard module andC16⊗ · · · ⊗ C16︸ ︷︷ ︸
D1

⊗C4⊗ · · · ⊗ C4︸ ︷︷ ︸
D2

. First of all we consider

T(1, 0)-modules andT(0, 1)-modules.

Proposition 1
(1)

C16 ∼= U0⊕U⊕2
1 ⊕U⊕2

2 ⊕U3⊕U4⊕U⊕3
5 ,
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as T(1, 0)-modules, where U0, U1, U2, U3, U4, U5 are the following irreducible
T(1, 0)-modules. The notation[α]β is the matrix representationα with respect to the
basisβ.
• U0 has a basis(a0,a1,a2) such that ai ∈ E∗i (1, 0)C

16 (i = 0, 1, 2) and

[ A(1, 0)](a0, a1, a2) =
0 6 0

1 2 3
0 2 4


• U1 has a basis(b1, b2) such that bi ∈ E∗i (1, 0)C

16 (i = 1, 2) and

[ A(1, 0)](b1, b2) =
[−1 3

1 1

]
• U2 has a basis(c1, c2) such that ci ∈ E∗i (1, 0)C

16 (i = 1, 2) and

[ A(1, 0)](c1, c2) =
[
1 1
3 −1

]
• U3 has a basis d1 such that d1 ∈ E∗1(1, 0)C

16 and A(1, 0)d1 = −2d1.

• U4 has a basis e2 such that e2 ∈ E∗2(1, 0)C
16 and A(1, 0)e2 = 2e2.

• U5 has a basis f2 such that f2 ∈ E∗2(1, 0)C
16 and A(1, 0) f2 = −2 f2.

(2)

C4 ∼= V0⊕ V⊕2
1 ,

as T(0, 1)-modules, where V0, V1 are the following irreducible T(0, 1)-modules.
• V0 has a basis(g0, g1) such that gi ∈ E∗i (0, 1)C

4 (i = 0, 1) and

[ A(0, 1)](g0, g1) =
[
0 3
1 2

]
• V1 has a basis h1 such that h1 ∈ E∗1(0, 1)C

4 and A(0, 1)h1 = −h1.

Proof: Straightforward. 2

Proposition 2
(1) Let U′1, . . . ,U

′
D1
⊂ C16 be T(1, 0)-modules and V′1, . . . ,V ′D2

⊂ C4 be T(0, 1)-
modules. Then U′1⊗ · · · ⊗U ′D1

⊗ V ′1 ⊗ · · · ⊗ V ′D2
is a T(D1, D2)-module.

(2) Let U1
1 , . . . ,U

1
D1
, U2

1 , . . . ,U
2
D1
⊂ C16 be T(1, 0)-modules and V11 , . . . ,V1

D2
, V2

1 , . . . ,

V2
D2
⊂ C4 be T(0, 1)-modules. Assume U1i ∼= U2

i (1 ≤ i ≤ D1) and V1
i
∼= V2

i (1 ≤
i ≤ D2). Then

U1
1 ⊗ · · · ⊗U1

D1
⊗ V1

1 ⊗ · · · ⊗ V1
D2
∼= U2

1 ⊗ · · · ⊗U2
D1
⊗ V2

1 ⊗ · · · ⊗ V2
D2

as T(D1, D2)-modules.
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(3) Let U′1, U ′2 ⊂ C16p
be T(p, 0)-modules, and V′1, V ′2 ⊂ C16q4r

be T(q, r )-modules.
Then U′1⊗V ′1, U ′2⊗V ′2 are T(p+q, r )-modules. Moreover if U′1 ∼= U ′2 and V′1 ∼= V ′2,
then U′1⊗ V ′1 ∼= U ′2⊗ V ′2.
Let U′′1 , U ′′2 ⊂ C16p4q

be T(p,q)-modules, and V′′1 , V ′′2 ⊂ C4r
be T(0, r )-modules.

Then U′′1 ⊗ V ′′1 , U ′′2 ⊗ V ′′2 are T(p, q + r )-modules. Moreover if U′′1 ∼= U ′′2 and
V ′′1 ∼= V ′′2 , then U′′1 ⊗ V ′′1 ∼= U ′′2 ⊗ V ′′2 .

(4) Let U′1, . . . ,U
′
D1

be elements of{U0,U1,U2,U3,U4,U5}, V ′1, . . . ,V ′D2
be elements of

{V0,V1} and set Nj := #{i |U ′i = U j } ( j = 0, 1, 2, 3, 4, 5), Mk := #{i |V ′i = Vk}
(k = 0, 1). Then(

D1⊗
i=1

U ′i

)
⊗
(

D2⊗
j=1

V ′j

)
∼=
(

5⊗
i=0

U
⊗

Ni

i

)
⊗
(

1⊗
j=0

V
⊗

M j

j

)
.

Proof: Straightforward. 2

It is known that all irreducibleT(D1, D2)-modules arise in the irreducible decomposition
of the standard moduleC16D14D2 up to isomorphism. From now on we decompose the stan-
dard module into irreducibleT(D1, D2)-modules and then get all irreducibleT(D1, D2)-
modules.

From the above proposition, we get

C16D14D2∼=
⊕

N0,...,N5≥0,
N0+···+N5=D1

⊕
M0,M1≥0,

M0+M1=D2

((
5⊗

i=0

U⊗Ni
i

)

⊗
(

1⊗
j=0

V
⊗M j

j

))⊕ D1!
N0!···N5!

D2!
M0!M1! 2N12N23N52M1

as T(D1, D2)-modules. Hence it is sufficient to consider irreducible decompositions of
T(D1, D2)-module(⊗5

i=0U
⊗Ni
i )⊗ (⊗1

j=0V
⊗M j

j ), where

N0, . . . , N5,M0,M1 ≥ 0, N0+ · · · + N5 = D1, M0+ M1 = D2.

Proposition 3 Let n,m, ν,d, p, t be elements ofZ and n,m, ν,d, p ≥ 0.
Let W = W(n,m; ν, d, p, t) (⊂ C16n4m

) be a T(n,m)-module with dual-endpointν,
dual-diameter d+ p, dimension(d+ 1)(p+ 1), and a basiswi j (0≤ i ≤ d, 0≤ j ≤ p)
satisfying

wi j ∈ E∗ν+i+ j (n,m)W,

A(n,m)wi j = 3(d − i + 1)wi−1, j + (p− j + 1)wi, j−1

+ (t + 2(i − j ))wi j

+ 3( j + 1)wi, j+1+ (i + 1)wi+1, j ,

wi j := 0, if i 6∈ {0, . . . ,d} or j 6∈ {0, . . . , p}.
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Then

(1) W is an irreducible T(n,m)-module.
(2)

dim E∗ν+k(n,m)W =
k+ 1, if 0≤ k ≤ min{d, p},

min{d, p} + 1, if min{d, p} < k ≤ max{d, p},
d + p+ 1− k, if max{d, p} < k ≤ d + p.

(3) W is thin if and only if dp= 0.
(4) Letµ be the endpoint of W. Then

µ = 3(2n+m)− t − 3d − p

4
,

dim Eµ+k(n,m)W = dim E∗ν+k(n,m)W,

the diameter of W= the dual-diameter of W.

(5) For W′ = W(n,m; ν ′, d′, p′, t ′), W ∼= W′ if and only if(ν, d, p, t) = (ν ′, d′, p′, t ′).

Proof: (2) From the condition of the basiswi j (0≤ i ≤ d, 0≤ j ≤ p) of W,

dim E∗ν+k(n,m)W = #{(i, j ) | i + j = k}, 0≤ k ≤ d + p.

We get (2).
(3) is clear from (2).
(1) We decomposeW into irreducible modules

W ∼= W1⊕W2⊕ · · · , (W1, W2, . . . are irreducibleT(n,m)-modules.)

From the condition for the basiswi j (0 ≤ i ≤ d, 0 ≤ j ≤ p), E∗ν (n,m)W= Cw00. So
we may assumew00 ∈ W1. We will show that

(∗) wi j ∈ W1 for any i, j ≥ 0 such thati + j = k.

by induction onk(0≤ k ≤ d+ p). If k = 0, (∗) holds by the assumption. Next we assume
(∗) holds fork− 1.

We define

Ri := E∗ν+i+1(n,m)A(n,m)E
∗
ν+i (n,m), 0≤ i ≤ d + p− 1,

Fi := E∗ν+i (n,m)A(n,m)E
∗
ν+i (n,m), 0≤ i ≤ d + p,

Li := E∗ν+i−1(n,m)A(n,m)E
∗
ν+i (n,m), 1≤ i ≤ d + p.

By the assumption of the induction,Rk−1wi j , Fk Rk−1wi j ∈ W1 for anyi, j ≥ 0 (i + j =
k− 1). The followings hold.
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Fork (1≤ k ≤ min{d, p}),
{wi j | 0≤ i ≤ d, 0≤ j ≤ p, i + j = k} = {w0k, w1,k−1, . . . , wk0},
(Fk Rk−1w0,k−1, Rk−1w0,k−1, Rk−1w1,k−2, . . . , Rk−1wk−1,0)

= (w0k, w1,k−1, . . . , wk0)



3k(t − 2k) 3k 0 · · · 0

t − 2k+ 4 1 3(k− 1)
. . .

...

0 0 2
. . . 0

...
...

. . .
. . . 3

0 0 · · · 0 k


Fork (min{d, p} < k ≤max{d, p}),
• Casep ≤ d,

{wi j | 0≤ i ≤ d, 0≤ p, i + j = k} = {wk−p,p, wk−p+1,p−1, . . . , wk0},
(Rk−1wk−1−p,p, Rk−1wk−p,p−1, . . . , Rk−1wk−1,0)

= (wk−p,p, wk−p+1,p−1, . . . , wk0)



k− p 3p 0 · · · 0

0 k− p+ 1 3(p− 1)
. . .

...
...

. . .
. . .

. . . 0
...

. . .
. . . 3

0 · · · · · · 0 k


• Cased < p,

{wi j | 0≤ i ≤ d, 0≤ j ≤ p, i + j = k} = {w0k, w1,k−1, . . . , wd,k−d},
(Rk−1w0,k−1, Rk−1w1,k−2, . . . , Rk−1wd,k−1−d)

= (w0k, w1,k−1, . . . , wd,k−d)



3k 0 · · · · · · 0

1 3(k− 1)
. . .

...

0 2
. . .

. . .
...

...
. . .

. . .
. . . 0

0 · · · 0 d 3(k− d)


Fork (max{d, p} < k ≤ d + p),

{wi j | 0≤ i ≤ d, 0≤ j ≤ p, i + j = k} = {wk−p,p, wk−p+1,p−1, . . . , wd,k−d},
(Rk−1wk−1−p,p, Rk−1wk−p,p−1, . . . , Rk−1wd,k−1−d)

= (wk−p,p, wk−p+1,p−1, . . . , wd,k−d)


k− p 3p 0 · · · 0

0 k− p+ 1 3(p− 1)
. . .

...
...

. . .
. . .

. . . 0
0 · · · 0 d 3(k− d)
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The elements of the left hand sides are elements ofW1 by the assumption of the induc-
tion. And since the rank of each matrix is #{(i, j ) | i + j = k}, wi j ∈ W1 for any i, j ≥ 0
(i + j = k).

(4)

[ A(n,m)](wi j | 0≤i≤d, 0≤ j≤p)
∼= B⊗ I p+1+ Id+1⊗ C + t Id+1⊗ I p+1,

where

B :=



0 3d 0 · · · 0

1 2 3(d − 1)
. . .

...

0 2 4
. . . 0

...
. . .

. . .
. . . 3

0 · · · 0 d 2d


, C :=



0 p 0 · · · 0

3 −2 p− 1
. . .

...

0 6 −4
. . . 0

...
. . .

. . .
. . . 1

0 · · · 0 3p −2p


The eigenvalues ofB are{3d − 4i | 0 ≤ i ≤ d} and the eigenvalues ofC are{p− 4 j |

0≤ j ≤ p}. Therefore the eigenvalues of [A(n,m)](wi j |0≤i≤d,0≤ j≤p) are

{3d + p+ t − 4(i + j ) | 0≤ i ≤ d, 0≤ j ≤ p},

with multiplicity.
The eigenvalues ofA(n,m) are{3(2n+m)− 4k | 0 ≤ k ≤ 2n+m}. By the definition

of the endpoint and the diameter ofW,

3(2n+m)− 4µ = 3d + p+ t,

the diameter ofW = d + p,

Thereforeµ = 3(2n+m)−3d−p−t
4 , and the diameter ofW is equal to the dual-diameter ofW.

And for k(0≤ k ≤ d + p),

dim Eµ+k(n,m)W= #{(i, j ) | 0≤ i ≤ d, 0≤ j ≤ p, 3(2n+m)− 4(µ+ k)

= 3d + p+ t − 4(i + j )},
= #{(i, j ) | 0≤ i ≤ d, 0≤ j ≤ p, k = i + j }
= dim E∗ν+k(n,m)W

(5) The “if” part is clear. Conversely, we assumeW ∼= W′. Let ϕ be an isomorphism
from W to W′. Letw′i j (0≤ i ≤ d′, 0≤ j ≤ p′) be a basis ofW′ satisfying the condition
in this proposition.

0 6= ϕ(E∗ν (n,m)W) = E∗ν (n,m)ϕ(W) ⊂ E∗ν (n,m)W
′.

By the definition of the dual-endpoint, we getν ≥ ν ′. Similarly we getν ′ ≥ ν, therefore
ν = ν ′. Since dimE∗ν (n,m)W = dim E∗ν (n,m)W

′ = 1,

ϕ(w00) = aw′00 , wherea ∈ C, a 6= 0.
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Since1
aϕ is an isomorphism fromW to W′, we may assumeϕ(w00) = w′00.

tw′00 = ϕ(F0w00) = F0ϕ(w00) = t ′w′00.

Hencet = t ′.
Supposedp 6= 0. Sinceϕ(E∗ν+1(n,m)W) = E∗ν+1(n,m)ϕ(W) ⊂ E∗ν+1(n,m)W

′, we
can write

ϕ(w01)=αw′01+ γw′10,

ϕ(w10)=βw′01+ δw′10,

whereα, βγ, δ ∈ C.

(w′01, w
′
10)

[
α β

γ δ

] [
t − 2 0

0 t + 2

]
= (ϕ(w01), ϕ(w10))

[
t − 2 0

0 t + 2

]
= (ϕ(F1w01), ϕ(F1w10))

= (F1ϕ(w01), F1ϕ(w10))

= (w′01, w
′
10)

[
t − 2 0

0 t + 2

] [
α β

γ δ

]
,

then we getβ = γ = 0.

3αw′01+ δw′10= ϕ(3w01+ w10)

= ϕ(R0w00)

= R0ϕ(w00)

= 3w′01+ w′10.

Henceα = δ = 1.

pw′00= ϕ(L1w01) = L1ϕ(w01) = p′w′00.

3dw′00= ϕ(L1w10) = L1ϕ(w10) = 3d′w′00.

Hencep = p′ andd = d′.
If dp= 0, thend = d′ and p = p′ clearly. This completes the proof. 2

Lemma 2

U0
∼=W(1, 0; 0, 2, 0, 0), V0

∼=W(0, 1; 0, 1, 0, 0),
U1
∼=W(1, 0; 1, 1, 0,−1), V1

∼=W(0, 1; 1, 0, 0,−1),
U2
∼=W(1, 0; 1, 0, 1, 1),

U3
∼=W(1, 0; 1, 0, 0,−2),

U4
∼=W(1, 0; 2, 0, 0, 2),

U5
∼=W(1, 0; 2, 0, 0,−2).
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Proof: Straightforward. 2

Lemma 3 Let n,m, ν,d, p, t ∈ Z and n,m, ν,d, p ≥ 0.
(1)

W(n, 0; ν, d, p, t)⊗U0

∼=


W(n+ 1, 0; ν, d + 2, p, t)⊕W(n+ 1, 0; ν + 1, d, p, t + 2)
⊕W(n+ 1, 0; ν + 2, d − 2, p, t + 4), if d ≥ 2,

W(n+ 1, 0; ν, 3, p, t)⊕W(n+ 1, 0; ν + 1, 1, p, t + 2), if d = 1,
W(n+ 1, 0; ν, 2, p, t), if d = 0.

(2)

W(n, 0; ν, d, p, t)⊗U1
∼=
W(n+ 1, 0; ν + 1, d + 1, p, t − 1)
⊕W(n+ 1, 0; ν + 2, d − 1, p, t + 1), if d ≥ 1,

W(n+ 1, 0; ν + 1, 1, p, t − 1), if d = 0.

(3)

W(n, 0; ν, d, p, t)⊗U2
∼=
W(n+ 1, 0; ν + 1, d, p+ 1, t + 1)
⊕W(n+ 1, 0; ν + 2, d, p− 1, t − 1), if p ≥ 1,

W(n+ 1, 0; ν + 1, d, 1, t + 1), if p = 0.

(4)

W(n, 0; ν, d, p, t)⊗U3
∼= W(n+ 1, 0; ν + 1, d, p, t − 2).

(5)

W(n, 0; ν, d, p, t)⊗U4
∼= W(n+ 1, 0; ν + 2, d, p, t + 2).

(6)

W(n, 0; ν, d, p, t)⊗U5
∼= W(n+ 1, 0; ν + 2, d, p, t − 2).

(7)

W(n,m; ν, d, p, t)⊗ V0
∼=
W(n,m+ 1; ν, d + 1, p, t)
⊕W(n,m+ 1; ν + 1, d − 1, p, t + 2), if d ≥ 1,

W(n,m+ 1; ν + 1, 1, p, t), if d = 0.

(8)

W(n,m; ν, d, p, t)⊗ V1
∼= W(n,m+ 1; ν + 1, d, p, t − 1).
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Proof: (1) Letwi j (0≤ i ≤ d, 0≤ j ≤ p) be a basis ofW = W(n, 0; ν, d, p, t) satisfying
the condition in Proposition 3. Letα, β, γ ∈C. Using Propositions 1, 3, the followings
hold.

E∗k (n, 0)(αwi j ⊗ a0+ βwi−1, j ⊗ a1+ γwi−2, j ⊗ a2)

= (E∗k (n− 1, 0)⊗ E∗0(1, 0)+ E∗k−1(n− 1, 0)⊗ E∗1(1, 0)
+ E∗k−2(n− 1, 0)⊗ E∗2(1, 0))

× (αwi j ⊗ a0+ βwi−1, j ⊗ a1+ γwi−2, j ⊗ a2)

= α(E∗k (n− 1, 0)wi j ⊗ E∗0(1, 0)a0+ E∗k−1(n− 1, 0)wi j ⊗ E∗1(1, 0)a0

+ E∗k−2(n− 1, 0)wi j ⊗ E∗2(1, 0)a0)

+β(E∗k (n− 1, 0)wi−1, j ⊗ E∗0(1, 0)a1+ E∗k−1(n− 1, 0)wi−1, j ⊗ E∗1(1, 0)a1

+ E∗k−2(n− 1, 0)wi−1, j ⊗ E∗2(1, 0)a1)

+ γ (E∗k (n− 1, 0)wi−2, j ⊗ E∗0(1, 0)a2+ E∗k−1(n− 1, 0)wi−2, j ⊗ E∗1(1, 0)a2

+ E∗k−2(n− 1, 0)wi−2, j ⊗ E∗2(1, 0)a2)

= αE∗k (n− 1, 0)wi j ⊗ E∗0(1, 0)a0+ βE∗k−1(n− 1, 0)wi−1, j ⊗ E∗1(1, 0)a1

+ γ E∗k−2(n− 1, 0)wi−2, j ⊗ E∗2(1, 0)a2

= δk,i+ j (αwi j ⊗ a0+ βwi−1, j ⊗ a1+ γwi−2, j ⊗ a2),

where

δuv :=
{

1, if u = v,
0, otherwise.

And

A(n, 0)(αwi j ⊗ a0+ βwi−1, j ⊗ a1+ γwi−2, j ⊗ a2)

= (A(n− 1, 0)⊗ I16+ I16n−1 ⊗ A(1, 0))(αwi j ⊗ a0+ βwi−1, j ⊗ a1+ γwi−2, j ⊗ a2)

= α(A(n− 1, 0)wi j ⊗ a0+ wi j ⊗ A(1, 0)a0)

+β(A(n− 1, 0)wi−1, j ⊗ a1+ wi−1, j ⊗ A(1, 0)a1)

+ γ (A(n− 1, 0)wi−2, j ⊗ a2+ wi−2, j ⊗ A(1, 0)a2)

= α{3(d − i + 1)wi−1, j + (t + 2(i − j ))wi j + (i + 1)wi+1, j } ⊗ a0

+α{(p− j + 1)wi, j−1⊗ a0+ 3( j + 1)wi, j+1⊗ a0}
+αwi j ⊗ a1

+β{3(d − (i − 1)+ 1)wi−2, j + (t + 2(i − 1− j ))wi−1, j + iwi j } ⊗ a1

+β{(p− j + 1)wi−1, j−1⊗ a1+ 3( j + 1)wi−1, j+1⊗ a1}
+βwi−1, j ⊗ (6a0+ 2a1+ 2a2)

+ γ {3(d − (i − 2)+ 1)wi−3, j + (t + 2(i − 2− j ))wi−2, j + (i − 1)wi−1, j } ⊗ a2

+ γ {(p− j + 1)wi−2, j−1⊗ a2+ 3( j + 1)wi−2, j+1⊗ a2}
+ γwi−2, j ⊗ (3a1+ 4a2)
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= (3(d − i + 1)α + 6β)wi−1, j ⊗ a0+ (3(d − i + 2)β + 3γ )wi−2, j ⊗ a1

+ 3(d − i + 3)γwi−3, j ⊗ a2

+ (p− j + 1)(αwi, j−1⊗ a0+ βwi−1, j−1⊗ a1+ γwi−2, j−1⊗ a2)

+ (t + 2(i − j ))(αwi j ⊗ a0+ βwi−1, j ⊗ a1+ γwi−2, j ⊗ a2)

+ (i + 1)αwi+1, j ⊗ a0+ (α + βi )wi j ⊗ a1

+ (2β + γ (i − 1))wi−1, j ⊗ a2

+ 3( j + 1)(αwi, j+1⊗ a0+ βwi−1, j+1⊗ a1+ γwi−2, j+1⊗ a2).

Here we define

v0
i j := wi j ⊗ a0+ wi−1, j ⊗ a1+ wi−2, j ⊗ a2, 0≤ i ≤ d + 2, 0≤ j ≤ p,

v1
i j := 2(i + 1)wi+1, j ⊗ a0+ (2i − d)wi j ⊗ a1

+ 2(i − d − 1)wi−1, j ⊗ a2, 0≤ i ≤ d, 0≤ j ≤ p,
v2

i j := (i + 2)(i + 1)wi+2, j ⊗ a0

+ (i + 1)(1− d + i )wi+1, j ⊗ a1

+ (i − d)(1− d + i )wi j ⊗ a2, 0≤ i ≤ d − 2, 0≤ j ≤ p.

{v0
i j | 0≤ i ≤ d + 2, 0≤ j ≤ p} ∪ {v1

i j | 0≤ i ≤ d, 0≤ j ≤ p, v1
i j 6= 0} ∪ {v2

i j |
0≤ i ≤ d − 2, 0≤ j ≤ p, v2

i j 6= 0} is a basis ofW(n, 0; ν, d, p, t)⊗U0.
Using the above formula,

v0
i j ∈ E∗ν+i+ j (n+ 1, 0)(W⊗U0),

A(n, 0)v0
i j = 3(d + 2− i + 1)v0

i−1, j + (p− j + 1)v0
i, j−1+ (t + 2(i − j ))v0

i j

+ (i + 1)v0
i+1, j + 3( j + 1)v0

i, j+1,

v1
i j ∈ E∗ν+1+i+ j (n+ 1, 0)(W⊗U0),

A(n, 0)v1
i j = 3(d − i + 1)v1

i−1, j + (p− j + 1)v1
i, j−1+ (t + 2+ 2(i − j ))v1

i j

+ (i + 1)v1
i+1, j + 3( j + 1)v1

i, j+1,

v2
i j ∈ E∗ν+2+i+ j (n+ 1, 0)(W⊗U0),

A(n, 0)v2
i j = 3(d − 2− i + 1)v2

i−1, j + (p− j + 1)v2
i, j−1+ (t + 4+ 2(i − j ))v2

i j

+ (i + 1)v2
i+1, j + 3( j + 1)v2

i, j+1.

Hence

d+2∑
i=0

p∑
j=0

Cv0
i j
∼=W(n+ 1, 0; ν, d + 2, p, t),

d∑
i=0

p∑
j=0

Cv1
i j
∼=W(n+ 1, 0; ν + 1, d, p, t + 2), if d ≥ 1,

d−2∑
i=0

p∑
j=0

Cv2
i j
∼=W(n+ 1, 0; ν + 2, d − 2, p, t + 4), if d ≥ 2.
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We get (1).
(2) We define

v0
i j := wi j ⊗ b1+ wi−1, j ⊗ b2, 0≤ i ≤ d + 1, 0≤ j ≤ p,

v1
i j := (i + 1)wi+1, j ⊗ b1− (d − i )wi j ⊗ b2, 0≤ i ≤ d − 1, 0≤ j ≤ p,

and can prove (2) as same as (1).
(3) We define

v0
i j := wi j ⊗ c1+ wi, j−1⊗ c2, 0≤ i ≤ d, 0≤ j ≤ p+ 1,

v1
i j := ( j + 1)wi, j+1⊗ c1− (p− j )wi j ⊗ c2, 0≤ i ≤ d, 0≤ j ≤ p− 1,

and can prove (3) as same as (1).
For (7) it is sufficient to take a basis which are the same form as (2).
(4), (5), (6), (8) are easy calculation. 2

Proposition 4 For N0, N1, N2, N3, N4,M0 ≥ 0 such that

N0+ N1+ N2+ N3+ N4 ≤ D1 and M0 ≤ D2,

(⊗5
i=0U

⊗Ni
i )⊗ (⊗1

j=0V
⊗M j

j ) decomposes into irreducible modules which are isomorphic
to

W(D1, D2; r + s+ N1+ N3+ 2N4+ 2N5+ N2− M1, 2N0+ N1+ M0− 2r,

N2− 2s, 2r − 2s− N1+ N2− 2N3+ 2N4− 2N5+ M1),

= W(D1, D2; r + s− 2N0− N1− N2− N3− M0+ 2D1+ D2,

2N0+ N1+ M0− 2r, N2− 2s,

2r − 2s+ 2N0+ N1+ 3N2+ 4N4+ M0− 2D1− D2),{
r = 0, if N0 = 1 and N1 = M0 = 0,
r = 0, 1, . . . , N0+

⌊ N1+M0
2

⌋
, otherwise,

s= 0, 1, . . . ,

⌊
N2

2

⌋
,

where N5 = D1− N0− N1− N2− N3− N4, M1 = D2− M0 and the notation

bαc := max{ i ∈ Z | i ≤ α}, α ∈ R.

Proof: Using Proposition 2(3) and Lemma 2, 3, we get the result. 2
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From now on we will observe the range whichν, d, p, t :

ν := ν(N0, N1, N2, N3, N4,M0, r, s)
:= r + s− 2N0− N1− N2− N3− M0+ 2D1+ D2,

d := d(N0, N1, N2, N3, N4,M0, r, s)
:= 2N0+ N1+ M0− 2r,

p:= p(N0, N1, N2, N3, N4,M0, r, s)
:= N2− 2s,

t := t (N0, N1, N2, N3, N4,M0, r, s)
:= 2r − 2s+ 2N0+ N1+ 3N2+ 4N4+ M0− 2D1− D2.

move where theN0, N1, N2, N3, N4,M0, r, s move inG:

G :=
{
(N0, N1, N2, N3, N4,M0, r, s) | N0, . . . , N4,M0 ≥ 0,

N0+ · · · + N4 ≤ D1, M0 ≤ D2,{
r = 0, if N0 = 1 andN1 = M0 = 0,
r = 0, 1, . . . , N0+

⌊ N1+M0
2

⌋
, otherwise,

s= 0, 1, . . . ,

⌊
N2

2

⌋}
.

We defineH := {(ν, d, p, t) | (N0, N1, N2, N3, N4,M0, r, s) ∈ G}.

Lemma 4
(1)

H = {(ν, d, p, t) | (N0, N1, N2, N3, N4,M0, r, 0) ∈ G}.

(2)

H = {(ν, d, p, t) | (N0, N1, N2, N3, N4,M0, r, 0) ∈ G, N1 ∈ {0, 1}}.

(3)

{(ν, d, p, t) | (N0, N1, N2, N3, N4,M0, r, 0) ∈ G, N1 ∈ {0, 1}, d ≥ 1}
= {(ν, d, p, t) | (N0, 0, N2, N3, N4,M0, r, 0) ∈ G, d ≥ 1}.

(4) Suppose D2 ≥ 2.

{(ν, d, p, t) | (N0, N1, N2, N3, N4,M0, r, 0) ∈ G, N1 ∈ {0, 1}, d = 0}
= {(ν, d, p, t) | (N0, 0, N2, N3, N4,M0, r, 0) ∈ G, d = 0}.
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(5) For γ ∈ Z (0≤ γ ≤ 2D1+ D2),

{(ν, d, p, t) | (N0, N1, N2, N3, N4,M0, r, 0) ∈ G, 2N0+ M0 = γ, N1 ∈ {0, 1}}

=
{
(ν, d, p, t) | (N0, N1, N2, N3, N4,M0, r, 0) ∈ G, N1 ∈ {0, 1},

M0 =
{

min{γ, D2}, if γ − D2 is even,
min{γ, D2− 1}, if γ − D2 is odd,

N0 = γ − M0

2

}
.

Proof: For each case, it is clear that the set of left hand side includes the set of the right
hand side. Conversely,
(1) For

ν = r + s− 2N0− N1− N2− N3− M0+ 2D1+ D2,

d = 2N0+ N1+ M0− 2r,

p= N2− 2s,

t = 2r − 2s+ 2N0+ N1+ 3N2+ 4N4+ M0− 2D1− D2,

we define

N ′2 := N2− 2s, N ′3 := N3+ s, N ′4 := N4+ s.

Then(N0, N1, N ′2, N ′3, N ′4, r, 0) ∈ G and

ν = r − N1− N ′2− N ′3− M0+ 2D1+ D2,

d = 2N0+ N1+ M0− 2r,

p= N ′2,

t = 2r + 2N0+ N1+ 3N ′2+ 4N ′4+ M0− 2D1− D2.

(2) Using (1), it is sufficient to consider the cases= 0. For

ν = r − 2N0− N1− N2− N3− M0+ 2D1+ D2,

d = 2N0+ N1+ M0− 2r,

p= N2,

t = 2r + 2N0+ N1+ 3N2+ 4N4+ M0− 2D1− D2,
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we defineN ′0, N ′1, N ′3, N ′4, r
′ as follows.

N ′0 := 0, N ′1 := 0, N ′3 := N3+ 1, N ′4 := N4+ 1, r ′ := 0,

if N0 = 0, N1 = 2, andr = 1,

N ′0 := ⌊ 2N0+N1
2

⌋+ r, N ′3 := N3, N ′4 := N4, r ′ := r,

N1 :=
{

1, if 2N0+ N1 is odd,
0, if 2N0+ N1 is even,

otherwise.

Then(N ′0, N ′1, N ′3, N ′4,M0, r, 0) ∈ G, N ′1 ∈ {0, 1} and

ν = r ′ − 2N ′0− N ′1− N2− N ′3− M0+ 2D1+ D2,

d = 2N ′0+ N ′1+ M0− 2r ′,
p= N2,

t = 2r ′ + 2N ′0+ N ′1+ 3N2+ 4N ′4+ M0− 2D1− D2.

(3) For

N1 ∈ {0, 1},
ν = r − 2N0− N1− N2− N3− M0+ 2D1+ D2,

d = 2N0+ N1+ M0− 2r,

p= N2,

t = 2r + 2N0+ N1+ 3N2+ 4N4+ M0− 2D1− D2,

we defineN ′0 := N0, M ′0 := 0, if N1 = 0,
N ′0 := N0+ 1, M ′0 := M0− 1, if N1 = 1 andM0 > 0,
N ′0 := N0, M ′0 := 1, if N1 = 1 andM0 = 0.

Then(N ′0, 0, N2, N3, N4,M ′0, r, 0) ∈ G

ν = r − 2N ′0− N2− N3− M ′0+ 2D1+ D2,

d = 2N ′0+ M ′0− 2r,

p= N2,

t = 2r + 2N ′0+ 3N2+ 4N4+ M ′0− 2D1− D2.

(4) For

N1 ∈ {0, 1},
ν = r − 2N0− N1− N2− N3− M0+ 2D1+ D2,

0= 2N0+ N1+ M0− 2r,

p= N2,

t = 2r + 2N0+ N1+ 3N2+ 4N4+ M0− 2D1− D2,
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we find that ifN1 = 1, thenM0 is odd. We defineN ′0 := N0, M ′0 := 0, if N1 = 0,
N ′0 := N0+ 1, M ′0 := M0− 1, if N1 = 1 andM0 ≥ 3,
N ′0 := N0, M ′0 := 2, if N1 = 1 andM0 = 1.

Then(N ′0, 0, N2, N3, N4,M ′0, r, 0) ∈ G

ν = r − 2N ′0− N2− N3− M ′0+ 2D1+ D2,

0= 2N ′0+ M ′0− 2r,

p= N2,

t = 2r + 2N ′0+ 3N2+ 4N4+ M ′0− 2D1− D2.

(5) For

γ = 2N0+ M0,

ν = r − 2N0− N1− N2− N3− M0+ 2D1+ D2,

d = 2N0+ N1+ M0− 2r,

p= N2,

t = 2r + 2N0+ N1+ 3N2+ 4N4+ M0− 2D1− D2,

we define

M ′0 :=
{

min{γ, D2}, if γ − D2 is even,
min{γ, D2− 1}, if γ − D2 is odd,

N ′0 := γ − M ′0
2

.

Then(N ′0, N1, N2, N3, N4,M ′0, r, 0) ∈ G and

ν= r − 2N ′0− N2− N3− M ′0+ 2D1+ D2,

d = 2N ′0+ M ′0− 2r,

p= N2,

t = 2r + 2N ′0+ 3N2+ 4N4+ M ′0− 2D1− D2. 2

Here we define the following notations.

α := 2N0+ 2N3+ N1+ M0, β := N4− N3.

Then

ν = −d + α
2
− p+ 2D1+ D2,

t = −4ν − 3d − p+ 6D1+ 3D2+ 4β.
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We will observe the range thed, p, α, β move(d = 2N0 + N1 + M0 − 2r, p = N2)

whereN0, N1, N2, N3, N4,M0, r move inG1:

G1:=
{
(N0, N1, N2, N3, N4,M0, r ) | N0, . . . , N4,M0 ≥ 0, N1 ∈ {0, 1}

N0+ · · · + N4 ≤ D1, M0 ≤ D2,{
r = 0, if N0 = 1 andN1 = M0 = 0,
r = 0, 1, . . . , N0+

⌊ N1+M0
2

⌋
, otherwise.

}
,

from Lemma 4(2).

Lemma 5
(1) Suppose d, p such that{

0≤ d ≤ D2, if D2 ≥ 2,
0< d ≤ D2, otherwise,
0≤ p ≤ D1.

are given. Thenα, β ∈ Z behave as follows.

α − d is even and d≤ α ≤
{

2(D1− p)+ D2, if d − D2 is even,
2(D1− p)+ D2− 1, if d − D2 is odd,

max

{
−α − d

2
, −D1+ p

}
≤ β ≤ min

{
D1− p−

⌊
α − D2+ 1

2

⌋
, D1− p

}
.

(2) Suppose d, p (D2 < d ≤ 2D1+D2, 0≤ p ≤ D1−b d−D2+1
2 c) are given. Thenα, β ∈

Z behave as follows.

α − d is even and d≤ α ≤
{

2(D1− p)+ D2, if d − D2 is even,
2(D1− p)+ D2− 1, if d − D2 is odd,

− α − d

2
≤ β ≤ D1− p−

⌊
α − D2+ 1

2

⌋
.

(3) Suppose D2 = 1, and d, p (d = 0, 0≤ p ≤ D1) are given. Thenα, β ∈ Z behave as
follows.

α is even and0≤ α ≤ 2(D1− p),

− α
2
≤ β ≤ D1− p− α

2
.

(4) Suppose D2 = 0, and d, p (d = 0, p = D1) are given. Thenα, β ∈ Z behave as
follows.

(α, β) = (0, 0).
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(5) Suppose D2 = 0, and d, p(d = 0, 0≤ p ≤ D1−1) are given. Thenα, β ∈ Z behave
as follows.

α is even and0≤ α ≤ 2(D1− p),
−1≤ β ≤ D1− p− 2, if α = 2,
−D1+ p ≤ β ≤ 0 andβ 6= −D1+ p+ 1, if α = 2(D1− p),

−α
2
≤ β ≤ D1− p− α

2
, otherwise.

Proof:

(1) From Lemma 4(3), (4), it is sufficient to consider the caseN1 = 0. (2N0+M0, r ) can
take the following values in this case.

(2N0+ M0, r ) ∈
{(

k,
k− d

2

) ∣∣∣∣ k− d is even,

d ≤ k ≤
{

2(D1− p)+ D2, if D2− d is even,
2(D1− p)+ D2− 1, if D2− d is odd,

}

So it is sufficient to considerN0, M0, r take the following values from Lemma 4(5).

(N0, M0, r )

∈
{(

0, i,
i − d

2

) ∣∣∣∣ i − d is even,d ≤ i ≤
{
D2, if D2− d is even,
D2− 1, if D2− d is odd,

}

∪
{(

j, i, j + i − d

2

) ∣∣∣∣ i =
{

D2, if D2− d is even,
D2− 1, if D2− d is odd,

0≤ j ≤ D1− p

}
.

For eachN0, M0, andr , N3 andN4 can behave as follows.

0≤ N3 ≤ D1− p− N0− N1,

0≤ N4 ≤ D1− p− N0− N1− N3.

Forα = 2N0+ 2N3+ N1+M0, β = N4−N3, if we range the parametersN4, N3, N0,

M0 with this ordering, we get the result.
(2) From Lemma 4 (3),(5), it is sufficient to consider the caseN1 = 0 andN0, M0, r take

the following values.

(N0, M0, r )

∈
{(

j, i, j + i − d

2

) ∣∣∣∣ i = {D2, if D2− d is even,
D2− 1, if D2− d is odd,

d − i

2
≤ j ≤ D1− p

}
.

We can get the result as same as (1).
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(3) From Lemma 4 (5), it is sufficient to consider the caseN0, N1,M0, r take the following
values.

(N0, N1,M0, r ) ∈ {( j, 0, 0, j ) | 0≤ j ≤ D1− p, j 6= 1}
∪ {( j, 1, 1, j + 1) | 0≤ j ≤ D1− p− 1}.

We can get the result as same as (1).
(4) M0 = 0 sinceD2 = 0. N0, N1, N3, N4, r take values

N0 = N1 = N3 = N4 = r = 0.

So we get the result.
(5) M0 = 0 sinceD2 = 0. From Lemma 4 (5), it is sufficient to consider the caseN0, N1, r

take the following values.

(N0, N1, r ) ∈ {( j, 0, j ) | 0≤ j ≤ D1− p, j 6= 1}.

We can get the result as same as (1). 2

Theorem 1 The irreducible modules of T(D1, D2) are W(D1, D2; ν, d, p, t), where the
parametersν, d, p, t ∈ Z behave as follows.

(1) In the case D2 > 0,

0≤ d ≤ D2, 0≤ p ≤ D1,⌊
D2− d + 1

2

⌋
+ D1 ≤ ν ≤ −d − p+ 2D1+ D2,

t ≡ max{d + 3p− 2D1− D2, −4ν − 3d + 3p+ 2D1+ 3D2} (mod) 4 and

max{d + 3p− 2D1− D2, −4ν − 3d + 3p+ 2D1+ 3D2} ≤ t
≤ min{−d − p+ 2D1+ D2, −4ν − 3d − 5p+ 10D1+ 3D2},

if d − D2 is even,
max{d + 3p− 2D1− D2, −4ν − 3d + 3p+ 2D1+ 3D2} ≤ t
≤ min{−d − p+ 2D1+ D2− 2, −4ν − 3d − 5p+ 10D1+ 3D2},

if d − D2 is odd,

and

D2 < d ≤ 2D1+ D2, 0≤ p ≤ D1−
⌊

d − D2+ 1

2

⌋
,⌊

D2− d + 1

2

⌋
+ D1 ≤ ν ≤ −d − p+ 2D1+ D2,

t ≡ d + 3p− 2D1− D2 (mod 4) and{
d + 3p− 2D1− D2 ≤ t ≤ −d − p+ 2D1+ D2, if d − D2 is even,
d + 3p− 2D1− D2 ≤ t ≤ −d − p+ 2D1+ D2− 2, if d − D2 is odd.
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(2) In the case D2 = 0,

d = 0, 0≤ p ≤ D1− 1, D1 ≤ ν ≤ −p+ 2D1,

t ≡ 3p− 2D1 (mod 4) and3p− 2D1 ≤ t ≤ −4− p+ 2D1, if ν = −1− p+ 2D1,

3p− 2D1 ≤ t ≤ −p+ 2D1 and t 6= 3p− 2D1+ 4, if ν = D1,

3p− 2D1 ≤ t ≤ −p+ 2D1, otherwise.

and

0≤ d ≤ 2D1,{
0≤ p ≤ D1−

⌊
d+1

2

⌋
, if d > 0,

p = D1, if d = 0,⌊−d + 1

2

⌋
+ D1 ≤ ν ≤ −d − p+ 2D1,

t ≡ d + 3p− 2D1 (mod 4) and{
d + 3p− 2D1 ≤ t ≤ −d − p+ 2D1, if d is even,
d + 3p− 2D1 ≤ t ≤ −d − p+ 2D1− 2, if d is odd.

Proof: d = 2N0+N1+M0−2r, p = N2, whereN0, N1, N2,M0, r move in the following
set:

{(N0, N1, N2,M0, r ) | (N0, N1, N2, N3,M4,M0, r ) ∈ G1}

=
{
(N0, N1, N2,M0, r ) | N0, N1, N2, M0 ≥ 0,

N0+ N1+ N2 ≤ D1, M0 ≤ D2, N1 ∈ {0, 1},{
r = 0, if N0 = 1 andN1 = M0 = 0,
0≤ r ≤ N0+

⌊ N1+M0
2

⌋
, otherwise.

}

So we get

0≤ d ≤ 2D1+ D2,{
0≤ p ≤ D1, if 0 ≤ d ≤ D2,

0≤ p ≤ D1−
⌊ d−D2+1

2

⌋
, if D2 < d ≤ 2D1+ D2.

Using Lemma 5 and

ν=−d + α
2
− p+ 2D1+ D2,

t=−4ν − 3d − p+ 6D1+ 3D2+ 4β,

we get the result. 2



         

P1: RPS/SNG P2: RSA/ASH P3: ICA/ASH QC:

Journal of Algebraic Combinatorics KL401-06-Tanabe January 30, 1997 9:37

THE IRREDUCIBLE MODULES 195

References

1. E. Bannai and T. Ito,Algebraic Combinatorics I: Association Schemes, Benjamin-Cummings Lecture Note 58.
Menlo Park, 1984.

2. A. Brouwer, A. Cohen, and A. Neumaier,Distance-Regular Graphs, Springer Verlag, New York, 1989.
3. Y. Egawa, “Characterization ofH(n,q) by the parameters,”Journal of Combinatorial Theory, SeriesA 31

(1981), 108–125.
4. P. Terwilliger, “The subconstituent algebra of an association scheme,” (Part I):Journal of Algebraic Combina-

torics 1 (1992), 363–388; (Part II):Journal of Algebraic Combinatorics2 (1993), 73–103; (Part III):Journal
of Algebraic Combinatorics2 (1993), 177–210.


