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Abstract. We characterize the distance-regular graphs with diameter three by giving an expression for the number
of vertices at distance two from each given vertex, in terms of the spectrum of the graph.
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1. Introduction

It was proven by the second author [6] that if a gréplnas the spectrum of a distance-
regular graph with diameter three, and has the right number of vertices at distance two from
each given vertex, the@ is itself distance-regular. Here we drop the assumption@at
has the spectrum of a distance-regular graph. We only assum@ tkatgular with four
distinct eigenvalues and prove tliats distance-regular if and only if the number of vertices
at distance two from each given vertex satisfies an expression in terms of the sped&um of
To obtain our results we use quotient matrices of the adjacency matrix of the graph with
respectto some partition of the vertices. Tiegghbourhood partitionf some vertex is the
partition of the vertices int¢x}, the set of neighbours of, and the set of all other vertices.
Thedistance partitiorof x is the partition of the vertices int§;,i =0, 1, ..., whereX;
is the set of vertices at distancdrom x. The quotient matrixof the adjacency matrix
with respect to some partition of the vertices is obtained by symmetrically partitioning
the adjacency matrix according to the partition of the vertices and then taking the average
row sums in the blocks of the partition. The partition is callegular if every block has
constant row sum. We shall use the fact that the eigenvalues of the quotient matrix interlace
the eigenvalues of the adjacency matrix. Ifthe interlacing is tight then the partition is regular
(cf. [5] or [1]).
As general reference for distance-regular graphs we use the book of Brouwer et al. [1].

2. The characterization
To prove the main result we first need a characterization of strongly regular graphs.

Lemma Let G be a connected regular graph orvertices with eigenvalues ¥ A, >
- > A,. Let B be the quotient matrix with respect to the neighbourhood partition of an
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arbitrary vertex x. Suppose B has eigenvalues ko > us. If for every vertex x one of
the equalities., = u, and, = us holds then G is strongly regular.

Proof: Let G have adjacency matrik. Fix an arbitrary vertex and suppose one of the
equalities holds, say; is also an eigenvalue &. LetV be the 3-dimensional subspace of
RV of vectors that are constant over the parts of the neighbourhood partitiantdfen A
has an eigenvector= (U, Uy, ..., U1, Up, ..., Up)T with eigenvalug; in V (cf. [5, Thm.
2.1.ii] or [1, Section 3.3]). Also the all-one vectpris an eigenvector (with eigenvall®

of Ain V. FurthermoreA(1,0,...,0)" = (0,1,...,1,0,...,0T e V. Sinceu, j and
(1,0,...,0)T are linearly independent vectors Vh (otherwiseu; = uy, and applyingA
givesup = Uy, which gives a contradiction), we have thaV C V. So we have three
linearly independent eigenvectorsAfn V, and it follows that the neighbourhood partition
of x is regular. So the number of common neighbours @ind a vertexy adjacent tax

is independent of. This holds for everyk and sinceG is connected, it follows that this
number is also independent »f and so for every vertex the neighbourhood partition is
regular with the same quotient matrix, proving tkats strongly regular. O

Theorem Let G be a connected regular graph onertices with four distinct eigenvalues
say with spectrunt = {[K]%, [A2]™, [A3]™, [A4]™]. Let p be the polynomial given by
P(X) = (X — A)(X — A3)(X — Ag) = X3 + p2x? 4+ piX + po and letr be given by
A = (k3 4+ maA3 + maad + myad)/vk. Then G is distance-regular if and only if for every
vertex X the number of vertices &t distance two from x equals

k(k—1—21)2

f(2 = .
) K=+ p2) —k—=p1+ po

Proof: Suppose tha® is distance-regular. Consider the quotient ma@iwith respect
to the distance partition of some arbitrary vertexThen
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o0 > x
T O O

for somea, b andc. Note that. = tracg A%)/vk equals the number of common neighbours
of two adjacent vertices. Sind@ has eigenvaluek, Ay, A3 and 44, it follows that the
characteristic polynomial o equals

X -k x-k 0
-1 x—Xx x-Kk 0
0 -c x—k -b
0 0 x—k x—a

= xX-kK0C+b+c—2r—a)x>+ (ha—ca—br —k+c)x + ka— ca— bk).

(X — k)p(x) = det(x] — C) = det
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Now it follows that

. (K—=2)(A + p2) =K — p1+ po
N k—1—2x

’

and since&k,c = k(k — 1 — 1), we have thak, = f(X).

Suppose now that, = f(Z) for every vertexx. Leta,b andc be given byc =
k(k—1-21)/f(2),a=k— (Ak+ p2k+ pp)/candb = a+ A — ¢+ p,. Then the matrix
C as given above has eigenvaldes.,, A3 and A4 (again, this follows by inspecting the
characteristic polynomial).

First suppose that (X) < v — 1 —Kk, i.e.,G has diameter three. We shall prove that the
quotient matrixB with respect to the distance partitionxgtqualsC, thus proving thaG
is distance-regular around Without loss of generality we assume that 1, > A3 > A4.
Suppose thaB has eigenvalues > 1, > us > ug. Since the eigenvalues & interlace
the eigenvalues of the adjacency mathixf G, it follows thati, > u, andug > Ag.

Since G is a connected regular graph with four distinct eigenvalues, the number of
triangles throughx equalsA = %kk (cf. [2]). From this it follows thatB,, = A, and
consequentlyB,3 = k — 1 — A andBsz, = ¢. SoB = C + E, whereE equals

0O 0 O 0
0O 0 O 0
E= 0 0 ¢ —¢
0 0 -85 §

forsomes ands. To use inequalities for eigenvalues we want symmetric matrices. Therefore
we multiply B, C and E from the left byK 2 and from the right byK =2, whereK =
diagl, k, f(2),v—1—k— f(X)), to getB, C andE, respectively. Now the eigenvalues
have not changed ariglis symmetric, but to show thé (and consequentli) is symmetric,

we have to prove that — 1 — k — f(X))(k —a) = f(X)b. This follows since

(v—1—k— f(Z)(k—a)— f(Z)b)c
=@w-1-kk—-ac— f(X)ckk—a+b)
= (v =1-K)(AK+ pk+ po) —k(k—1—=2)(K+ 1+ p2)
+ k(K= 2) (A + p2) =K — p1+ po)
V(K + p2K + po) — (K + pk? + pik + po) = 0.

The last equation follows by taking the trace of the equagioh) = (p(k)/v)J, whereA
is the adjacency matrix @b, andJ is the all-one matrix (cf. [2, 7]).

Letw; = K¥2(1,1, 1, 1)T, then it is an eigenvector of both andC with eigenvaluek.
Let w; be an eigenvector & with eigenvalue.;, i = 2, 3, 4, such tha{ws, wy, ws, wa} is
orthogonal. Let; = K ~Y/2y;, theny; is eigenvector of with eigenvalue;, i = 1, 2, 3, 4.
Now we shall prove thaE = O or, equivalently, that = 0. Suppose that > 0. Now E
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is positive semidefinite, and so

u)g Bw, wl Ews
U2 > —F—— =ho+ —5 > A2,
wy, w2 wy, w2

and sincei, > . it follows that u, = A, and Ew, = 0. Then alsoEv, = 0, and so
v23 = 4. Using thatv, is eigenvector o€ with eigenvaluée.,, we find thatv, = o, which
is a contradiction. Similarly we find that, = o by assuming that < 0. Soe = 0 and
B = C. Thus the distance partition is regular, and since this holds for every vertex, we find
thatG is distance-regular.
Next suppose that () = v — 1 — k, i.e.,G has diameter two. We shall show that this
cannot occur. Again, consider the matéixas given above. From the equation— 1 —
k— f(2))k—-a) = f(X)bitfollows thatb = 0. LetB be the quotient matrix with respect
to the neighbourhood partition of an arbitrary veriexhen

0 k 0
B=|1 » k—1—2x
0 ¢ k—c

Let B have eigenvaluds, 1, andus, then on one hand the eigenvalue<Coérek, uo, w3
anda, and on the other hand they &g\, A3 andi4 and so we have one of the equalities
needed to apply our lemma. $is strongly regular, which is a contradiction with the fact
thatG has four distinct eigenvalues. O

This theorem proves a conjecture by the second author [6]. Although he uses a different
expression forf (), it is easily proven that the expressions are the same for any regular
graph with four eigenvalues (cf. [4]), that is,

k(k—1—21)2

f&)=—+——
(%) 04— 22—k

1
,  wheref, = — (k* 4+ moA3 + maad -+ mgaj).

v
Proposition With the hypothesis of the previous theoréni (X) is integral and f(X) <
v—1-—Kk,thenlk > f(X).

Proof: Suppose for some verteowe havek, < f(X). Consider the distance partition of

x and change this partition by movirfg ) — k, vertices from the set of vertices at distance
three to the set of vertices at distance two. By repeating the second part of the proof of the
previous theorem, we find that the partition is regular, which is a contradiction. O

In a distance-regular graph is the number of common neighbours of two vertices at
distance two. Here we find an easy way to see from the spectrum of a graph that it is
distance-regular with diameter three gne-= 1.

Corollary  With the hypothesis of the theorefa is distance-regular witih = 1 if and
onlyifk—1—-x=®k—-ADA+p)—Kk—pr+p=<@—-1-Kk/k



A CHARACTERIZATION OF DISTANCE-REGULAR GRAPHS 303

Proof: If G is distance-regular witlx = 1, thenc = 1 in the proof of the theorem, and
the equation follows andl(k — 1 — 1) = k, < v — 1 — k. On the other hand, if = 1
then f (£) = k(k — 1 — 1), which is integral and by assumption at most 1 — k. So the
proposition states th& > f(X). Since every vertex at distance two from a given vertex
has at least one common neighbour with that vertex, we havégthatk(k — 1 — ). So
ko = f(X) and it follows from the theorem th& is distance-regular, and ngw= c = 1.

O

We conjecture that the proposition is also true without the conditions (@), i.e., that
for every connected regular graph with four distinct eigenvalues we have that the number
of verticesk; at distance two from a given vertex is at ledst).

More evidence for the conjecture is given by a bound by the first author [3], which for
some cases coincides with(X), and in many other cases is just slightly worseGlis
a connected regular graph with four distinct eigenvakies A, > A3 > A4 then for the
number of verticeg; at distance two from a given vertexwe have that

v |k )»|
kry>v—-1—-k-— , Wherey_

The bound is tight for every vertex if and onlyGf is distance-regular such that the distance
three graphGs of G is a strongly regulafv, k3, A*, A*) graph for some.*.
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