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Abstract. Let G be a bipartite graph with a bicoloration{A, B}, |A| = |B|, and letw : E(G) → K whereK
is a finite abelian group withk elements. For a subsetS ⊆ E(G) let w(S) = ∏

e∈Sw(e). A perfect matching
M ⊆ E(G) is aw-matchingif w(M) = 1.

It is shown that if deg(a) ≥ d for all a ∈ A, then eitherG has now-matchings, orG has at least(d − k+ 1)!
w-matchings.
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1. Introduction

Let G be a bipartite graph with a bicoloration{A, B}, |A| = |B|. Let E(G) ⊆ A × B
denote the edge set ofG, and letm(G) denote the number of perfect matchings ofG.

Let K be a (multiplicative) finite abelian group|K | = k, and letw : E(G) → K be a
weight assignment on the edges ofG. For S⊆ E(G) letw(S) =∏e∈Sw(e).

A perfect matchingM of G is aw-matchingif w(M) = 1. We shall be interested in
m(G, w), the number ofw-matchings ofG.

M. Hall (see exercise 7.15 in [9]) showed that ifm(G) ≥ 1 and if deg(a) ≥ d for all
a ∈ A, thenm(G) ≥ d! .

Hall’s result is the casek = 1 of the following Theorem. The casek = 2 was proved
in [1].

Theorem 1.1 Letw : E(G)→ K . If m(G, w) ≥ 1 anddeg(a) ≥ d for all a ∈ A, then
m(G, w) ≥ (d − k+ 1)! .

Theorem 1.1 is tight whenK = Ck, the cyclic group of orderk. More generally, for a
finite abelian groupK , lets= s(K) denote the maximals for which there exists a sequence
x1, . . . , xs ∈ K such that

∏
i∈I xi 6= 1 for all ∅ 6= I ⊆ [s] = {1, . . . , s}. The problem of

determinings(K) was suggested by Davenport (see [11]) and addressed by a number of
authors [3, 5, 10, 11].
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Let d ≥ s = s(K) and letG = Kd,d denote the complete bipartite graph on [d] × [d].
Let w : E(Kd,d) → K be given byw(i, j ) = 1 if i = j or i ≥ s+ 1, andw(i, j ) = xi

otherwise, wherex1, . . . , xs are as above. Thenm(G, w) = (d − s)! .
This construction suggests the following conjecture (which contains Theorem 1.1 since

it’s easy to see thats(K) ≤ k− 1).

Conjecture 1.2 ([1]) Letw : E(G)→ K . If m(G, w) ≥ 1 anddeg(a) ≥ d for all a ∈ A,
then m(G, w) ≥ (d − s(K))! .

In Section 2 we utilize the complex group algebra ofK to prove Theorem 1.1. In Section 3
we discuss a possible approach to Conjecture 1.2 whenK is ap-group (the nice point here is
the reduction to Conjecture 3.2 via Claim 3.3), and observe a connection with a conjecture
of Griggs and Walker [8].

2. Proof of Theorem 1.1

The main ingredient of the proof of Theorem 1.1 is the following result on group-weighted
digraphs.

Theorem 2.1 Let D = (V, E) be a simple digraph and letϕ : E → K . If deg+(v) ≥
k for all v ∈ V, then there exist vertex-disjoint directed cycles C1, . . . ,Cl such that∏l

i=1

∏
e∈Ci

ϕ(e) = 1.

Proof: It is, of course, enough to prove the Theorem when deg+(v) = k for all v.
Let C[K ] denote the complex group algebra ofK , Mn×k(C[K ]) the n × k matrices over
C[K ] and Mn(C[K ]) = Mn×n(C[K ]). (For group algebras see e.g., [12].) For a matrix
Q = (qi j ) ∈ Mn(C[K ]) andx ∈ C[K ], let S(Q, x) = {σ ∈ Sn :

∏n
i=1 qiσ(i ) = x} (where

Sn is the symmetric group).
Assume now thatV = [n] and associate withD the matrixQ = (qi j ) ∈ Mn(C[K ])

given byqii = 1 for all 1≤ i ≤ n, qi j = ϕ(i, j ) if (i, j ) ∈ E, andqi j = 0 otherwise.

Claim 2.2 There exists a matrix C= (ci j ) ∈ Mn(C) with cii = 1 for all 1≤ i ≤ n, such
that the matrix R= (ri j ) ∈ Mn(C[K ]) given by ri j = ci j qi j satisfiesdetR= 0 in C[K ].

Proof: Let χ1, . . . , χk denote the complex characters ofK . For 1≤ i ≤ n let N+(i ) =
{ j : (i, j ) ∈ E}.

With anyn×k matrix H = (h jl ) ∈ Mn×k(C) and 1≤ i ≤ n, we associate ak×k matrix
Hi indexed byN+(i )× [k] and given byHi ( j, l ) = χl (qi j )h jl for j ∈ N+(i ) , 1≤ l ≤ k.

We may clearly choose anH ∈ Mn×k(C) such that rankHi = k for all 1 ≤ i ≤ n. The
non-singularity ofHi implies that there exists a vector(ci j : j ∈ N+(i )) such that for all
1≤ l ≤ k

hil = −
∑

j∈N+(i )

ci j Hi ( j, l ) = −
∑

j∈N+(i )

ci j χl (qi j )h jl . (1)
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Now definecii = 1 andci j = 0 if i 6= j and(i, j ) 6∈ E, and letR = (ri j ) = (ci j qi j ) ∈
Mn(C[K ]).

Then (1) implies that for all 1≤ l ≤ k, 0 6= (h1l , . . . , hnl)
T is a nullvector of the matrix

χl (R) = (χl (ri j )) ∈ Mn(C). It follows thatχl (detR) = det(χl (R)) = 0 for all 1≤ l ≤ k,
hence detR= 0 inC[K ]. 2

Claim 2.2 implies that

0= detR=
∑
x∈K

( ∑
σ∈S(Q,x)

Sg(σ )
n∏

i=1

ciσ(i )

)
x.

Since the identity permutation id belongs toS(Q, 1) and
∏n

i=1 cii = 1, it follows that there
exists id 6= σ ∈ S(Q, 1). Then E0 := {(i, σ (i )) : i 6= σ(i )} is a non-empty union of
vertex-disjoint directed cycles, sayE0 =

⋃l
i=1 Ci , and

l∏
i=1

∏
e∈Ci

ϕ(e) =
∏

qiσ(i ) = 1. 2

Theorem 1.1 now follows from Theorem 2.1 as in [1]: LetG be a bipartite graph on
{A, B}, |A| = |B| = n andw : E(G)→ K . Fora ∈ A let UG(a, w) denote the set of all
edges incident witha which participate inw-matchings ofG, and|UG(a, w)| = uG(a, w).

The following result clearly implies Theorem 1.1 by induction ond.

Theorem 2.2 If G has aw-matching then there exists an a∈ A such that uG(a, w) ≥
degG(a)− k+ 1.

Proof: Let M = {(a1, b1), . . . , (an, bn)}be aw-matching ofG. With no loss of generality
we may assume thatw(ai , bi ) = 1 for all i . (Otherwise for eachi ande 3 ai , multiply
w(e) byw−1(ai , bi ).)

Construct a directed graphD on {1, . . . ,n} by taking (i, j ) ∈ E(D) iff (ai , bj ) ∈
E(G)\UG(ai , w), and letϕ : E(D) → K be defined byϕ(i, j ) = w(ai , bj ). Suppose
for a contradiction that the assertion of the theorem is false, so that deg+(v) ≥ k for
all v ∈ V(D). It then follows from Theorem 2.1 thatD contains vertex-disjoint cycles
C1, . . . ,Cl with

∏l
i=1

∏
e∈Ci

ϕ(e) = 1. Let V0 =
⋃l

i=1 V(Ci ) and define a permutationσ

on V0 by σ(v1) = v2 if (v1, v2) ∈
⋃l

i=1 E(Ci ). Then the perfect matching

M ′ = {(ai , bi ) : i 6∈ V0} ∪ {(ai , bσ(i )) : i ∈ V0}

is aw-matching. So, since(ai , bσ(i )) 6∈ UG(ai , w) for any i ∈ V0, we have the desired
contradiction. 2

3. An approach to thep-group case

Let K = Cpe1 × · · · ×Cpet be an abelianp-group, and letZp[K ] denote the group algebra
of K overZp. Let I p(K) = {

∑
x∈K axx ∈ Zp[K ] :

∑
x∈K ax = 0}, theaugmentation ideal
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of Zp[K ]. It was shown by Olson [11], and independently Kruyswijk (see [2]), thatI p(K)
is nilpotent of degree

∑t
i=1(p

ei − 1)+ 1, and that this impliess(K) =∑t
i=1(p

ei − 1).
ForS⊆ Zp[K ] let Mn(S) denote the set ofn×n matrices with entries inS. Forl ≤ n−1

let UK (n, l ) denote the set of matricesQ = (qi j ) ∈ Mn(K ∪ {0}) such that for eachi ∈ [n],
qii = 1 andQ(i ) := { j 6= i : qi j 6= 0} has cardinalityl .

By the proof of Theorem 1.1, Conjecture 1.2 for thep-groupK will follow from the
following analogue of Claim 2.2.

Conjecture 3.1 For any Q= (qi j ) ∈ UK (n, s(K)+ 1) there exists a matrix C= (ci j ) ∈
Mn(Zp) with cii = 1 for 1 ≤ i ≤ n, such that R= (ri j ) = (ci j qi j ) ∈ Mn(Zp[K ]) satisfies
detR= 0 in Zp[K ].

We next formulate another, perhaps more natural, conjecture which implies Conjec-
ture 3.1.

Let A = (A1, . . . , An) be an ordered family of subsets of [n] such thati 6∈ Ai for all
1 ≤ i ≤ n. Let Wp(A) denote the affine space of all matricesC = (ci j ) ∈ Mn(Zp) such
thatcii = 1, andci j = 0 wheneveri 6= j and j 6∈ Ai .

Conjecture 3.2 If |Ai | ≥ l for all 1 ≤ i ≤ n, then Wp(A) contains a matrix of rank at
most n− l.

To show that Conjecture 3.2 implies Conjecture 3.1 we need

Claim 3.3 Let Q= (qi j ) ∈ Mn(K) and C= (ci j ) ∈ Mn(Zp). If rankC ≤ n− s(K)− 1,
then R= (ri j ) = (ci j qi j ) ∈ Mn(Zp[K ]) satisfiesdetR= 0.

Proof: Let B ∈ Mn(Zp) be a non-singular matrix such that the firsts(K) + 1 rows of
BC are zero. Then withB R = (ti j ) ∈ Mn(Zp[K ]), it follows that ti j ∈ I p(K) for all
1 ≤ i ≤ s(K)+ 1, 1 ≤ j ≤ n. SinceI p(K) is nilpotent of degrees(K)+ 1 it follows that
detB R=∑σ∈Sn

Sgσ
∏n

i=1 tiσ(i ) = 0, hence detR= 0. 2

Conjecture 3.2⇒ Conjecture 3.1 SupposeQ = (qi j ) ∈ UK (n, s(K) + 1), and let
A = (Q(1), . . . , Q(n)). By Conjecture 3.2 there exists aC ∈ Wp(A) such that rankC ≤
n−s(K)−1. LetQ′ = (q′i j ) ∈ Mn(K) be given byq′i j = qi j if qi j ∈ K andq′i j an arbitrary
element ofK otherwise. ClearlyR′ := (ci j q′i j ) = (ci j qi j ) = R, therefore by Claim 3.3
detR= detR′ = 0. 2

Remarks.

1. The casesl = 1, n−1 of Conjecture 3.2 are trivial. We have proved the casesl = 2, n−2
by a graph theoretical argument similier to Proposition 4.1 in [1].

2. Again letA = (A1, . . . , An) with i 6∈ Ai for all i . It is easy to see that the existence of a
matrix of rank at mostn− l in Wp(A) is equivalent to the existence of vectorsvi ∈ Z l

p,
i ∈ [n], satisfying

(a) vi ∈ 〈v j : j ∈ Ai 〉 for all i , and
(b) 〈vi : i ∈ [n]〉 = Z l

p (where〈·〉 is linear span).
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(Then× l matrix H whose rows are thevi ’s will then satisfyM H = 0 for an appropriate
M ∈ Wp(A).) So Conjecture 3.2 is equivalent to the statement that suchvi exist whenever
|Ai | = l for all i .

For anl -uniform hypergraphF = {F1, . . . , Fm} on [n], sayF hasproperty Gp if there
exists a matrixH ∈ Mn×l (Zp) such that thel × l minors of H corresponding to theFi ’s
are all non-singular. IfA as above isl -uniform and has propertyGp with corresponding
H , then the rows ofH satisfy (a), (b), giving Conjecture 3.2 forA. (For example, since
propertyGp clearly does hold for any fixedn and large enoughp, the same follows for
Conjecture 3.2.)

Of course, we cannot expect (and do not need) propertyGp in general; still, sufficient
conditions for the property are of interest. A conjecture of Griggs and Walker [8] says
that for anyn and A ⊂ Zn, the hypergraph{A+ i : i ∈ Zn} has propertyG2. (This was
motivated by, and would imply, a conjecture proposed in [4, 6].) For|A| = 3, the Griggs-
Walker Conjecture was proved by F¨uredi et al. [7], who actually showed propertyG2 for
an arbitrary 3-uniform, 3-regularF .

For generall , such a generalization does not hold, but we believe the following, less
extreme relaxation may be correct.

Conjecture 3.4 If F is l-uniform on[n] and for each t and distinct F1, . . . , Ft ∈ F ,

|F1 ∩ · · · ∩ Ft | ≤ max{k− t + 1, 0},

and

|F1 ∪ · · · ∪ Ft | ≥ min{k+ t − 1, n},

thenF has property Gp.

This contains (via the Cauchy-Davenport Theorem) the Griggs-Walker conjecture when
n is prime, and would presumably shed some light on the general case as well.
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