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Abstract. We determine the spectra of the finite Coxeter graphs defined by a terminal node of the Coxeter
diagram, and the spectra of their thick equivalents.
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F. Buekenhout asked for the spectra of the graghs Ha 1 and Hg 4 (for notation, see

[2], Chapter 10). In this paper we give the spectra of these and similar graphs. Some of
these spectra are very well known (and given here only for completeness); we refer to [4],
although there may be older references. In the remaining cases the computations may b
done using Proposition 2.2.2 in [2]; however, note that that proposition as formulated there
is valid only whenL; hasd + 1 distinct eigenvalues. A version that is valid in general (even
for non-symmetric association schemes) follows.

Theorem Let (X, {Ry,..., Ry}) be an association scheme with adjacency matrices
Ao,..., Aq (where A = I) and intersection numbersikjp(so that AA; = Y pikj A.

Let L; be the matrix of order & 1 defined by(L;)x; = pl"J Let A= A; be the adjacency
matrix of a symmetric relation Rin the schemeand let L := L;. Then the matrices

A and L have the same eigenvalues. i an eigenvalue of Lthen there is a unique
real eigenvector u of L such that L& Au, ug = 1, u” A,u minimal where A, is the
diagonal matrix with the valencies; r= p‘j)j, on the diagonaland the multiplicity of. as

an eigenvalue of A equalg (u” Anu).

Proof: ThemapA — L;isanisomorphismfromthe Bose-Mesneralgetea (A; | 0 <

i < d)r spanned by the matricés (over some field=) onto the algebrél; |0 <i < d)f.
Indeed, it preserves multiplication, and both algebras have the same dimension since the
are independent (becaudg )xo = di k). Now letF = R. Both AandL are diagonalizable
(sinceAandA,L are symmetric); lei(X) = [*_,;(X — 6;) be the minimal polynomial

of A (and hence ot). Putm;(X) := m(X)/(X — 6;), andE; := m;(A)/m;(¢;). Then

the E; are mutually orthogonal idempotents.y and AE; = 6; E;. The multiplicity of

9 as an eigenvalue oA equalsf; := rkE; = tr E;. Define a(d + 1) x s matrix Q

by Ej = 137 0 QijA (1 < j <s). NowLQe = 6;Qe (whereg; is the jth unit
vector) as one sees by comparing the coefficients oRthen both sides oAE; = 0; E;.



16 BROUWER AND RIEBEEK

Furthermore(Qe))o = Qoj = f; follows by taking traces in the expression foy. Finally,
QTALQ = vA; follows fromg;; fi = trE Ej = %Z Qi Qjni. (Note that ifR and R
are inverse relations, so that = A", thenQ;; = Qi, sinceE; is symmetric.) Thus, if
we takeu = f;(Qe)), thenup = 1 and fj = v/’ Apu).

Remains to show that this minimizesu” A,u. But if u is arbitrary withup = 1,
Lu = 0ju, then the matrixXJ := ) u; A satisfiesAU = 0;U and hence&J = E;jM
for some matrixM. Alsou’ Ayu = %trUTU andug = %trU, so we have to minimize
trU TU (that is, the sum of the squares of the elementd pgiven trU (andU = E; M).
DiagonalisingE; we see immediately thal is uniquely determined, and corresponds to
theu we had above. O

Thus, it suffices to work witlh; instead ofA;. The required parameter% for the graphs
Es.., E7.. andEg, can be found in [1]. We give only the results of the computations.

1. Ans

The graphA, 1 is the complete grapk,, 1 with spectrunm?® (—1)", where the superscripts
denote multiplicities (cf. [4], p. 72).
Inthe thick case\, 1(q) we find the complete graph an= qq ! vertices with spectrum

(=D (=1

2. BpgandBp,

The graphB, ; is the completen-partite graphK,,,» with spectrum(2n — 2)10"(-2)"1
(cf. [4], p. 73).

The graphB,, , is then-cube with spectrunmi(n — 2)"...(n — 2j)(i)...(—n)l (cf. [4],
p. 75).

In the thick caseB, 1(q) we find the strongly regular polar graj(q) with eigenval-
uesq L =, —q" -1, q”*l — 1 and multiplicities (respectively), ]%(qzn’qz +qnt+

1), 2(qzn+q —qg" 1 -1 — % Bnn(g) is the distance-regular dual polar gragB(q)],

with eigenvaluesy[ 11]0I — [ 11, and multiplicities: a'[1q 11:%1111—2; (M= 11+f;i+,11') for
0<j =n(cf[2],p.275).

3. Dn’l and Dn’n

The graphD,, 1 is the same aBj ;.

The graphD,, , is the halvech- cube12n with eigenvalueg(n — 2j)? — n)/2 and multi-
pI|C|t|es( )(0<j<n/2), butmuluphcny ( )if j =n/2 (cf.[2], p. 264).

In the thlck casdDn 1(Q) is the strongly regular polar graph,(q) with eigenvalues
q(“é)f“i“*”, q"2—1,—q"'— 1 and multiplicities (respectively) £ +24"°-2a""~¢*

g2-1
an—lizqn+2+3qn+17qn—17q
9>-1 '
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Dn.n(q) isthe halved graph of the dual polar gra]).lq(q) with eigenvalueg? +1 ”‘ZZJ lq—

q2j_1 . R ) irn 1+qn—2j J qm—|+l . n o
1 and mquphcmesVJql[j]@| Trg [Ti-a T , Where 0< j < 3 andy; = 1 for

2j < mandy, = 3 if nis even (cf. [2], p. 278).

4, E6,1 and E6,2

The graphEg is the Schéifli graph, strongly regular with parametes, k, A, u) =
(27, 16, 10, 8) and spectrum 164° (—2)2° (cf. [2], p. 312).

The graphEg is the root system graph of typgs on 72 vertices. It has spectrum
20" 10° 220 (—2)30 (—4)%5 (cf. [2], p. 313).

In the thick caseEg1(q) we find a strongly regular graph an = (g + q* + 1)
(@® — 1)/(q — 1) vertices, and with valenay(g® — 1)(g® + 1)/(q — 1) and spectrum

eigenvalueg™ 4+ q'°4+q° +209® + 29" +29°+ 29>+ 29* +q° + g2 +q
multiplicity: 1

eigenvalueg® +q’ +9+q°+qg* -1

multiplicity: gt +q® +q’ +q°+q*+q

eigenvalue—q® — 1

multiplicity: g*°+9*°+9*+ 9 +209"+9" +29"+20°+20° +9"+29°+° +

In the thick caséEg »(q) we find agraphom = (q°+1)(q*+1)(q®+1)(9°-1)/(q—1)
vertices, and with spectrum

eigenvalueq®+q° +29® +3q9’ +39°+30°+39*+ 293+ 9° +q

multiplicity: 1

eigenvalueq® +2q”+2q°+39°+2g*+qg° -1

multiplicity: q** +9®+q" +9°+q*+q

eigenvalueq’ +q®°+g°+qg* - 9> -1

multiplicity: '+ 9" +q*+9*+29+ 9" +29"*°+29°+29°+q"+29°+q°+
q*+9°+q’

eigenvalueq® — g3 - g?> -1

multiplicity: (9% +¢?°+29'°+39'®+ 397 +39'°+5q°+4q**+ 59+ 692+
59 +49°+59°+39°+39"+39° +20° + g* + ¥

eigenvalue—q® - > —g? -1

mUIt|p||C|ty l(qu_‘_q20+q18+3ql7+q16+q15+4ql4+3q13+3q11+4q10+q9_|_
a°+39"+a°+a*+a%

5. E7,1 and E7’2 and E7’7

The graphE; 1 is the Gosset graph, distance-regular with intersection d2ay10, 1; 1,
10, 27. It has spectrum 277 (—1)?7 (-3)%%
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The graphE; » has spectrum 33257 1577 756 521 1120 (_1)35 (_3)189 (_5)105 (_7)15,
The graphEy ; is the root system graph of typge; on 126 vertices. It has spectrum
321 167 477 (—2)%6 (—4)% (cf. [2], p. 313).

In the thick casée7 1(q) we find a distance-regular graph with spectrum

eigenvalueq’ +q'® +q'> + g + 29"+ 29'2 + 29" + 2¢'° + 30° + 2¢° + 20" +
20°+20° +g*+q° + 0’ +q

multiplicity: 1

eigenvalueg® + g2+ g1+ g%+ 29°+ g +q’ +qf +q° — 1

multiplicity: q*’ + g2+ g+ q°+q”+9°+q

eigenvalueqg® — g* — 1

multiplicity: g°° + ¢ + 20% + 2¢?° + 39" + 39" + 39™ + 39" + 39'° + 20° +
eigenvalue—q® — g% -1

multiplicity: q27+q25+q23+2q21_|_2q19+2q17+3q15_|_2q13+ 2q11+2q9+q7+
q5+q3

In the thick casee7 »(q) we find

eigenvalueq™® + g2+ 29" + 39'°+49° + 409° + 59" + 49° + 49° + 39* + 2¢° +
9’+q

multiplicity: 1

eigenvalueg® +20'°+39° + 408+ 59" +49°+49°+ 29* + g — 1

multiplicity: 9%’ + g2+ g+ q°+q”+9°+q

eigenvalueg® +2q°+39® +4q’+39° +30°+q* —g? -1

multiplicity: 926 4+ gq®* +29%2+29%*° +39'®+ 3 + 39+ 39 +3q°+ 2% +
2q6 + q4 + q2

eigenvalueg®® +q° +g® +2q’ +9®+q°—g> -1

multiplicity: 27+ 92+ g2+ 292t +2q°+2q7 + 3¢5+ 293+ 2911 +2q° +q7 +
q5+q3

eigenvalueq® + 298 +3q” +29°+2q° — g3 — g2 — 1

mUltlpllClty %(q33+q32+q31+2q30+2q29+3q28+3q27+3q26+4q25+5q24+
5q23+5q22+6q21+6q20+6q19+6q18+6ql7+6ql6+6q15+5q14+5q13+
502+ 49 +39°+30° +30¢®+29" +29° + ° + g* + @°)

eigenvaluen® +q’ —q®—g® -1

multiplicity: 3(@%+ 9%+ g*' +29*°+q*+39* +0*°+49* +q* + 592+ ¢** +
6q21+2q20+6q19+6q17+2q16+6q15+ql4+5ql3+q12+4q11+q10+3q9+
9°®+20"+a°+a*+q°

eigenvalueg® + 29"+ +q°—g*—q® - > -1

multiplicity: %(q38+q37+q36+3q35+3q34+3q33+5q32+6q31+6q30+8q29+
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9q28+9q27+ 11q26+ 11q25+ llq24+ 13q23+ 13q22+ 12q21+ 13q20+ 13q19+
11q18_|_ 11q17+11q16+9q15+9q14+ 8q13+6q12+6q11+ 5qu+ 3q9 + 3q8 +
39" +a°+q°+qh

eigenvalueq’ —q*—g®—g?> -1

multiplicity: g** 42093 + 493 +69%® + 993 + 1293 + 159%° + 179%" + 199%° +
19q23+ 19q21+ 17ql9+ 15q17+ 12q15+ 9q13+6q11+4q9 +2q7 +q5

eigenvalue—g® —g* -3 —qg? -1
multiplicity: q*?+q*°+2g%8+49%+59%+69%+99*®° +99?®+109%° + 119** +
109%+99*+ 99"+ 6q'°+ 509" + 49+ 29" +¢® + q°

eigenvalue—q® —q® - g°-q*-g®* - > -1

multiplicity: %(q38 —q¥ 4+ 9% —q¥+3¢% 392 +5q92—4g% + 60— 692 +
909%®-709%"+119%°-99%°+119%*-99?2+139%*—- 1091 +139?°-9q*°+11q*8—
9q17+ 11q16 _ 7q15 + 9q14 _ 6ql3 + 6q12 _ 4q11+ 5q10 _ 3q9 + 3q8 _ q7 + q6 _
9°+9%

In the thick casee7 7(q) we find

eigenvalueq® + g+ g4 +2q2 + 2912+ 3q 1 +39° + 39° + 3¢® + 39" +3q° +
20°+20*+a°+0d° +q

multiplicity: 1

eigenvalueq'®+q*2 + 29 + 29 +20° +30® + 29" +20° +q° +q* - 1
multiplicity: q*’ + g2+ 9™ +9°+q’+9°+q

eigenvalueg™ +9*°+q°+q®+q"+q®°—g°* -1

multiplicity: 9264+ gq®* +29%2+2g%*° +39'®+ 39 + 39+ 3g*? +3q°+ 2% +
20°+q* +¢?

eigenvalueq® —q° - g -1

mUltlpllClty %(q33+q32+q31+2q30+2q29+3q28+3q27+3q26+4q25+5q24+
502 +509%2 + 69?1+ 69+ 69° + 698+ 69" + 69+ 69 + 59 + 5913 +
502 +49+39°+30°+30°+29"+20°+ 0>+ 9* + @°)

eigenvalue—g® —g°* — g% -1

multiplicity: (0% + 9%+ g*' +29*°+q*+39* +¢*°+49* +q* + 592+ g** +
6q21+2q20+6q19+6ql7+2q16+6q15+ql4+5q13+q12+4q11+q10+3q9+
®+20"+0°+a*+a

6. E&l and Eg’z and Eg’g

The graphEg ; has spectrum 3&28° 8% (—2)112 (—4)84,

The graphEsg , has spectrum 3649 413 1(45+ /409112 25710 2 (254 3,/41)84 17°60
%(45 _ mllZ %(9 + m700 9567 51400 4400 %(25 _ 3\/4_1)84 11960 (_1)1344 %(9 _
\/HS)K)O (_3)3240 (_4)448 (_5)2240 (_7)2900 (—8)175.
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(Here the nonintegral eigenvalues are approximately 32.611874, 22.104686, 12.388126
10.520797, 2.895314 andl.520797. In this case the association schemedhad = 35
relations, whileL; has only 21 distinct eigenvalues. Indeed, the nonintegral eigenvalues
and 17 and 4 all have multiplicity 2 ih;, and 1 and—7 have multiplicities 3 and 5,
respectively.)

The graphEgg is the root system graph of tydgs on 2160 vertices. It has spectrum
64 48% 3285 18112 8210 484 0560 (_4)700 (_6)490 (—8)50 (cf. [2], pp. 313-314).

In the thick caseeg 1(q) we find

eigenvalue:q28~|—q27~|—q26~|—q25~|—q24~|—2q23+ 2q22+2q21_|_2q20+3q19+3q18+
39 +39*%+39%+39*+39%+39%2+3q+39°+20°+208+2q" +2q° +
P°+a*+a®+9?+q

multiplicity: 1

eigenvalue:q23+q22+q21+q20+ 2q19+2q18+ 2q17+2q16+2q15+3q14+2q13+
2q12+2q11+2q10+q9+q8+q7+q6_1

multiplicity: 4*°+9*+ g+ 9"+ 9 +q"*+q"+q
eigenva|ue:q19+q18+q17+q16+q15+q14+q13+q12+qll+q10_q5_ 1
multiplicity: g% + q*2+ g%+ q® + 2% + 2% + g3+ 3q% + 2q?8 + 2q% + 3¢%* +
2q22+2q20+3q18+q16+2ql4+2q12+q10+q8+q6+q2

eigenvalueg* —q° —g° -1

multiplicity: (g% +a° -+ +09*+9%+20%2+29%+20%+29*°+3g*+39*" +
30%+49%* + 49"+ 492+ 50 + 59" +69*° + 60>+ 59% + 603 + 79*° +
7q35+6q34+7q33+7q32+7q31+8q30+7q29+7q28+7q27+6q26+7q25+
7q24+6q23+5q22+6q21+6q20+5q19+5q18+4q17+4q16+4q15+3q14+
398 +30%2+ 29" 4+29°+29°+ 208 +q" + 9+ a°+g* + @°)
eigenvalue—q* —q° —q° — 1

multiplicity: 3(9°"+q*¢+9%+0>+q%+20>'+20¢°°+29*+q*®+39*"+q*°*+4¢*+
4q44+4q43+q42+5q41+2q40+6q39+5q38+6q37+q36+7q35+4q34+7q33+5q32+
7q31+7q29+5q28+7q27+4q26+7q25+q24+6q23+5q22+6q21+2q20+5q19+
q18+4q17+4q16+4q15+q14+3q13+q12+2qll+2q10+2q9+q7+q6+q5+q4+q3)

In the thick caseeg g(q) we find

eigenValueq22+q21+q20+2q19+2q18+3ql7+4q16+4q15+4ql4+5q13+5q12+
501 +59°+49°+409®+4q9"+39°+29°+29* +¢®+ g% +q

multiplicity: 1

eigenvalue:q®® + g8+ 2q*7 + 39+ 3q*° + 49 + 503 + 592 + 5q't + 590 +
4q9+4q8+3q7+2q6+q5+q4_1

multiplicity: g+ g2+ g+ g’ +q®+q*+q" +q

eigenvalue:q™” + 2 + 29" + 39 + 49 + 49*2 + 5™ + 49+ 39° + 3q° +
29"+ -1
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multiplicity: g% + q*2+ g%+ q® + 2% + 2% + g%+ 3q%° + 2¢28 + 2q%° + 3¢%* +
2024290+ 398+ g+ 29 + 2912+ q° + g8 + ° + g2

eigenvaluen'®+q*+2q'43q'+3q'*+3q'*+3q'°+29°+20¢°+q"'-q°—q*-1
multiplicity: 3(0%"+9% 4>+ 9>+ g%+ 2%+ 20>+ 2% +29*+39*+3q*" +
3q46+4q45+4q44+4q43+5q42+5q41+6q40+6q39+5q38+6q37+7q36+
7q35+6q34+7q33+7q32+7q31+8q30+7q29+7q28+7q27+6q26+7q25+
7C|24+6q23+5q22+6q21—|—6q20+5q19+5q18+4q17+4q16+4q15+3q14—|—
39 +3092+29"+29+20°+ 20+ 9" +° + o+ q* + g%

eigenva|ue:q16 4 q15 4 q13 4 q12 4 qll 4 q10 + q7 _ q5 _ q3 -1

multiplicity: 2(q%"+q%+q%+q%+q%+295+2q%+29*+q*®+3g*"+q*0+49*°+
4q44+4q43+q42+5q41+2q40+6q39+5q38+6q37+q36+7q35+4q34+7q33+5q32+
7q31+7q29+5q28+7q27+4q26+7q25+q24+6q23+5q22+6q21+2q20+5q19+
q18+4q17+4q16+4q15+q14+3q13+q12+2qll+2q10+2q9+q7+q6+q5+q4+q3)

eigenvaluelql“ + 2q13 + 2q12 + 3q11 + 2q1° + qg + qs . qe . q5 . qs _1
multiplicity: %(q68+q65+2q64+q63+2q62+q61+3q60+3q59+4q58+2q57_,’_
60% +30%° + 505 + 6% + 9952 + 4¢% + 990 + 6G*° + 11g*8 + 97 + 12g%6 +
6q9* + 149* +99g* + 139*2 + 11g** + 169*° + 793 + 159 + 1193 + 1696 +
119% + 150> + 79® + 169% + 119> + 139% + 99* + 149?® + 69°" + 129*° +
9q25+11q24+6q23+9q22+4q21+9q20+6q19+5q18+3q17+6q16+2q15+
4ql4+3ql3+3q12+q11+2q10+q9+2q8+q7+q4)

eigenvaluelq13 + q12 + q11 + q10 _ qe _ q5 _ q3 1
multiplicity: q734+q"*+2q%°+49%" +49%+7q%+10q5! +109°°+150°" + 189+
180°3 +250°1 + 26g*° + 269*" +3309*° 4 319*3 + 319** +360°°+ 313" + 319 +
339> +260° 4 269*° + 250*" 4 189*° + 189> + 159°' + 109" + 109" + 79" +
4ql3+4q11+2q9+q7+q5

eigenvaluegq —q° - g®-g°—-g® -1

multiplicity: 3@ +q”" 4+ 29+ 9" +29™+9°+ 59>+ 39"+ 797°+ 3¢*° +
8Q%8+40° +149%+4 7% +179%4+ 7%+ 199%2+ 9% 4+289%°+13g>°+ 319>+
12957 +339%0 + 150°° + 449%* + 1993+ 4502 + 179°1 + 4790+ 219*° + 57q* +
23q*" + 549 +209*° + 550* + 249*3 + 62q*2 + 24q** + 5500 + 209°° + 54038 +
23q37+57q36+ 21q35+47q34+ l7q33+45q32+ 19q31+44q30+ 15q29+33q28+
12q27 + 31q26 + 13q25 + 28q24 + 9q23 + 19q22 + 7q21 + 17q20 + 7q19 + 14q18 +
4q17+ 8q16+3q15+7q14+3q13+ 5q12+qll+ 2q10+q9+2q8+q7 +q6)

eigenvalue—q** —-q°—-q®f—-q°—-g° -1

multiplicity: %(q78+q77+q75+2q74+q73+q72+3q71+3q70+3q69+4q68+4q67+
6q66+7q65+5q64+7q63+ 11q62+9q61+8q60+ 13q59+ 13q58+ 12q57+15q56+
150°° + 160>+ 199°3 + 179°2 + 179°1 + 2300 + 219*° + 17g*® + 239*" + 249*° +
200%° 4 23g* 4+ 249* +229*? 4 249** + 239*° + 209%° 4 24938 + 239%" + 17g°%¢ +
219%+230%+179® + 179% 4+ 19¢° + 169%° + 1592° + 159%8 + 129%" + 1396 +
13q25_,’_ 8q24+ 9q23 + 11q22+ 7q21+ 5q20_,’_ 7q19_,’_ 6q18+ 4q17 + 4q16_,’_ 3q15 +
3ql4+3q13+q12+q11+2q10+q9_,’_q7+q6)
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eigenvalue—q* - g1 - q° -8 -9 -g°-qg® -1

multiplicity: (g% — g® +2q% — g%+ 2% — q% + 3q%° — 39> + 40 — 2¢°" +
6% — 39 + 505 — 653 + 952 — 4052 + 99 — 6 + 118 — 9g+7 + 126 —
6q45 + 14q44 _ 9q43 + 13q42 _ 11q41 + 16q40 _ 7q39 + 15q38 _ 11q37 + 16q36 _
119°° + 150 — 79* + 16032 — 1193 + 139°° — 99%° + 149%® — 60?7 + 1209°° —
9q25+ 11q24 _ 6q23 + 9q22 _ 4q21 + 9q20 _ 6q19+ 5q18 _ 3q17 + 6ql6 _ 2q15 +
49M — 3¢ 4302 — gl +29°— ¢°+2q® — g’ + q%)

In the thick caseeg »(q) we find

eigenvaluen® 4+ g5+ 2q4 +3q% + 492+ 591+ 6910+ 6G°+ 608+ 697 +50° +
49°+39*+20°+09*+q

multiplicity: 1

eigenvalueg™®+ 292 +3q92+5q*+6q9°+79°+79®+79"+509°+4q°+29* +
q°-1

multiplicity: g+ g2+ g+ g’ +g®+q*+q" +q

eigenvalueq™® + 292 +4qt +69°+79°+79®+ 79" +59° +39°+q* — > —1
multiplicity: q*¢ +q*?+q*°+ g%+ 29%°+29**+9*+39%°+29%®+ 29?6 +39%* +
2q22+2q20+3q18+q16+2q14+2q12+q10+q8+q6+q2

eigenvalue: 2** +49°+69°+798+6q’'+39°+9°-q*—-g® - > -1
multiplicity: 3(q% + g%+ 29% + 9%+ 292 + q®* 4+ 39 + 399 + 498 + 2¢°" +
60°°+39%*+ 50>+ 60> +90°2+ 40>+ 99+ 699+ 119" + 99*" + 129*° +
69* + 149* + 9qg* + 13g* + 11g** + 169*° + 79 + 159 + 1193 + 1696 +
11q35+ 15q34+7q33+ 16q32+ 11q31_|_ 13q30+9q29+ 14q28+6q27+ 12q26+
9q25+11q24+6q23+9q22+4q21+9q20+6q19+5q18+3q17+6q16+2q15+
4q14+3q13_|_3q12+q11+ 2q10+q9+2q8+q7+q4)

eigenvalueg +3q°+59°+5q°+5q9" +20°-q* - g*— > -1

multiplicity: q734-q"*+2q%°+49%"4+49%+7q%+10q% +10g>°+150°" + 189>+
180g°3+ 25¢°1 + 269*° + 269*" + 33g*° + 319* + 319** + 36939 + 319" + 319°° +
33q33+ 26q31 + 26q29 + 25q27+ 18q25 + 18q23 + 15q21+ 1Oq19 + loql7 + 7q15 +
4983+ 49t +29°+q9" +°

eigenvalueg +2q°+39°+30°+3q9" +®—g* - - > -1

multiplicity: q74+q"24+2q7°+3q% +50q% +79%+99%+119%°+ 1508+ 179> +
219°* +230°2+260°°+ 299" + 319* + 329* + 34q*? + 339*° + 349 + 3296 +
31q34+29q32+26q30+23q28+21q26+l7q24+ 15q22+llq20+9q18+7q16+
5ql4+3q12+2q10+q8+q6

eigenvalueg +q°+2q°+2q8+2q’ —q* - ®* -2 - 1
multiplicity: %(q78+q77+q75+2q74+q73+q72+3q71+3q70+3q69+4q68+4q67+
69%°+7q%+50%+79%+11q%+99° + 89%° + 139> + 139+ 12¢%" + 15¢°° +
150°° + 160>+ 199>+ 1709°2 + 179>+ 230°° + 219*° + 179*® 4 23q*" + 249*6 +
200 + 230* + 24043 + 22G%2 + 249* + 2300 + 209%° + 24938 + 23937 + 1736 +
2103542303+ 1793 + 1792+ 1931 + 1693° + 1592° + 15928 + 1209%" + 13926 +
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13q25+ 8q24+ 9q23 + 11q22+ 7q21+ 5q20+ 7q19+ 6q18+ 4q17 + 4q16+ 3q15 +
3ql4+3q13_|_q12+q11+2q10+q9+q7+q6)

eigenvalueg' +q*°+0°+q®+q' -q*-q®—g*° -1

multiplicity: q734-q"*+2q%°+49%"4+49%+7q%+10q% +10g>°+150°" + 189>+
180g°3+ 250°1 + 269*° + 269*" + 33g*° + 319** + 319** + 369%° + 319" + 319°*° +
33q33+ 26q31 + 26q29 + 25q27+ 18q25 + 18q23 + 15q21+ 1Oq19 + loql7 + 7q15 +
4q13+4qll_|_2q9+q7+q5
eigenvaluegq®+39°+39®+39"'-g°-q*—-®*—?>—-1

multiplicity:  2(q®+3g% + 5% +69%°+8q"°+9q"8+ 11q”" + 15975+ 2297 +
24q74+ 29q73+33q72+40q71+45q70+60q69+63q68+ 71q67+ 75q66+90q65+
93q%4+117q% 4 1200°%2 + 132q°1 + 132g°° + 1579+ 153¢°8 + 181q°" + 180q°¢ +
1949%° 4 183g>* + 21792+ 2070%2 4 233q°1 + 2259°° 4 2419*° 4 216q*8 + 2499*" +
2349% 4 2520%° 4 2349* + 2499*° 4 2160*° 4 2419* 4 22509*° + 233939+ 20793 +
21793+ 18393+ 19493+ 180934+ 181933+ 153932+ 157931 + 1329%° + 1329%° +
1200284 1179%"+ 939264+ 909%°+ 75024+ 719>+ 639%°+ 60021 + 4509%° + 40q*° +
33q18+29q17+24q16+22q15+15ql4+11q13+9q12+8qll+6qlo+5q9+3q8+q7)

eigenvalueq® +q°+ g +q’ - g®*-qg*-g® -9’1

multiplicity: %(q83+ q82 4 q81 + 2q80 4 2q79+ 3q78 + 5q77 4 5q76+ 6q75+ 8q74+
9q73+ llq72+ 14q71+15q7°+16q69+21q68+23q67+25q66+30q65+31q64+
330% 4 40q%2 + 4205 + 449 4 490°° + 519°8 + 539°" 4+ 600°° + 620°° + 619>* +
679°+690°2+699°1 + 750°0+ 750*° + 72q*8 + 779*" + 789*° + 76q*° + 78q** +
779 +729% 4 759" + 750%° 4+ 699°° + 699 + 679%" 4 619%° + 6293 + 60934 +
539% +510% + 49g% + 4409>° + 429> 4 409°® + 339" 4 319*° + 309*° + 250** +
23q23+21q22+16q21+ 15q20+ 14q19+11q18+9q17+8q16+6q15+5q14+5q13+
3q12+ 2qll+2q10+q9+q8+q7)

eigenvalueq® - g®* - g*-g® -2 -1

multiplicity:  2(q®+20®+2q™+5q""+ 79"+ 8"+ 16q"* + 189*° + 20q°" +
330% 4 330°%° + 3995 + 550°° 4 494°7 + 590°° + 739>° 4+ 620° + 760*° + 819*" +
669*° +819* +76q** +6209°° + 739°%" + 590°° + 499°3 + 550° + 399?° + 339%" +
33q25+ 20q23+ 18q21+ 16q19+8q17+ 7q15+5q13+ 2q11+ 2q9+q7)

eigenvalue: 2° +30%+29' - ®*—°*—-g* - - > -1

multiplicity: £(q%+5q%+11g%+17q%2+27q%0+43q"8+61q"°+84q"*+ 114972+
145q7° 4 180q°%8 4+ 2209 + 258q°* 4+ 3009 + 344050 4 3779° + 4080°6 +- 439> +
457052+ 470G%° + 4788 + 47006 + 457q* + 439G*2 + 408¢*° + 377038 + 34436 +
30093* + 258q°%2 + 22003 + 180928 + 14502° + 11409%* + 8409%2 + 619%° + 4398 +
279+ 179 + 1192 + 59 + ¢®)

eigenvalueq® +q®+q’' - q®*-g°-q*—g®*->-1

multiplicity: q® + 2% + 49+ 79+ 11981 + 179"° + 24q"" + 339"+ 449" +
56971 + 709%° + 850°%7 + 100g°%° + 11653 + 1315 + 1450°° + 158q°7 + 1680°° +
1760°%+181q°* +182q*°+181q*" + 176q*°+ 168q* + 158q** + 145q°° + 131g°" +
1169*+1009>+85q° 4 709>+ 560%" + 449*°+339*°+249** +- 179" + 119" +
7q15+4q13+2q11+q9
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eigenvalueq® —q®*-g°-g* -3 - -1

muItIpIICIW 1(q92+q91+q90+2q89+2q88+3q87+5q86+5q85_|_6q84+9q83+10q82_I_
1281+ 1608 + 1797+ 1998+ 25977 + 27976+ 3097 + 37974 + 39973 + 42q"* +
5197145497+ 579%° +660% 4 69q°” + 7296 + 830%° 4 86q°%* + 879%° + 9752 +
100051 +101q%°+111g°°+113q°8 +111q°" +120q°6 + 122g°°+ 119g>* + 12603 +
1260°2+120q°* 4 1260°° +1260+°+119g*8+ 122g*’ 4 12009*¢ +1119*°+113g** +
1119*3+1019*?+1009*+979*°+870%°+860°¢+830q°%"4+720%°+699%°+ 6634+
5703+ 5409% + 5103 +42093° 4 399°° + 3792 + 300%" 4+ 279%° + 250%° + 199%* +
179%°+169*+129*' +109°+99*° + 698+ 59" +59*°+39'°+2q™ + 29" +
q12 + q11+ ql())

eigenvalue—q® —q® - g°*-q*-g®*-g> -1

multiplicity: 3(q%+q°'+q%+39%+ 0% +69%°+3q%+ 903+ ¢®3+ 150+ 49 +
23093 +7q"9+ 3198 + 49" +449"° + 119"+ 599"* + 149" + 73972 + 109" +
94q7°4-220%%+1150%8+239°%"+1349%0+19q%°+159q%4+359%3+1829%2+ 32051+
2000°%04-290>°+2239%8+470q°"+241q°+380%°+ 25104+ 379%3+2650%%+53q°1 +
2720°°4-399%°+2699*8+40q*"4+-270q*+519*°+263q**+34q*3+2479*?+-37q* +
236q%°+4203°+218g%+2503"+193g%0+299%+ 176934+ 29933+ 1539%°+ 1593+
1279%° +199?° + 110928 + 169" + 8992° + 79?° + 680%* + 109?* + 569%? + 7q?* +
419%°+2q9+28q'8+49'7+22q'°+2q"+149"+89"?+9''+6q'°+3q%+q°+q*)

eigenvalue—q° - q' - -g°-qg*-g®-qg>°-1

multiplicity: 1(q®8—q®+2q%+20%2+4q"8+797°+12q"2+1097°+6q%8+19q% +
18q%* + 9q62 +329% + 2098 + 18q°¢ + 379> + 25052 + 20g°° + 439*® + 2096 +
259* + 37g*? + 180g*° + 209% + 3296 + 993* + 18g°2 + 199°° + 6?8 + 109%° +
12q24+ 7q20+4q18+2q14+2q12 10+q8)

eigenvalue:d’ +q124 39 4 597 4 5¢° , 5¢° , 547, 3¢, @& _g2_141/a@0)

mU'tlp'lClty 1(q57+q56+q55+q54+q53+2q51+2q50+2q49+q48+3q47+q46+4q45+
4q44+4q43+q42+5q41+2q40+6q39~|-5q38+6q37+q36+7q35+4q34+7C|33+5q32~|-
7q31+7q29+5q28+7q27+4q26+7q25+q24+6q23+5q22+6q21+2q20+5q19+
q18+4q17+4q16+4q15+q14+3ql3+q12+2qll+2q10+2q9+q7+q6+q5+q4+q3)
multiplicity: %(q57+q56+q55+q54+q53+2q51+2q5°+2q49+q48+3q47+q46+4q45+
4q44+4q43+q42+5q41+2q40+6q39+5q38+6q37+q36+7q35+4q34+7q33+5q32+
7q31+7q29+5q28+7q27+4q26+7q25+q24+6q23+5q22+6q21+2q20+5q19+
q18+4q17+4q16+4q15+q14+3q13+q12+2q11+2q10+2q9+q7+q6+q5+q4+q3)
eigenvalued” +39° +20°+ 58 127+ L - L —q* — P — 2 — 1+ 3VB(@
multiplicity: 3(q"®+ 97"+ 29" +q®+29™ +q®+59"2+39"" +79"°+ 39%° +
80%%+49°+149%+70%°+179*+79%+199°*+99°* +289%°+ 130>+ 319°% +
120°" +330°%0 4+ 150°° + 440> + 199>+ 4502 + 179°2 + 479°° 4+ 21g*° + 579*® +
230%" 4540 + 2009*° + 5509* 4 249*3 + 6209*? + 249** 4 550 + 2093° + 5403 +
23034+ 570% +219%°+ 479344+ 1793 + 45032 + 19931 4 4409°° + 1509%° + 3398 +
129%" + 319*° + 139%° + 289** + 99%° + 199°* + 7q** + 179*° + 7q"% 4 149™° +
4q17+ 8q16+3q15+7q14+3q13+ 5q12+q11+ 2q10+q9+2q8+q7 +q6)



THE SPECTRA OF COXETER GRAPHS 25

eigenvalue:q%l—i—mT10 +29°+ 5—384—2q7+ q—; - q—; —g*—g®*—q?—1-1/b@
multiplicity: 2(@®+q7"+29"°+ g+ 29 +q®+5q"2+3q 1+ 79"+ 39%° +
8q68+4q67+ 14q66+7q65+l7q64+7q63+19q62+9q61+28q60+ 13q59+31q58+
12q57+33q56+ 15q55+44q54_|_ 19q53+45q52+ 17q51+47q50+ 21q49+57q48+
23g*" 4540 +209* +550** + 249* + 629*? + 24g*! + 5509%° + 2093° + 54938 +
2309%" 45706+ 219 + 4793+ 179> + 45932 + 199°1 + 449°%° + 1509%° + 3398 +
129%" + 319%° + 139%° + 2809%* + 992 + 199%2 + 7g?* + 179%° + 7q*° + 14q*8 +
4q17+8q16+3q15+7q14+3q13+5q12+q11+2q10+q9+2q8+q7+q6)

multiplicity: %(q57+q56+q55+q54+q53_|_2q52+2q51+2q50+2q49+3q48+3q47+
30% 4+ 4™ + 49"+ 492+ 502 +509" + 69 +60%° + 502 + 6% + 793¢ +
70¥ 4602 +79%+702+ 793 +80° +792°+79® +79%" +609%° + 79%° +
7024 4+60° +50%2+ 60?1 +60°+5q° + 5098 + 49" + 496 + 49 + 3g™* +
3q13+3q12+2q11+2q10+2q9+2q8+q7+q6+q5+q4+q3)

eigenvalue:q;+q12+5q7n+7q7m+97qg+97q8+9—g7+5—gs+37qs—q—23—q2—1—%w
multiplicity: %(q57+q56+q55+q54+q53_|_2q52+2q51+2q50_|_2q49+3q48+3q47+
39+ 49* + 49" +49* + 50+ 59" + 690+ 60>+ 503 + 60%" + 79 +
70¥4+60*+709%+702+ 793 +80° +792°+79®+79%" +609%° + 79%° +
7024 4+60° +50%2+ 60?1 +60°+5q° + 5098 + 49" + 4916 + 49® + 3g™* +
3q13+3q12+2q11+2q10+2q9+2q8+q7+q6+q5+q4+q3),

where

a(q):q26+2q24+2q23+7q22+ 12q21+21q20+30q19+39q18+46q17
_|_49q16+46q15+39q14+30q13+21q12+12q11+7q10_|_2q9+2q8+q6

b(q) = g*-209**4-9*°+-69'°+ 189 +30q'" +379'°+30g™+18q'*+- 69"
+q12 _ 2q11 + qu

c(@) =q*-29**—292-q?*+49*+179*°+34q'°+51q'®+66q*" + 73q*°
+ 66q15+ 51ql4+ 34q13+ 17q12+ 4q11 _ q10 _ 2q9 _ 2q8 + q6

7. Faa

The graphF, 1 is the 1-skeleton of the 24-cell on 24 vertices, with spectridf &° (—2)8
(—4)2 (cf. [2], p. 314).

In the thick caséd~4 1(q) we find one of the metasymplectic spaces, described in [3]. The
spectrum is:

eigenvalueq’ +q® +9°+29*+q°+g2+q
multiplicity: 1
eigenvalueq® +2g*+q®+q2 -1

Lo 1 7 5
multiplicity: - +q®+ % + < +q*+ 3
eigenvalueg® — 1
multiplicity: g%+ q*2 429+ q® +29° + g* + o2
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eigenvalue—qg® — 1
multiplicity: q**+ g+ gt +2q°+q” + ¢° + g3
eigenvalue—q°® —q®>—q? -1
multiplicity: £+ < + < 4+ 9

P y: 2 2 2 2

8. Hg’]_ and H3,3

The graphHgz ; is the 1-skeleton of the icosahedron, with spectrdr'm/ﬁ3 (—1)° (—+/5)3
(cf. [4], p. 310).

The graphHz 3 is the 1-skeleton of the dodecahedron, with spectrhm@3 1504 (=24
(—+/5)3 (cf. [4], p. 308).

9. H4’1 and H4’4

The graphHy 1 is the 1-skeleton of the 600-cell on 120 vertices. It has spectruim 12
(34 3V5)* (24 2/5)2 316 025 (—2)36 (2 — 2/5)% (—3)16 (3 — 3/H)%.

Note that the vertices ofl,; may be identified with the elements of the gro@p=
SL(2,5) (cf.[2], p. 315), and the graph s invariant under right multiplication by elements of
G, so that we have the right regular representatidd.of his explains why the multiplicities
are the squares of the degrees of the irreducible charact&t(8f5).

The graphHg 4 is the 1-skeleton of the 120-cell on 600 vertices. (The vertices can be
regarded as 4-cliques id4 1, adjacent when they have a triangle in common.)

It has spectrum

approx. ev.  eigenvalue  mult. approx. ev.  eigenvalue  mult.
4.000000 4 1 0.000000 0 18
3.854102 3-1 4 -0.302776 1(3—-+13) 16
3.618034 T4+2 9 —0.381966 -2 30
3.302776 1(3++/13) 16 —0.618034 -7 24
2.925423 y 25 —1.000000 -1 8
2.518199 c 36 —2.000000 -2 8
2.236068 V5 24 —2.236068 -5 24
1.791288 Z(-1++21) 16 —2.414214 —-JV2-1 48
1.618034 T 24 —2.477352 € 25
1.381966 31 9 —2618034 —-1-71 30
1.178194 n 36 —2.696393 0 36
1.000000 1 40  -2.791288 i(-1-+21) 16
0.551929 8 25 —2.854102 23t 4
0.414214 V2-1 48

Herey, 8, € are the three roots of® — x> — 7x + 4 = 0, and¢, n, 6 are the three roots
of x3 —x2 - 7x+8=0, andr = (1+ v/5)/2.



THE SPECTRA OF COXETER GRAPHS 27

In this case the association schemedhasl = 45 relations, whild-; has only 27 distinct
eigenvalues. Indeed, every eigenvalué pthat has degrem overQ(z) occurs inL; with
multiplicity m.

10. 19,

The graphl ", is them-gon, with spectrum 2 c@&zj/m) (0 < j < m—1) (cf. [4], p. 53).

In the thick case we only have to lookrat= 6 orm = 8.

In the caselgl(q) = G2.1(g) we find a generalized hexagon which is distance-regular
with spectrum:

eigenvalueq? + q
multiplicity: 1
eigenvalue—1+ 2q

T 5 4 3 >
multiplicity: & + < + 2- + 4 + ¢
eigenvalue—q — 1

. .. 5 3
multiplicity: & + % + 3
eigenvalue:—1

T 5 4 2
multiplicity: & + % + % + 4

Inthe casdgl(q) withq = 2%+2 we find a generalized octagon which is distance-regular
with spectrum:

eigenvalueg® + g2

multiplicity: 1

eigenvalueg? — 1

multiplicity: &+ + € + &
eigenvalue—qg* — 1

multiplicity: q** — g +9® —g* +¢?
eigenvalue—1+ g% — v/2¢3

mU'tIp'ICIW 24k + 25k+1 + 26k+2 _ 28k+2 _ 29k+4 + 21]k+4 + 212(+6 + 213k+5 _ 215k+7 _
216k+6 + 218k+8 + 219(+8 + 22(]<+8

eigenvalue—1+ g + v/2q°
muItIpIICIty 24k _ 25k+1 + 26k+2 _ 28k+2 + 29k+4 _ 21]k+4 + 212(+6 _ 213k+5 + 215k+7 _
216k+6 + 218k+8 _ 219(+8 + 220k+8

11. Remark

This research has been done in 1993. We found that Yasushi Gomi ([5, 6]) computed some
of the results mentioned here in the context of computing character tables of (commutative)
Hecke algebras. His results agree with ours.
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