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1. INTRODUCTION

Let (H; (-, -)) be an inner product space over the real or complex numberkie{dne of the
most important inequalities in inner product spaces with numerous applications, is the Schwarz
inequality; that may be written in two forms:

(1.1) [, ) < ) Il®, x,y€ H  (quadratic form)
or, equivalently,
(1.2) (z,9)l < llzll |yl =,yeH  (simple form).

The case of equality holds i (1.1) (¢r (L.2)) if and only if the vecterandy are linearly
dependent.

In 1966, S. Kurepd [14], gave the following refinement of the quadratic form for the com-
plexification of a real inner product space:

Theorem 1.1.Let (H; (-, -)) be a real Hilbert space andHc, (-, -)) the complexification of
H. Then for any pair of vectors € H, z € Hc¢

1 _
(1.3) (2 a)el” < 5 llall* (I121c + Kz, 2)el) < llal [121l¢
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2 S.S. RAGOMIR

In 1985, S.S. Dragomir_[2, Theorem 2] obtained a refinement of the simple form of the
Schwarz inequality as follows:

Theorem 1.2. Let (H;(-,-)) be a real or complex inner product space and;,e € H with
el = 1. Then we have the inequality

(1.4) ([ Iyl = Kz, y) = (z,e) (e, y)| + [(z, ) (e, )| = [z, )] -

For other similar results, see [8] and [9].
A refinement of theveaker versiomf the Schwarz inequality, i.e.,

(1.5) Re (z,y) <|z[lllyl, zyeH
has been established A [5]:

Theorem 1.3.Let (H;(-,-)) be a real or complex inner product space and;,e € H with
le] = 1. If ri,re > 0@andz,y € H are such that

(1.6) o =yl = ra = e = |[lz]l = [yl
then we have the following refinement of the weak Schwarz inequality

@) Jellloll = Re (w0} 2 5 (B —%)  (20).

The constang is best possible in the sense that it cannot be replaced by a larger quantity.

For other recent results see the paper mentioned above, [5].
In practice, one may need reverses of the Schwarz inequality, namely, upper bounds for the
quantities

2]l lyl]l — Re (z,y), lz]1* lyl* = (Re (2, ))?
and
[zl lyll
Re (z,y)

or the corresponding expressions wheke(x, y) is replaced by eitheiRe (x, y)| or |{z,y)|,
under suitable assumptions for the vectorg in an inner product spadé?; (-, -)) over the real
or complex number field&.

In this class of results, we mention the following recent reverses of the Schwarz inequality
due to the present author, that can be found, for instance, in the [book [6], where more specific
references are provided:

Theorem 1.4.Let (H; (-,-)) be an inner product space ov& (K = C,R). If a, A € K and
x,y € H are such that either

(1.8) Re (Ay — xz,x — ay) > 0,
or, equivalently,

A+a 1
(1.9) v = ——y|| < 5 1A —alllyl,
then the following reverse for the quadratic form of the Schwarz inequality
(1.10) (0 <) [l [lylI* = Iz, )P

2 4 a 2 2
HA=al* [lyl” = |22 lyll® = (=, )|
<
LA =al lylI* = ly]* Re (Ay — =, 2 — ay)

1 2 14
<_ A_
1 14— a |yl
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holds.
If in addition, we haveRe (Aa) > 0, then
1 Rel[(A+a)(z,y) 1 A+a
a1y ey < Bel@ra @] 1 dvd o,
2 Re (Aa) 2 Re (Aa)
and
1 |A—af
) < 2 2 . 2 < . 2 )
(1.12) (O <) el ol = o) < § - ooy o

Also, if (1.8) or [1.9) are valid and! # —a, then we have the reverse of the simple form of the
Schwarz inequality

(1.13) (O <) [l lyll = Kz, )| < lllH Iyl — ‘Re {—‘jizl <x,y>”
A+ta 1 |A—al’, -
< — . ‘
< [zl llyll — Re {\A+a\< ) >} 1 TA+a [yl

The multiplicative constant§ and% above are best possible.

For some classical results related to the Schwarz inequality, 'see [1],[[11],[15],[16], [17] and
the references therein.

The main aim of the present paper is to point out other results in connection with both the
guadratic and simple forms of the Schwarz inequality. As applications, some reverse results for
the generalised triangle inequality, i.e., upper bounds for the quantity

03 el — || S,
=1 =1

under various assumptions for the vecteys H,i € {1,...,n}, are established.

2. INEQUALITIES RELATED TO SCHWARZ'S
The following result holds.

Proposition 2.1. Let(H; (-, -)) be an inner product space over the real or complex number field
K. The subsequent statements are equivalent.

(i) The following inequality holds

z Y
LA RS
E

(i) The following reverse (improvement) of Schwarz’s inequality holds
1
(2.2) 2l Iyl = Re (z,9) < (=) 5 [l=]l 1yl

The constant is best possible iff (2.2).
Proof. It is obvious by taking the square in (P.2) and performing the required calculatians.

(2.1)

Remark 2.2. Since

Iyl =Nzl yll = [yl (z =) + (lyll = [l=]) vl
< llylllz = yll + iyl = =l v
< 2|yl llz — vl
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hence a sufficient condition fdr (2.1) to hold is

T

(2.3) lz =yl < 5 ll=[l.
Remark 2.3. Utilising the Dunkl-Williams inequality[[10]

1 a b
(2.4) la =l = 5 (lall + [[6l) ||~ — 77|+ @ b€ H\{0}

2 lallllo]
with equality if and only if eithef|a|| = ||b]| or ||a||+||b]| = ||a — b , we can state the following
inequality

] [yl — Re (z, y) l= =yl \
(2.5) <2 () | ay e H\{0}.
[ |y ] + [yl
Obviously, ifz,y € H\ {0} are such that
(2.6) lz =yl <n (=l + [yl
with n € (0, 1], then one has the following reverse of the Schwarz inequality
(2.7) | lyll = Re (z, y) < 2 ||| ||y
that is similar to[(2.R).
The following result may be stated as well.
Proposition 2.4. If z,y € H\ {0} andp > 0 are such that
(2.8) o=l <o,
gl ]l
then we have the following reverse of Schwarz’s inequality
(2.9) O ) [zl lyll = [z, | < [lzlHyll — Re (2, y)
1
<50 ll=l llyll-

The constang in ) cannot be replaced by a smaller quantity.
Proof. Taking the square in (2.8), we get

2 2
Jz]I” ~ 2Re(z,y) | [lyl <

(2.10) - <
(672 e 77 e

Since, obviously
2

l=I* | llyll
(2.11) 2 < n
lyll* [l

with equality iff |z|| = ||y|| , hence by[(2.10) we deduce the second inequality in} (2.9). O

Remark 2.5. In [13], Hile obtained the following inequality

[ 7 ”

2]l = 1lyll

(2.12) "z = llyl"yll <

_y||7

providedv > 0 and||z|| # ||y]| -
Ifin (2.12)) we choose = 1 and take the square, then we get
(2.13) (1" =2 |zl |yl Re (2, ) + [y l|* < (2]l + lyl)* [l= — yII*.

Since,
4 4 2 2
lz[|™ + llyll” = 2[[=[] ly[I”,
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hence, by[(Z2.1]3) we deduce

2 2
Ul +HlylD” [l =yl

1
(2.14) O <) llzlHlyll = Re (z,y) < 5 )
2 [l Iyl

providedz,y € H\ {0} .
The following inequality is due to Goldstein, Ryff and Clarkel[12, p. 309]:

2r—2 2
Re (z,y) r e e =yl =1

(2.15) 2l + ly ™ = 22l Iyl ey <
2] 1yl

gl lle = yl* if r <1

providedr € R andz,y € H with ||z|| > ||y]| .
Utilising (2.15) we may state the following proposition containing a different reverse of the
Schwarz inequality in inner product spaces.

Proposition 2.6. Let(H; (-, -)) be an inner product space over the real or complex number field
K. If z,y € H\ {0} and||z|| > ||y||, then we have

(2.16) 0 < [lzllyll = Kz, )] < llzll lyl] — Re (2, )

A A 2
Ly (m) |z —yl|* if r>1,

IN

(e T 2
S ey i<t

Proof. It follows from (2.15), on dividing by|z||" ||y||", that

r—2 R
2. ”ﬁgur ||x - ?/||2 if r>1,

(2.17) <M>+ (M)T_Q_ Rer,y) _
i) el) " Tl S| s

[EIN
(L (Ll
Yl ]

r—2 .
r? ”xHHr ||z — yH2 if r>1,

<

|z —yl? if r<1.

Since

hence, by[(2.1]7) one has

lly
22 i <
s y r—2 .
Ml |z = y* i r <1,
Dividing this inequality by 2 and multiplying withiz|| ||y||, we deduce the desired result in
@18). 0

Another result providing a different additive reverse (refinement) of the Schwarz inequality
may be stated.

Proposition 2.7.Letz, y € H withy # 0 andr > 0. The subsequent statements are equivalent:
(i) The following inequality holds:

(2.18) Haz - jfy”? yH < (=)

(i) The following reverse (refinement) of the quadratic Schwarz inequality holds:
(2.19) [ lyll* = 1z, )" < (=) 7 [lyl* -
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The proof is obvious on taking the square[in (2.18) and performing the calculation.
Remark 2.8. Since
[lyl* = = (@, 9) y|| = [[Ily]* (@ = y) = (& =y, 9) ]|
< lyll* llz = yll + [z = v, )] 1yl

<2z = yll llyll*,
hence a sufficient condition for the inequality (4.18) to hold is that

(2.20) lz =yl <3
The following proposition may give a complementary approach:

Proposition 2.9. Letx,y € H with (z, y) 7é 0 andp > 0. If

(2.21) H H <p
then

1
(2.22) O ) Nzl [yl = 1z, y)| < 5/)2-

The multiplicative constany is best possible i} (2.22).

The proof is similar to the ones outlined above and we omit it.
For the case of complex inner product spaces, we may state the following result.

Proposition 2.10.Let(H; (-, -)) be a complex inner product space and: C a given complex
number withRe o, Ima > 0. If =,y € H are such that

Ima

Rea

€xr —

(2.23)

yH <,

then we have the inequality

(2.24) O <) llzlHlyll = [z, )] < [zl Iyl — Re (z,y)

1 Rea

.

2 "Tma
The equality holds in the second inequality[in (2.24) if and only if the case of equality holds in
223) andRea - |z = Ima - |y].
Proof. Observe that the conditiop (2]23) is equivalent to
(2.25) [Rea]® ||z]|* + Imo® ||y||* < 2ReaImaRe (z,y) + [Rea]” 2.
On the other hand, on utilising the elementary inequality
(2.26) 2Realmallz| |ly| < Real®||z]* + [Ima]* |y|”,
with equality if and only ifRe o - ||z|| = Im - ||y , we deduce fronT (2.25) that
(2.27) 2ReaImalz| |yl < 2ReaImaRe (z,y) 4+ r? [Real]’

giving the desired inequality (2.R4).
The case of equality follows from the above and we omit the details. O

The following different reverse for the Schwarz inequality that holds for both real and com-
plex inner product spaces may be stated as well.
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Theorem 2.11.Let (H;(-,-)) be an inner product space ov&t, K = C,R. If « € K\ {0},
then

(2.28) 0 < [l lyll = [{=, )]

< Jlall Iyl - Re [ﬁ (.

L [Realllz — yll +|tma] ||z + yll)*

< .
-2 ja?
< 1 : 127
2
where
max {|Real, [Imal} ([lz =yl + [z + yl);
(229)  I:=% (Reaf +[maf)r (lz —y|*+ |z +y)7. p>1,
ste=1
max {[|lz —yl|, [l + [} ([Re af + [Imaf).
Proof. Observe, forx € K\ {0}, that
law — ay||* = |af* [|lz]|* — 2 Re (ax, ay) + [af* ||y
= la” (llz* + llyll*) = 2Re [a® (z,4)] .
Since||z|” + [ly|* > 2||=| 4|l , hence
2 2 o’
2:30) o =yl = 2laf* (el Iy~ Re | 25 (o)}
On the other hand, we have
(2.31) |laz —ay|| = [(Rea+ilma)z — (Rea —ilma) y||
= [Rea(z —y) +ilma (z +y)|
< [Rea [lz =yl + [Imaf [z 4+ y]|.
Utilising (2.30) and[(2.31) we deduce the third inequality{ in (2.28).
For the last inequality we use the following elementary inequality
max {«, 5} (a + b)
(2.32) aa+ b < 1 )
(@2 + )3 (@ +807, p>1, L+i=1,
provideda, 3,a,b > 0. O

The following result may be stated.

Proposition 2.12.Let(H; (-, -)) be an inner product oveK ande € H, |le]| = 1. If A € (0,1),
then

(2.33) Re [(z,y) — (z,€) (e, y)]
1
< . -
4 A(1-N)
The constan§ is best possible.

Az + (1 =N yl* = [z + (1= Ay )] -
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Proof. Firstly, note that the following equality holds true
(= (z,e)e,y = (y,e)e) = (z,y) — (z,€) {e,) .
Utilising the elementary inequality
Re(z,w)ﬁi”z—l—w”z, z,w e H
we have

Re (z — (z,e) e,y — (y,€) €)

:XH%KV%QW—¢m¢y41—my—«1—my@m>
1 1
<7 xR+ =Nyl =10+ 0 =Nyl
proving the desired inequality (233). O

Remark 2.13. For \ = %, we get the simpler inequality:
2
r+y

(2.34 Relte,) (o) () < |52 (52

that has been obtained in [6, p. 46], for which the sharpness of the inequality was established.

Y

The following result may be stated as well.

Theorem 2.14.Let (H;(-,-)) be an inner product space ové& andp > 1. Then for any
x,y € H we have

(2.35) 0 < flz[[lyll = Iz, 9)]
< [lz[Hlyll = Re (z,y)

1 [l + D) = llz + ylI™]

< =X

g

1
2 2p1 p
[z = oll™ = =l = llyll*]" -
Proof. Firstly, observe that

2 (|2l 1yl = Re {z,9) = (l=]| + ly])* =z +ylI*.
DenotingD := ||z|| ||y|| — Re (z,y) , then we have

(2.36) 2D + ||z +y|* = (l=]| + lly)*.
Taking in (2.36) the powey > 1 and using the elementary inequality
(2.37) (a+b)P >a”+V; a,b>0,

we have

(]l + lyl)™ = (2D + ||z +y|I*)" = 2°D? + ||z + y||*",
giving
1
D" < o [l + )™ =l +y1™]
which is clearly equivalent to the first branch of the third inequality in (2.35).
With the above notation, we also have

(2.38) 2D + (|2l = llyl)* = ll= = yII*-
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Taking the powep > 1 in (2.38) and using the inequality (2]37) we deduce
lz =yl = 22D + ||l2[| — lylII*",
from where we get the last part ¢f (2]35). O
3. MORE SCHWARZ RELATED INEQUALITIES

Before we point out other inequalities related to the Schwarz inequality, we need the follow-
ing identity that is interesting in itself.

Lemma 3.1. Let(H; (-,-)) be an inner product space over the real or complex numbereld
ec€ H, |le|]| =1,a € Handy,I' € K. Then we have the identity:

(3.1) HxH2 — \(x,e>|2 = (Rel' — Re(z,¢e)) (Re(z,e) — Rewy)
+ (ImI — Im (z, e)) (Im (z, e)

v+ T
—l—‘x 5

Proof. We start with the following known equality (see for instarice [3, eq. (2.6)])

—Im~)

2
1 9
T =~
e 4| ol

32) ol ~ [z ) =Re |(T = (z.€)) ({z,¢) = 7)] = Re(Te — 2,2 7¢)

holding forx € H,e € H, |e]| = 1 and~,I" € K.
We also know that (see for instance [4])

(3.3) —Re(T'e —z, 2 —ye) =

xr —

Since

(34 Re[(T— () ({z.c] —7)]
= (Rel' — Re(z,e)) (Re(z,e) — Rew)
+ (ImI —Im(x,e)) (Im (z,e) — Im~),
hence, by[(3]2) § (3]4), we deduce the desired idertity (3.1). O
The following general result providing a reverse of the Schwarz inequality may be stated.

Proposition 3.2. Let (H; (-, -)) be an inner product space oV&r, e € H, |le| = 1,z € H and
v, € K. Then we have the inequality:
2

(35) 0 <) lall* ~ [, ) < |lo — T35 e
The case of equality holds in (B.5) if and only if
(3.6) Re (x,e) = Re (%) : Im (z,e) = Im (%) .
Proof. Utilising the elementary inequality for real numbers
af < }l(a+ﬁ)2, o, B ER;
with equality iff &« = 3, we have
3.7) (ReT — Re (x, €)) (Re (z, €) — Rey) < i (ReT — Re)?
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and
(3.8) (InT ~ T (z,¢)) (Im {1 ¢) ~ Tm7) < 7 (I T~ Tm)?
with equality if and only if
Re (z,e) = w and Im (z,¢e) = M
Finally, on making use of (3/7), (3.8) and the identjty [3.1), we deduce the desired [redult (3.5).

O
The following result may be stated as well.

Proposition 3.3. Let (H; (-, -)) be an inner product space ovEr, e € H, |le|| =1,z € H and
~v,[' e K. If x € H is such that

(3.9 Revy < Re(z,e) < Rel and Imvy <Im(x,e) <ImT,
then we have the inequality

2
v+T 1
(3.10) lall® = (@, ) > o = 5 I,

The case of equality holds in (3]10) if and only if
Re (z,e) = ReI' or Re(z,e) = Rey
and
Im (z,e) =ImT or Im (x,e) = Im~.
Proof. From the hypothesis we obviously have
(Rel' = Re(z,e)) (Re(z,e) —Rey) >0
and
(ImI' = Im (z,€)) (Im (z,e) — Im~y) > 0.
Utilising the identity [(3.1.) we deduce the desired result (3.10). The case of equality is obvious.
0

Further on, we can state the following reverse of the quadratic Schwarz inequality:

Proposition 3.4. Let(H; (-, -)) be an inner product space ovEr, e € H, |le|]| = 1. If v, T € K
andz € H are such that either

(3.11) Re('e — z,x — ve) > 0
or, equivalently,

(3.12) 'F—7+Rzgéw—vh
then
(3.13) 0 <) |lz))* = [, e)?

<
< (Rel' = Re(z,e)) (Re(z,e) — Re)
+ (ImI' —Im (x,e)) (Im (z,e) — Im~)
<0 -4,
The case of equality holds in (3]13) if it holds either[in (3.11) or (3.12).
The proof is obvious by Lemnija 3.1 and we omit the details.
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Remark 3.5. We remark that the inequality (3]13) may also be used to get, for instance, the
following result

(3.14) |lz||* — [{z,€)]* < [(ReT — Re{z,e))* + (ImT — Im (z,e))*]
% [(Re (z,€) — Re")? + (Im (z, ¢) — Im7)*]?,
that provides a different bound thanI" — ~| for the quantity||z|* — |(z,e)|.
The following result may be stated as well.

Theorem 3.6. Let (H; (-,-)) be an inner product space ov& and o,y > 0, € K with
18)* > ay. If z,a € H are such that # 0 and

(3.15) '%—— \-@ii—iiun

(0%

then we have the following reverses of Schwarz’s inequality

Ref-Re(z,a) + Imf - Im (x, a)

(3.16) ]| flal] <
Vay
< 16l [{z, )|
=T

and

2 2 2 |5|2 — oy 2
(3.17) (0 <) [l )™ lall” = [z, a)|” < B (2, a)|".
Proof. Taking the square i (3.15), it becomes equivalent to

2 2 2 |5|2 2 |ﬁ|2 —ay 2
|[]” — aRe (B (z,a)] + o a]” < —z al”,

which is clearly equivalent to
(3.18) allz)|? 4+ |lal]* < 2Re 1 (z,a)]

=2[Ref -Re(z,a) +Im B -Im(z,a)|.

On the other hand, since

(3.19) 2vory ||z llall < o llz]” + [lal®,
hence by|[(3.18) andl (3.]19) we deduce the first inequality in(3.16).
The other inequalities are obvious. O

Remark 3.7. The above inequality (3.16) contains in particular the revérse|(1.11) of the Schwarz
inequality. Indeed, if we assume that= 1, 8 = 22,5, A € K, with v = Re (A%) > 0, then

the condition 3|* > o is equivalent tdd + A|* > 4 Re (A%) which is actuallyjA — 6> > 0.

With this assumption[ (3.15) becomes

O+ A
-a

1
<518 =dljal,
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which implies the reverse of the Schwarz inequality
Re [(A + 5) (x, a>]
2,/Re (AD)

A+6
<120 i a).

~ 2,/Re (AJ)
which is (1.11).

The following particular case of Theorém [3.6 may be stated:

] flall <

Corollary 3.8. Let (H; (-,-)) be an inner product space ovét, ¢ € [0,27), 6 € (0,%). If
x,a € H are such that. # 0 and

(3.20) |z — (cos +isiny)al < cosf|al,
then we have the reverses of the Schwarz inequality
cospRe (z,a) +sinpIm (z, a)

(3.21) ]l el <

sin 6
In particular, if
| — al| < cosf|all,

then .
< —R :
el llall < = Re (z.a):
and if
|z —ida| < cosf|af,
then

1
< —I .
ol lall < 5 1m Gz a)

4. REVERSES OF THE GENERALISED TRIANGLE INEQUALITY

In [[7], the author obtained the following reverse result for the generalised triangle inequality

D
=1
providedz; € H,i € {1,...,n} are vectors in a real or complex inner prod(&t, (-, -)) :

Theorem 4.1.Lete,x; € H,i € {1,...,n} with |le|| = 1. If k; > 0,7 € {1,...,n} are such
that

(4.2) (0 <) ||zi]| — Re (e, x;) < k; for each ie{l,...,n},
then we have the inequality

b

(4.1) > il =

(4.3) (0) > llill -

The equality holds irf (413) if and only if

(4.4) D il =k
1=1 =1

n n
i=1 i=1
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and

(4.5) ZIZ = (Z il — Zh) €

By utilising some of the results obtained in Sectign 2, we point out several reverses of the
generalised triangle inequalily (4.1) that are corollaries of Theprem 4.1.

Corollary 4.2. Lete, x; € H\{0},i € {1,...,n} with |le|| = 1. If

(4.6) ‘ Hi—’H <r; for each ie{l,...,n},
then
(4.7) (0 Ml —

=1

1 n
<3 er [
=1

( 2 5
(gg%g;r) 2 llll;

(VAN
N | —

1 1
n D n P
X (; rfp) (; “%Hq) . op> 1, %4— é = 1;

| e ) 32,

Proof. The first part follows from Proposition 2.1 on choosing= z;, y = e and applying
Theorenj 4.]1. The last part is obvious by Holder’s inequality. O

Remark 4.3. One would obtain the same reverse inequality|(4.7) if one were to use Theorem
[2.4. In this case, the assumptipn {4.6) should be replaced by

(4.8) || 2 — el| < ||| foreach ie{l,...,n}.

On utilising the inequalitie$ (2.5) and (2]15) one may state the following corollary of Theorem
4.1.

Corollary 4.4. Lete, z; € H\ {0},i € {1,...,n} with ||e|| = 1. Then we have the inequality

(4.9) (0=<) > llill = < min {4, B},

=1
where

J: ~ ]
a=23 el ()

and

_ U= (all 4 1)° fles — eff?

P (e

For vectors located outside the closed unit Ba(b, 1) := {z € H|||z|| < 1}, we may state
the following result.
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Corollary 4.5. Assume that; ¢ B(0,1),i € {1,...,n} ande € H, |le|] = 1. Then we have
the inequality:

(4.10) 0> il =
=1

1,2 _ .
o 2 [ o P =

IN

12 _ .
5 2 llall P Yl — el i p <1
=1
The proof follows by Proposition 2.6 and Theorgm 4.1.
For complex spaces one may state the following result as well.

Corollary 4.6. Let(H; (-,-)) be a complex inner product space amde C with Re o, Im «r; >
0,ie€{l,....n}.Ifx;;ec Hie{l,...,n}with|e]| =1and

(4.11) x—;relz Hgdi, ief{l,... n},

then

(4.12) (0 <) Z ;]| — <= Z Reai g
2 Im o

The proof follows by Theoren.o a|ﬁ_cf]4.1 and the details are omitted.
Finally, by the use of Theorefn 2]14, we can state:

Corollary 4.7. If z;,e € H,i € {1,...,n} with |[¢]| = 1 andp > 1, then we have the
inequalities:
(4.13) 0D il = || @
=1 i=1
2 [(lill + 1% = s + el )7,
<1l
-2 n

1
> [l — el = [flll — 1] 7.

=1
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