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Abstract

Let L, H,, and A; stand for the logarithmic mean, the Heronian mean of order
r, and the power mean of order s, of two positive variables. A generalization of
the inequality

L < H, <A

(1/:

DO

<r < 3s/2), of G. Jiaand J. Cao ([3]), is obtained.
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Let z andy be positive numbers. The Heronian mean of okder R of x and
y, denoted byH, = H,(z,y), is defined as

1
x(l_|_ l.y a/2+ya a
H, = ( ( ?3 7 a#o

G, a=0,
whereG = ,/xy is the geometric mean afandy. Whena = 1, we will write A Generalization Of An
H instead ofH;. Let us note thall = (24 + G)/3, whereA = (z+7y)/2is the ey Gl AT e
arithmetic mean of andy. The logarithmic meai. of = andy and the power Edward Neuman
meanA, of ordera of = andy are defined as
T—y Title Page
T YT
L={nz—Iny Contents
$7 €r = y7
44 44
and X > S
¢+ yr\ e a0
A, = 2 ’ Go Back
G, a=0, Close
respectively. Throughout the sequel the means of order one will be denoted by Quit

a single letter with the subscript 1 being omitted.
In the recent paper] the authors have established the following result. Let
% <r< %3. Then
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All the means mentioned earlier in this section belong to the large family of
means introduced by K.B. Stolarsky i [ This two-parameter class of means,
denoted byD, ;, is defined as follows

( 1
b x*—y*\ b
(5'—1;1)_?,6) , ab(a —b) # 0
1 “lnx —y*l
exp(——+x nrY ny), a=0b+#0
12) D,,= a Tt —ye
xa_ya %
vy b —
{a(ln:z: —lny)] a# 0, 0
G, a=0b=0.

\

For later use let us record some formulas which follow frdn2), We have

(13) Hr = DST/Q,T/27 As = D25757 Lp = Dp,Oa [t = Dt,t~

HereL, is the logarithmic mean of orderand/; is called the identric mean of
ordert.

The inequalitiesX.1) can be written in terms of the Stolarsky means as
(11/) DI,O < DBT/Q,T/Q < DQs,s-

The goal of this note is to provide a short proof of a general inequality (see
(2.1) which contains 1.1) as a special case.
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For the reader’s convenience, we recall the Comparison Theorem for the Sto-
larsky means. Two functions

Ip| — |q|

—, p#q
k(pa) =41 P-4
sign(p), p=gq
and
L(p,q), p>0,¢>0
zm@:{( )
0, p-q=0

play a crucial role in the Comparison Theorem which has been established by
E.B. Leach and M.C. Sholandef][and also by Zs. Pales].

Theorem 2.1 (Comparison Theorem)Leta, b, ¢,d € R. Then the comparison
inequality
Da,b S Dc,d

holds true if and only it + b < ¢+ d and
l(a,b) <l(c,d)
k(a,b) < k(c, d)

_l(_av _b) < —l(—C, _d>

if 0 < min(a, b, c,d),

if min(a,b,c,d) <0 < max(a,b,c,d),

if max(a,b,c,d) <0.

In what follows the symbol&, andR _ will stand for the nonnegative semi-

axis and the nonpositive semi-axis, respectively.
The main result of this note reads as follows.
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Theorem 2.2.Letp, ¢, r, s,t € R,. Then the inequalities
(2.1) D,, < H, <D,,
hold true if and only if

(2.2) max {Z%, (In3)I(p, q)} <r < min {STH, (ln3)l(s,t)} :
If p,q,r, s,t € R_, then the inequalitie€2.1) are reversed if and only if

s+t

(2.3) max{ ,(—1n3)l(—3,—t)}

<r < min {]%, (=In3)l(—p, _Q)} :

Proof. We shall establish the first part of the assertion only. Using the Compar-
ison Theorem we see that the inequalities

(24) Dp,q S D3r/2,r/2 S Ds,t
hold true if and only if
(2.5) p+q<2r<s+t
and
T

: < —< :
(2.6) lp,q) < 5 < 1(s,0)
Solving the inequalities for we obtain £.2). Since the middle term in2(4)
equals toH, (see (..3)), the assertion follows. O
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Remark 2.1. Lettingp = 1, ¢ = 0, s := 2s andt = s in (2.1) and next using
(1.27) we obtain the inequalitiefl. 1).

Corollary 2.3. Letp, q,7,s,t € R,. Then the inequalities

2.7) L,<H <A, <],

hold true if and only ifp < 2r < 3s < 2t.

Proof. Lettingq = 0, s := 2s, andt = s in (2.1) and @.2) we obtain the first A Generalization Of An
two inequalities in 2.7). It is easy to see, using the Comparison Theorem, that Inequality Of Jia And Cau
the inequalityD,, , < D, is valid if and only if3s < 2¢. This completes the Ecward| Neuman
proof of the third inequality inZ.7) because of1(.3). O
It is worth mentioning that4.7) contains two known resultstf < I (see Title Page
[7]) and VAL < Ay < I (see p]). Indeed, lettingp = 2,r =1, s = % and Contents
t = 1in Corollary2.3we obtain
44 44
(2.8) VAL < H < Ay3 < 1. P >
Here we have used the formula = v AL. Go Back
The celebrated Gauss’ arithmetic-geometric mdah\/ = AGM (x,y) of Close
x > 0 andy > 0 is the common limit of two sequencés,, }&° and{y, }, i.e.,
Quit
AGM = lim z, = lim y,, Page 7 of 9
wherexg = z, yo = v, Tpt1 = (3711 + yn)/2, Yn+l = /TnUn (n > 0)- This J. Ineq. Pure and Appl. Math. 5(1) Art. 15, 2004
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of the first kind []

2) /2
Ry (2%, = = / (22 cos? ¢ 4 32 sin” ¢)"V2d .
T Jo

Gauss’ famous result states thiat (22, y?) = 1/AGM (z, y).

Corollary 2.4. Letx > 0 andy > 0. Then

(2.9) AGM < Hyyy. A Generalization Of An
Inequality Of Jia And Cau
Proof. J. Borwein and P. Borwein [ Prop. 2.7] have proven thatGM < Ls/,. Edward Neuman
On the other hand, using the first inequality a4 with p = 3/2 andr = 3/4
we obtainLs/» < Hs,,. Hence 2.9) follows. O
8/2 = H3/4 €9 Title Page
Some results of this note can be used to obtain inequalities involving hy- Contents
perbolic functions. For instance, using 1), (1.3), and (L.2), with z = e and
y = e~1, we obtain <« Y3
hp\» h g ‘ g
1 P 2 1\~ 1
(sm p> < (%) < (cosh s)% < exp (—; + coth t) Go Back
p
Close
0 <p<2r <3s<2t).
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