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ABSTRACT. This paper deals with a reverse of the Hardy-Hilbert’s type inequality with a best
constant factor. The other reverse of the form is considered.
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1. I NTRODUCTION

If p > 1, 1
p

+ 1
q

= 1, an, bn ≥ 0, such that0 <
∑∞

n=0 ap
n < ∞ and0 <

∑∞
n=0 bq

n < ∞, then
we have the well known Hardy-Hilbert inequality (Hardy et al. [1]):

(1.1)
∞∑

n=0

∞∑
m=0

ambn

m + n + 1
<

π

sin
(

π
p

) { ∞∑
n=0

ap
n

} 1
p
{

∞∑
n=0

bq
n

} 1
q

,

where the constant factorπ/ sin(π/p) is the best possible. The equivalent form is (see Yang et
al. [8]):

(1.2)
∞∑

n=0

(
∞∑

m=0

am

m + n + 1

)p

<

 π

sin
(

π
p

)
p

∞∑
n=0

ap
n,

where the constant factor[π/ sin(π/p)]p is still the best possible.

ISSN (electronic): 1443-5756

c© 2006 Victoria University. All rights reserved.

Research supported by Natural Science Foundation of Guangdong Institutions of Higher Learning, College and University (China, No.

0177).

016-06

http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://www.ams.org/msc/


2 BICHENG YANG

Inequalities (1.1) and (1.2) are important in analysis and its applications (see Mitrinović, et
al. [3]). In recent years, inequality (1.1) had been strengthened by Yang [5] as

(1.3)
∞∑

n=0

∞∑
m=0

ambn

m + n + 1
<


∞∑

n=0

 π

sin
(

π
p

) − ln 2− γ

(2n + 1)1+ 1
p

 ap
n


1
p

×


∞∑

n=0

 π

sin
(

π
p

) − ln 2− γ

(2n + 1)1+ 1
q

 bq
n


1
q

,

whereln 2 − γ = 0.11593+ (γ is Euler’s constant). Another strengthened version of (1.1) was
given in [6]. By introducing a parameterλ, two extensions of (1.1) were proved in [8, 7] as:

(1.4)
∞∑

n=0

∞∑
m=0

ambn

(m + n + 1)λ
< kλ(p)

{
∞∑

n=0

(
n +

1

2

)1−λ

ap
n

} 1
p
{

∞∑
n=0

(
n +

1

2

)1−λ

bq
n

} 1
q

;

(1.5)
∞∑

n=0

∞∑
m=0

ambn

(m + n + 1)λ
< B

(
λ

p
,
λ

q

)

×

{
∞∑

n=0

(
n +

1

2

)(p−1)(1−λ)

ap
n

} 1
p
{

∞∑
n=0

(
n +

1

2

)(q−1)(1−λ)

bq
n

} 1
q

,

where, the constant factorskλ(p) = B
(

p+λ−2
p

, q+λ−2
q

)
(2−min{p, q} < λ ≤ 2), andB

(
λ
p
, λ

q

)
(0 < λ ≤ min{p, q}) are the best possible (B(u, v) is theβ function). Forλ = 1, both (1.4)
and (1.5) reduce to (1.1). We call (1.4) and (1.5) Hardy-Hilbert type inequalities. Yang et al.
[9] summarized the use of weight coefficients in research for Hardy-Hilbert type inequalities.
But the problem on how to build the reverse of this type inequalities is unsolved.

The main objective of this paper is to deal with a reverse of inequality (1.4) forλ = 2.
Another related reverse of the form is considered.

2. SOME L EMMAS

We need the formula of theβ functionB(p, q) as follows (see [4]):

(2.1) B(p, q) = B(q, p) =

∫ ∞

0

tp−1

(1 + t)p+q
dt,

and the following inequality (see [5, 2]): Iff 4 ∈ C[0,∞), 0 <
∫∞

0
f(t)dt < ∞ and(−1)nf (n)(x)

> 0, f (n)(∞) = 0 (n = 0, 1, 2, 3, 4), then

(2.2)
∫ ∞

0

f(t)dt +
1

2
f(0) <

∞∑
k=0

f(k) <

∫ ∞

0

f(t)dt +
1

2
f(0)− 1

12
f ′(0).

Lemma 2.1. Define the weight functionω(n) as

(2.3) ω(n) =

(
n +

1

2

) ∞∑
k=0

1

(k + n + 1)2
, n ∈ N0(= N ∪ {0}),

then we have

(2.4) 1− 1

4(n + 1)2
< ω(n) < 1− 1

6(n + 1)(2n + 1)
(n ∈ N0).
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Proof. For fixedn, settingf(t) = 1
(t+n+1)2

(t ∈ [0,∞)), we obtain

f(0) =
1

(n + 1)2
, f ′(0) = − 2

(n + 1)3
, and

∫ ∞

0

f(t)dt =
1

n + 1
.

By (2.2), we find

ω(n) >

[∫ ∞

0

1

(t + n + 1)2
dt +

1

2(n + 1)2

](
n +

1

2

)
(2.5)

=

[
1

(n + 1)
+

1

2(n + 1)2

] [
(n + 1)− 1

2

]
= 1− 1

4(n + 1)2
.

ω(n) <

[∫ ∞

0

1

(t + n + 1)2
dt +

1

2(n + 1)2
+

1

6(n + 1)3

](
n +

1

2

)
(2.6)

=

[
1

n + 1
+

1

2(n + 1)2
+

1

6(n + 1)3

] [
(n + 1)− 1

2

]
= 1−

[
1

12(n + 1)2
+

1

12(n + 1)3

]
.

Since forn ∈ N0,[
1

12(n + 1)2
+

1

12(n + 1)3

]
6(n + 1)(2n + 1)

=
2(n + 1)− 1

2(n + 1)
+

2(n + 1)− 1

2(n + 1)2

= 1 +
1

2(n + 1)
− 1

2(n + 1)2
≥ 1,

then we find
1

12(n + 1)2
+

1

12(n + 1)3
≥ 1

6(n + 1)(2n + 1)
,

and in view of (2.6), it follows that

(2.7) ω(n) < 1− 1

6(n + 1)(2n + 1)
.

In virtue of (2.5) and (2.7), we have (2.4). The lemma is proved. �

Lemma 2.2. For 0 < ε < p, we have

I :=
∞∑

n=0

∞∑
m=0

1

(m + n + 1)2

(
m +

1

2

)− ε
p
(

n +
1

2

)− ε
q

(2.8)

< (1 + o(1))
∞∑

n=0

1(
n + 1

2

)1+ε (ε → 0+).

Proof. For fixedn, settingf(t) =
(t+ 1

2)
−ε/p

(t+n+1)2
(t ∈ (−1

2
,∞)), then we have

f(0) =
2ε/p

(n + 1)2
, f ′(0) = − 21+ε/p

(n + 1)3
− ε21+ε/p

p(n + 1)2
.
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Settingu =
(
t + 1

2

) /(
n + 1

2

)
in the following integral, we obtain∫ ∞

0

f(t)dt <

∫ ∞

−1/2

f(t)dt =
1(

n + 1
2

)1+ ε
p

∫ ∞

0

u−
ε
p

(1 + u)2
du.

Hence by (2.2) and (2.1), we find

I =
∞∑

n=0

(
n +

1

2

)− ε
q

[
∞∑

m=0

1

(m + n + 1)2

(
m +

1

2

)− ε
p

]

<

∞∑
n=0

(
n +

1

2

)− ε
q

[
1(

n + 1
2

)1+ ε
p

∫ ∞

0

u−
ε
p

(1 + u)2
du

+
2ε/p

2(n + 1)2
+

21+ε/p

12(n + 1)3
+

ε21+ε/p

12p(n + 1)2

]
=

∞∑
n=0

1(
n + 1

2

)1+ε B

(
1− ε

p
, 1 +

ε

p

)
+ O(1) (ε → 0+).

SinceB
(
1− ε

p
, 1 + ε

p

)
→ B(1, 1) = 1 (ε → 0+), then (2.8) is valid. The lemma is proved.

�

3. M AIN RESULTS

Theorem 3.1. If 0 < p < 1, 1
p

+ 1
q

= 1, an, bn ≥ 0, such that0 <
∑∞

n=0
ap

n

2n+1
< ∞ and

0 <
∑∞

n=0
bq
n

2n+1
< ∞, then

(3.1)
∞∑

n=0

∞∑
m=0

ambn

(m + n + 1)2
> 2

{
∞∑

n=0

[
1− 1

4(n + 1)2

]
ap

n

2n + 1

} 1
p

×

{
∞∑

n=0

[
1− 1

6(n + 1)(2n + 1)

]
bq
n

2n + 1

} 1
q

,

where the constant factor 2 is the best possible. In particular, one has

(3.2)
∞∑

n=0

∞∑
m=0

ambn

(m + n + 1)2
> 2

{
∞∑

n=0

[
1− 1

4(n + 1)2

]
ap

n

2n + 1

} 1
p
{

∞∑
n=0

bq
n

2n + 1

} 1
q

.

Proof. By the reverse of Hölder’s inequality and (2.3), one has

∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)2

=
∞∑

n=0

∞∑
m=0

[
am

(m + n + 1)
2
p

][
bn

(m + n + 1)
2
q

]

≥

{
∞∑

n=0

∞∑
m=0

ap
m

(m + n + 1)2

} 1
p
{

∞∑
n=0

∞∑
m=0

bq
n

(m + n + 1)2

} 1
q

J. Inequal. Pure and Appl. Math., 7(3) Art. 115, 2006 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


REVERSE OF AHARDY-HILBERT TYPE INEQUALITY 5

=

{
∞∑

m=0

[
∞∑

n=0

m + 1
2

(m + n + 1)2

]
2ap

m

2m + 1

} 1
p
{

∞∑
n=0

[
∞∑

m=0

n + 1
2

(m + n + 1)2

]
2bq

n

2n + 1

} 1
q

= 2

{
∞∑

m=0

ω(m)
ap

m

2m + 1

} 1
p
{

∞∑
n=0

ω(n)
bq
n

2n + 1

} 1
q

.

Since0 < p < 1 andq < 0, by (2.4), it follows that (3.1) is valid.
For0 < ε < p, settingãn =

(
n + 1

2

)−ε/p
, b̃n =

(
n + 1

2

)−ε/q
, n ∈ N0, we find

{
∞∑

n=0

[
1− 1

4(n + 1)2

]
ãp

n

2n + 1

} 1
p
{

∞∑
n=0

b̃q
n

2n + 1

} 1
q

(3.3)

=

{
∞∑

n=0

[
1− 1

4(n + 1)2

]
1

2
(
n + 1

2

)1+ε

} 1
p
{

∞∑
n=0

1

2
(
n + 1

2

)1+ε

} 1
q

>
1

2

{
∞∑

n=0

1(
n + 1

2

)1+ε −
∞∑

n=0

1

2(n + 1)2(2n + 1)

} 1
p
{

∞∑
n=0

1(
n + 1

2

)1+ε

} 1
q

=
1

2
{1− õ(1)}

1
p

∞∑
n=0

1(
n + 1

2

)1+ε (ε → 0+).

If the constant factor 2 in (3.1) is not the best possible, then there exists a real numberk with
k > 2, such that (3.1) is still valid if one replaces 2 byk. In particular, one has

(3.4)
∞∑

n=0

∞∑
m=0

ãmb̃n

(m + n + 1)2
> k

{
∞∑

n=0

[
1− 1

4(n + 1)2

]
ãp

n

2n + 1

} 1
p
{

∞∑
n=0

b̃q
n

2n + 1

} 1
q

.

Hence by (2.8) and (3.3), it follows that

(1 + o(1))
∞∑

n=0

1(
n + 1

2

)1+ε >
k

2
{1− õ(1)}

1
p

∞∑
n=0

1(
n + 1

2

)1+ε ,

and then2 ≥ k (ε → 0+). This contradicts the fact thatk > 2. Hence the constant factor 2 in
(3.1) is the best possible. The theorem is proved. �

Theorem 3.2. If 0 < p < 1, 1
p

+ 1
q

= 1, an ≥ 0, such that0 <
∑∞

n=0
ap

n

2n+1
< ∞, then

(3.5)
∞∑

n=0

(
n +

1

2

)p−1
[
∞∑

m=0

am

(m + n + 1)2

]p

> 2
∞∑

n=0

[
1− 1

4(n + 1)2

]
ap

n

2n + 1
,

where the constant factor2 is the best possible.
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Proof. By the reverse of Hölder’s inequality, (2.3) and (2.4), one hasω(n) < 1 and[
∞∑

m=0

am

(m + n + 1)2

]p

=

{
∞∑

m=0

[
am

(m + n + 1)
2
p

][
1

(m + n + 1)
2
q

]}p

(3.6)

≥

{
∞∑

m=0

ap
m

(m + n + 1)2

}{
∞∑

m=0

1

(m + n + 1)2

}p−1

=

{
∞∑

m=0

ap
m

(m + n + 1)2

}{
ω(n)

(
n +

1

2

)−1
}p−1

>

(
n +

1

2

)1−p ∞∑
m=0

ap
m

(m + n + 1)2
.

Hence we find
∞∑

n=0

(
n +

1

2

)p−1
[
∞∑

m=0

am

(m + n + 1)2

]p

>
∞∑

n=0

∞∑
m=0

ap
m

(m + n + 1)2
(3.7)

=
∞∑

m=0

[
∞∑

n=0

m + 1
2

(m + n + 1)2

]
2ap

m

2m + 1

= 2
∞∑

m=0

ω(m)
ap

m

2m + 1
.

By (2.4), we have (3.5).
Settingbn ≥ 0 and0 <

∑∞
n=0

bq
n

2n+1
< ∞, by the reverse of Hölder’s inequality, one has

∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)2
(3.8)

=
∞∑

n=0

[(
n +

1

2

) 1
q
∞∑

m=0

am

(m + n + 1)2

][(
n +

1

2

)− 1
q

bn

]

≥

{
∞∑

n=0

(
n +

1

2

)p−1
[
∞∑

m=0

am

(m + n + 1)2

]p} 1
p
{

∞∑
n=0

2bq
n

2n + 1

} 1
q

.

If the constant factor 2 in (3.5) is not the best possible, then by (3.6), we can get a contradiction
that the constant factor 2 in (3.1) is not the best possible. The theorem is proved. �

Remark 3.3. If an, bn satisfy the conditions of (1.4) forλ = 2, r > 1, 1
r
+ 1

s
= 1, and (3.2) for

0 < p < 1, 1
p

+ 1
q

= 1, then one can get the following two-sided inequality:

0 <

{
3

4

∞∑
n=0

ap
n

2n + 1

} 1
p
{

∞∑
n=0

bq
n

2n + 1

} 1
q

(3.9)

<
1

2

∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)2

<

{
∞∑

n=0

ar
n

2n + 1

} 1
r
{

∞∑
n=0

bs
n

2n + 1

} 1
s

< ∞.
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