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ABSTRACT. This paper deals with a reverse of the Hardy-Hilbert's type inequality with a best
constant factor. The other reverse of the form is considered.
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1. INTRODUCTION

Ifp>1,2+ . =1 amb, >0, suchthad < 3°* ab
we have the well known Hardy-Hilbert inequality (Hardy et al. [1]):

(1.1) sz+n+1 e ){Zap};{ibz};’

where the constant factar/ sin(r/p) is the best possible. The equivalent form is (see Yang et
al. [8]):

(1.2) i(i#): Sm() Za

ab < oo and0 < > 7 bl < oo, then

n=0 "n

n=0 \m=0

where the constant factr / sin(r/p)]? is still the best possible.
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Inequalities[(1.]l) and (1].2) are important in analysis and its applications (see Mitri@bvi
al. [3]). In recent years, inequality (1.1) had been strengthened by Yang [5] as

00 p

In2—
R R Pl et

n—o | sin <%) (2n+1)

= s In2—~ !
— AN
' {Z [ () (sz] }

whereln2 — v = 0.11593" (v is Euler's constant). Another strengthened versiof of (1.1) was
given in [6]. By introducing a parametar two extensions of (I]1) were proved in [8, 7] as:

1

(1.4) ZZ m+n+1 kk(p){i(m%)lAaﬁ}’l’{i(wé)ubz}q;

n=0 m= 0 n=0 n=0
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where, the constant factots(p) = B (”g 2 atA- 2) (2—min{p,q} < A < 2),andB (— —)

(0 < A < min{p, ¢}) are the best p055|bI<~B(u,v) is the 8 function). For\ = 1, both [1.4)
and [1.5) reduce t¢ (1.1). We c4dll (1.4) apd [1.5) Hardy-Hilbert type inequalities. Yang et al.
[9] summarized the use of weight coefficients in research for Hardy-Hilbert type inequalities.
But the problem on how to build the reverse of this type inequalities is unsolved.

The main objective of this paper is to deal with a reverse of inequality (1.4) fer 2.
Another related reverse of the form is considered.

2. SOME LEMMAS

We need the formula of the function B(p, q) as follows (se€ [4]):

@) Blr.a) = Blao) = | mdt,

and thefollowmglnequallty (seBl[5, 2]): Ji* € C[0,00),0 < [° f(t)dt < coand(—1)"f™) ()
>0, fM(c0) =0(n=0,1,2,3,4), then

@2) [ w50 < > s < | (0t + L (0) ~ 2 70)

p—1

Lemma 2.1. Define the weight function(n) as

(23) w(n) = (n + %) § m, n e No(: NU {0}),
then we have
(2.4) - cum <1 ! (n € Ny).

6(n+1)(2n+1)
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Proof. For fixedn, settingf(t) = m (t € [0,00)), we obtain
1 o
O = o PO =~ and [
By (2.2), we find
o 1 1 1
(2.5) w(n) > [/0 (t+n+1)2dt+ in+ 1)2} (n+§>
1 1 1
- [t (00 g
1
T A+ 1)
o 1 1 1 1
(2.6) ‘NM<{A Crnr P T ama an+u}<”+§>
1 1 1 1
:{n+1 2(n+1) &n+D4{M+ly_ﬂ

Since forn € Ny,

1 1
{12(71 +1)2 - 12(n +1)3

} 6(n+1)(2n+1)

_2n+1)—-1 2(n+1)—1
2(n+1) 2(n+1)2
1 1

=1 — >1
T 2y

then we find
1 1 1

>
2n+1)?  2m+1)P ~ 6mtDEntl)
and in view of [2.6), it follows that

1
6(n+1)2n+1)
In virtue of (2.5) and[(2]7), we havg (2.4). The lemma is proved.

Lemma 2.2. For 0 < ¢ < p, we have

(2:8) ]_ZZ m+n+1 ( +%>p(n+%)q

(2.7) w(n) <1-—

n=0 m= O
(1+0(1 Z 11+€5—>O+).
n=0 5
(14} > ”
Proof. For fixedn, settingf(t) =~ 5= (1 € (—3,00)), then we have
9e/p ol+e/p 821+€/p
f(O): 27 f/(O):— 3 2"
(n+1) (n+1)3 pn+1)
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Settingu = (¢ + 1) /(n+ 3) in the following integral, we obtain

0o e 1 o0 u_%
d dt = —————= —d
/0 Fleydt < ~1/2 Flyde (n+ %)HE /0 (1+u)? !
Hence by[(2.R) and (2.1), we find

> 1\ 77 [ & 1 1\ 7
> () S (e 3) ]
> 1)3 1 /‘” u b
< n+ — - du
Y(043) g
2€/P 21+E/p 621+€/p
+ +
2n+1)2  12(n+1)2  12p(n+ 1)2}

:iﬁB (1—5,1+5)+O(1) (e —07).

p p

SinceB (1 - s 1+ %) — B(1,1) = 1(¢ — 07), then ) is valid. The lemma is proved.
U

3. MAIN RESULTS

Theorem31|f0<p<1 1+——1 Qp, by > 0, suchtha11)<zno2“?H < oo and

3=

(3.1) m {i { n+1) } QnGil}

) {g {1 6+ 1)1(2n+ 1)] 2nbil}q’

where the constant factor 2 is the best possible. In particular, one has

1 a? = be ‘
(3.2) ZZ m+n+1 >2{Z[1 4(n+1)2}2n—|—1} {;2n+1}'

n=0 m=

Proof. By the reverse of Holder’s inequality arjd (2.3), one has

ambn,

o (mtn+1)?
P 2

el mtn+1)p | | (m+n+1)s

1 1

(o) [e.e] ap P [e.e] o bq q
> m n
eyt s ey
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1

e m+3 2a2, | ” - n+i
:{Z[Z(m+n+1) Qm—i—l} {;[Z:O(ernJrl)

= ab - bd
= Q{Zw(m)%n’il} {Zw(n)an—l} .

n=0

I
o

1
20 /
2n+1

Since0 < p < 1 andq < 0, by (2.4), it follows that[(3.]1) is valid.
For0 < ¢ < p, settinga, = (n + %)78/1”, b, = (n+ %)75/(1, n € Ny, we find

00 ag % 00 E% %
(3:3) {Z{ n—i-l?] 2n—|—1} {;Qn—l—l}

If the constant factor 2 irj (3.1) is not the best possible, then there exists a real numutier
k > 2, such that[(3]1) is still valid if one replaces 2 byln particular, one has

> 1 i = b ]°
(34) ZZ m+n+1 >k{z{1_4(n+1)2] 2n+1} {nzzozwrl}‘

n=0 m=0 n=0

Hence by|(2.8) and (3.3), it follows that

o

k (o)
(1+o(1 Z 1+6>§{1—0 )} Z 1+5,

n= n=

D=

and ther2 > k (¢ — 01). This contradicts the fact that > 2. Hence the constant factor 2 in
(3.) is the best possible. The theorem is proved. O

Theorem3.2.f0 <p<1,2+1 =1, q,>0,suchthat < 3> .

ap
> 2 -
Z[ n+1 }271—#1’

00 1p—1 o] .
69 > (n+1) Lz:—(mMH

n=0

where the constant factaris the best possible.
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Proof. By the reverse of Holder’s inequality, (2.3) afd {2.4), onedhas) < 1 and

N lgm : {mi;o (m+c;m+ 1) (m—i—?”lb—i-l)i }
> {§(m+a§+1>2} {:0 (mﬂiﬂ)z}
(ol
- (” + %)w; - +a§+ .

Hence we find

(3.7) i (n + %)p_l [i (m—f—an—m—i—l)Q

n=0 m=0 n=0 m=0
B i > m+ 3 2aP,
== (m+n+1)?| 2m+1
33 o
- ;w(m) 2m + 1

By (2.4), we have[ (3]5).

Settingb,, > 0 and0 < ">, 27%1 < 00, by the reverse of Holder's inequality, one has

ambn
COND D) DY ARSI

D=

1
=2 ¢
{2271—1-1} '

n=0

p}
If the constant factor 2 irj (3.5) is not the best possible, thef by (3.6), we can get a contradiction

that the constant factor 2 ip (3.1) is not the best possible. The theorem is proved. O

Remark 3.3. If a,,, b, satisfy the conditions of (}4) for=2,r > 1,1 +1 =1, and [3.2) for
0<p<l, }D + % = 1, then one can get the following two-sided inequality:

3 2 |7 [ o |
(3.9) O<{122n+1} {;znﬂ}

n=0

J. Inequal. Pure and Appl. Math?(3) Art. 115, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

REVERSE OF AHARDY-HILBERT TYPE INEQUALITY 7

REFERENCES

[1] G.H. HARDY, J.E. LITTLEWOODAND G. POLYA, Inequalities Cambridge Univ. Press, London,
1952.

[2] JICHANG KUANG, On new generalizations of Hilbert’s inequality and their applicatidndjath.
Anal. Appl, 245(2000), 248—-265.

[3] D.S. MITRINOVIC, J.E. PEARIC AND A.M. FINK, Inequalities Involving Functions and their
Integrals and DerivativeKluwer Academic, Boston, 1991.

[4] ZHUXI WANG AND DUNRIN GUO, An Introduction to Special FunctionScience Press, Beijing,
1979.

[5] BICHENG YANG, On a strengthened version of the more accurate Hardy-Hilbert’s inequsaitty,
Math. Sinica42(1999), 1103-1110.

[6] BICHENG YANG, On a strengthened Hardy-Hilbert's inequalilly,Ineq. Pure. Appl. Math1(2)
(2000), Art. 22. [ONLINE http://jipam.vu.edu.au/article.php?sid=116 ]

[71 BICHENG YANG, On a new extension of Hardy-Hilbert's inequality and its applicatitmernat.
J. Pure Appl. Math 5 (2003), 57—66.

[8] BICHENG YANG AND L. DEBNATH, On a new generalization of Hardy-Hilbert’s inequality and
its applicationsy). Math. Anal. Appl 233(1999), 484-497.

[9] BICHENG YANG AND Th.M. RASSIAS, On the way of weight coefficient and research for the
Hilbert-type inequalitiesiMath. Inequal. Appl.6 (2003), 625—-658.

J. Inequal. Pure and Appl. Math?(3) Art. 115, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/article.php?sid=116
http://jipam.vu.edu.au/

	1. Introduction
	2. Some Lemmas
	3. Main Results
	References

