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The purpose of this present paper is to give an equivalent theorem on Lupas op-
erators withw (f, ), wherewy, (f,t) is Ditzian-Totik modulus of smoothness
for linear combination of Lupas operators.
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1. Introduction

Let C' [0, +00) be the set of continuous and bounded functions defingd,ero) .
For f € C'[0,+00) andn € N, the Lupag operators are defined as

—+o00
k
11 B, ) = n — >
( ) (f l’) Zp k (IL‘)f (n) Equivalent Theorem on Lupas
k=0 Operators
where Naokant Deo
(z) = n+k—1 " vol. 8, iss. 4, art. 114, 2007
P\ = k (14 x)nth’
Since the Lupas operators cannot be used for the investigation of higher orders of Title Page
smoothness, we consider combinations of these operators, which have higher orders
of approximation. The linear combinations of Lupas operator&’'@n +oo) are Clorlieinis
defined as (see3[ p.116]) <« >
r—1 < S
(1.2) B, (f,x) =) Ci(n)By, (f,x), reN,
i—0 Page 3 of 18
wheren; andC;(n) satisfy: Go Back
(Z) n=ng<---<n._3 <Ay Full Screen
Close

r—1
(1) 3 |Ci(n)| < C; . . "
i=0 journal of inequalities

(i11) Bn,(1,2) = 1; in pure and applied
T ’ mathematics
(iv) By, <(t — )k, gg) =0 k=1,2,...,r—1, issn: 1443-575k
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where constantd andC' are independent of.

Ditzian [1] usedw;A(f, t) (0 < A < 1) and studied an interesting direct result
for Bernstein polynomials and unified the results wift{f, t) andw}(f,t). In [2],
w;A(f, t) was also used for polynomial approximation.

To state our results, we give some notations (d]j. [Let C' [0, +o0) be the set of
continuous and bounded functions[0n+oco) . Our modulus of smoothness is given

by Equivalent Theorem on Lupas
Operators
r o r Naokant Deo
(1.3) wor(f-1) = 0<hSt sh(rhd ) R0 00) ‘Ah‘w@f (x)‘ ’ vol. 8,iss. 4, art. 114, 2007
where
b b Title Page
Ny f(x) = f (95 - 5) —f (m + 5) , AMT=ANAM), keN Contents
and ourK —functional by “ d
4 >
1.4 K 7tr —inf { _ + " rA _(r) } :
(1.4) A1) 1/ = gllepp oy + ¢ 1679 | 1o bage 4 of 15
[ r\ _ - r rA (r
(1.5) K (f,t") —lnf{Hf - g”c[0,+oo) +1 H¢ g( )||C[0,+oo) Go Back
TN g0 o } Full Screen
Close

where the infimum is taken on the functions satisfyifg? € A - Cjo., ¢(z) =

. . - . in pure and applied
(1.6) W¢A(f7 t) ~ Ky (ft") ~ Kdﬂ(fat ), mathematics

(z ~ y means that there exists> 0 such that—ly < z < cy). 1ssni BHHSTeTSe
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To prove the inverse, we need the following notations. Let us denote

Co={f € C[0,+00), f(0) =0},
If]l, == sup [62*D(2)f()

2€(0,+00)

—{FeCo: |1, < +oo}
7], = sup_ |0 D))

x€(0,+00)

Cl={feC: f"VeA Cp,

J

2

[£[l, < +oo},

whereé,, (z) = ¢(x) + \/iﬁ ~ max{¢(x), \/Lﬁ} , 0<A<1,reNandd<a<r.
Now, we state the main results.

If feC[0,400), reN, 0<a<r 0<A\<I,then the following statements
are equivalent

(1.7) | Brr (f, ) — f(2)] =0 ((”7%5314(“””))&) ’
(1.8) wi (f, 1) =0(t%),

whered,, (z) = ¢(z) + \/Lﬁ ~ max {¢(I)7 \/%}

In this paper, we will consider the operatofisd) and obtain an equivalent ap-
proximation theorem for these operators.

Throughout this papef’ denotes a constant independent.cind x. It is not

necessarily the same at each occurrence.
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2. Basic Results

In this section, we mention some basis results, which will be used to prove the main
results.
If fe€C[0,+0), r € N, then by B] we know that

+00
(r) — n + " 1 ' T ﬁ Equivalent Theorem on Lupa
B x) = ! anrrk S ] n)’ ’ Operators =
Naokant Deo
Lemma 2.1.Let f() € C'[0, +00) and0 < X < 1, then vol. 8, iss. 4, art. 114, 2007
(2.1) |0 (@)BY (f.)| < Cllo™ 7|
Proof. In [3, Sec.9.7], we have Title Page
(2.2) AT f kY < op-rn / . £ k +ul|du —_—
. n—1 n) = ; n ) 44 44
r 7(2—X)/2 o/ rA/2 £(r) < >
(2.3) A f(0)<Cn" w0 ()| du.
0 Page 6 of 18
Using (2.2), (2.39) and the Hoélder inequality, we get o Back
+o0
rA (r) A n+r—1' N E Full S
[0 (@) B (f.2)] < |67 @) =5 }{jpn+Tk AV ull Screen
Close
(n+r—1", .
= (n—1)! O (@)Pnsro(2) D1 f(0) journal of inequalities
' in pure and applied
mathematics

issn: 1443-575k

k
+§jw mwk>A;J(5)
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< C o™ (@) |-
]

Lemma2.2.Letf € C'[0,+00),r € Nand0 < X\ < 1, then forn > r, we get
6" (2) B (f,2)| < Cn/26, 70D (@) f]] .-

Proof. We consider: € [0, 1/n]. Then we havé,, () ~ =, ¢(z) < . Using

(%) Po(x) = 1 (Prsrs1 () — puiia(z))

© 1
/ Png(x)de =
0

and

n—1’
we have
’quA(ZL')Bg)(f, ZE){ < Onr/25;T(1_>\)<x>‘}f‘}m‘

Now we consider the interval € (1/n,+o0), then¢(z) ~ 6,(z). Using Lemma
4.5in [6], we get

(2.4) ¢ () BY (f, 2)| < Cn" | £ .-
Therefore
|0 () B (f, 2)| = 6" V(@) |¢"(x) BY(f, )]
< O V(@) | £,
< 06, V(@) || £ .-
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Lemma?2.3.Letr e N 0O< (G <r, x+rt/2 € and0 <t < 1/8r, then we have
the following inequality:

t/2 t/2 r
(2.5) / / 57 (x + Zuj) duy ... du, < C(B)t"6, " (x).
—t/2 —t/2 j=1

Proof. The result follows fromT, (4.11)]. O]
Equivalent Theorem on Lupas
Lemma 2.4.For z,t,u € (0,+00), x <u <t, t,r € Nand\ € [0, 1], then Operators
Naokant Deo
(2.6) ( / It — | oM w)dul ) < Cn70 (2)g M (). vol. 8, iss. 4, art. 114, 2007
Proof. Whenr = 1, then we have
‘ Title Page
2.7) / b Nwdu| < |t — o {e 21+ )N 1 (14 2) N2 —
From [3, (9.5.3)], <« »
(2.8) By ((t — )™, 2) < Cn™"¢™ (). < >
Applying the Holder inequality, we get Page 8 of 18
(2.9) B, ( u ,x) Go Back
1 3 [
< {Bn((t . :r;)4,x)}‘1* [IfA/Q{Bn((l n t>—2)\/3,x)}2 Full Screen
Close

3
(14 2) By (P 2}
journal of inequalities

< Cn~ V%5, (x) [x_’\/Z{Bn((l +1)7M3 7) }% in pure and applied
s mathematics
+ (1 —i—:L’)_’\/Q{Bn(t_Q’\/g,x)}Z} : issn: 1443-575k
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Applying the Holder inequality, we get

+oo —1\ 3Xx
k
2.10 B (23 1) < r < Cx= 23,
w0 s (Yoo () ) <o

Similarly,
Equivalent Theorem on Lupas
(2.11) Bo((1+1¢)7M3 2) < O(1 4 x) 723, OIS
Naokant Deo
Combining ¢.9) to (2.11), we obtain £.6). vol. 8, iss. 4, art. 114, 2007
Whenr > 1, then we have
i u|2 £ x‘Z (Trivial for ¢ ) Tile Pege
<u<x
P*(u) — ¢*(x) 7 Contents
otherwise <4 »
|t—u}x§‘t—x‘u p R
and
u|t—u‘ x‘t—m‘ (f y ) Page 9 of 18
< or t<u<ux).
P*(u) ¢*(x) Go Back
Thus Full Screen
r—2 r—2
}t—u‘ |t_$‘ Close
(2.12) 0] = gD () r>2
journal of inequalities
because in pure and applied
t—u t— 1 1 N mathematics
(2.13) ‘<b2(u)| < | . | (1 e + i t) (Trivial for t < u < x), issn: 1443-575k
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otherwise

(u—1t) < (x —1t)
U t
and
1 1 1
< + ,
I1+uw =~ 142 1+t
Equivalent Theorem on Lupas
t— ’U,‘ ‘t — Q3| 1 1 A Operators
214 ‘ < . aokant beo
(2.14) P = (1—|—x+1+t) Nackant 0
vol. 8, iss. 4, art. 114, 2007
Because the functioft (0 < A < 1) is subadditive, using(12) and @.14), we

obtain :

Title Page

r—1 r—1 A A
t—ul |t — 1 1
2.15 ‘ < I . Contents
O ¢<r2>k<x>xk{ (1 n ) ’ (1 +t) }
44 44
SinceB, ((1+¢)7",2)) < C(14+xz)™" (r €N, z € [0, +00)), using the Holder p N

inequality, we have

(216)  Bu((1+8) 7)) <C1L+a)™  (z€0,+00),A € [0,1]). e

Go Back
Using (2.9), (2.19, (2.16 and the Hdlder inequality, we get
. Full Screen
B (| [ 1=l o ) < BY(e -] 0)

_<¢—M(x) + .’17_)\¢_(T_2))‘(33)Brl/2((1 + t)‘”, ;1:)) journal of inequalities
in pure and applied
< Cn7RT (2) TN @), mathematics
[] issn: 1443-575k
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Lemma2.5.1f r € Nand0 < a < r then

(2.17) 1Bafll, scn™[[ 1]l (f € ),
(2.18) |B.f]] <C}|f|| (feCy).
Proof. Forz € [0, 2] andd,, (z) ~ f, according to Lemma.2, we get

37OV (@) B (f, )] < Cn"2| ]

On the other hand, for € (£, 400
obtain

) andé,(z) ~ ¢(z), according to B], we can

i (b s (2)

whereV; (n¢*(z)) is polynomial inn¢?*(x) of degree(r — 4)/2 with constant coeffi-
cients and therefore,

(2.19) BY(f,z) = ¢2’"ZV (n¢*(x

2.20 o ry C " e f +
. r < p— .
( ) { nxn{ ( T )) , Torany x € (n’ oo)

Since

(2.21) ‘Al/n (k)] < C|| fll, 0 V()

using the Holder inequality, we get
k ) ] L ¢2 T /2 O
zm (E-2) 2tur (5)] 0 (22) st

From (2.19) to (2.22) we can deduce’(17) easily. Similarly, like Lemma.1we can
obtain ¢.19). O

(2.22)
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3. Direct Results
Theorem 3.1.Letf € C'[0,+00),r € Nand0 < A < 1, then
(3.1) | Bor(fo2) = f()] < Cwln (fin™ 7260 ().

Proof. Using (1.5 and (L..6) and takingd,, = d,(z,\) = n~'/26.7*(x), we can

choosey,, = ¢, for fixed z and \ satisfying:

(3.2) 1 = gnl| SCwlr(f, dn),
(3.3) dp || 9 || <Cwin (f. o),
(3.4) d;/ A g0 <Cwin(f, dn)-
Now

‘Bn,,«(f,x)—f(ac)’ < ’Bn,r(fax)_Bnr In, T ‘+‘f gn( )‘
(3.5) + | B (gn, ) — gu(2))|

By using Taylor’s formula:

9ull) = gule) + ( — 2)gl(@) + - + —r)!lgﬁf V(e) + By (go.t, ),

where
Rr(gna t, SL’) =
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Using (i)-(iv) of (1.2) and Lemma&2.4, we obtain
{Bn,r(gn) ZL’) - g’VL(x)}

B (g [ - 0 o
(3.6) < Cl|g™gl H( ( ey, :1:))

. M u)
< Co ™M) 20 () || -

Again using (i)-(iv) of (L..2) and ¢.12), we get

| Brr (gn, ) — gn()]
([ o)

< Cllaal|
(3.7) <C H(;;/\gnr H nM? B, ((t _ x)27’7x)‘1/2
S Cn_r/Q(SZL( r)\/2 H5r)\ )”
We will take the following two cases:

d

Case-l:Forx € [0,1/n], d,(x) ~ %ﬁ Then by 3.2) — (3.5 and @.7), we have

’Bn,r(fa *T) - f(SC)’
< (|| = gul| + i ]| 5295])

@8) < (1 = gl + 67| + a7 )
@9) < (I~ gl + ]| + /00 g

S CW;/\ (f7 dn) .
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Case-ll: Forz € (1/n,+00), 0,(z) ~ ¢(z). Then by 8.2) — (3.3) and .5 —
(3.6), we get

(B.10)  |Buy(f.2) = f(@)| < C(|f = gul + di |69 < Cwin (f,dn) -

Title Page

Contents

Page 14 of 18
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:dr_naokant_deo@yahoo.com
http://jipam.vu.edu.au

4. Inverse Results

Theorem 4.1.Let f € C'[0, +oo),reN O<a<r, 0<A<1. Then

(4.2) | Bur(f,2) = f(2)| =

implies

(42) w;)\ (f’ t) — O(ta), Equivalentg;z:;z)r:lson Lupas
whered,, = n=1/25172(x). Naokant Deo

. vol. 8, iss. 4, art. 114, 2007
Proof. SinceB,(f, z) preserves the constant, hence we may asstime’;. Sup-

pose that4.1) holds. Now we introduce a new-functional as

Title Page
K3 (f.t) = +lg]l, }-
Contents
Choosingg € Cf such that <« >
(4.3) 1f =g, +n7"gl], < 2K3(f,n""). < 3

By (4.1), we can deduce that
1B (f,2) = f(2)]lo < O~

Page 15 of 18

Go Back
Thus, by using Lemma.5and {¢.3), we obtain Full Screen
Kf\é(f7 tr) S Hf - Bn,r(f)”() + tT”Bn,?“(f)Hr Close

< Cn= 27 ([|Bur(f = 9, + [ Bur(9)]],) | R
journal of inequalities

< C’(n“”‘/2 + t’"(nT/QHf —gll, + HgHT)> in pure and applied
mathematics
< C'<n_o‘/2 + r/2 Ky (f n_r/2)> issn: 1443-575k
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which implies that by 3, 7]
(4.4) K3 (f.1) < €t

On the other hand, since+ (j — %)t¢*(x) > 0, therefore

and
T+ (] — g)tqﬁ’\(x) < 2z,
so that
(4.5) O, <x + (j — g)tngA(x)) < 20,(x).

Thus, forf € CY, we get

(46)  |ALf Hf\\o(i ( )5&(1 3 (g;+ (y - —)taﬁA( )))

7=0
< 2730V ()| £,

From Lemma2.3, for g € C%, 0 < t¢*(x) < 1/8r, x £ rt¢p*(x)/2 € [0, +00),

we have

‘A%*(r)g ()

<

(t/2)¢* () (t/2)¢* () r
/ / g (m+Zuj>du1...du
—(t/2)¢* (=) —(t/2)¢* (@) =1
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@n <l [

(t/2)¢* (x /(t/2)¢A(ﬂﬁ)

5;r+a(1*)\) <:L‘ + Z Uj) duy ... du,
j=1

(t/2)¢*(w) —(t/2)¢* ()

(4.8) < Ctro =N () )|g]],-v

Using (¢.4), (4.6) and ¢.7), for 0 < t¢*(z) < 1/8r, x £ rt¢?(x)/2 € [0, +00)
and choosing appropriate we get

| Al F(

x)‘ < ‘A:¢>)‘(x)(f - g)(x)| + }Azd))‘(:r)g(x”
< 05 V@17 - glly + 5@ o], }

"
a(l-X) e}
S 0571 (.CC)K)\ (fa 5;;(1_)\) (x))

< Ct".

]

Remarkl. Very recently Gupta and Ded] have studied two dimensional modified

Lupas operators.

w;A(f, t).

In the same manner we can obtain an equivalent theorem with
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