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Abstract

We give explicit bounds for the absolute values of the coefficients of the divisors
of a complex polynomial. They are expressed in function of the coefficients and
of upper and lower bounds for the roots. These bounds are compared with
other estimates, in particular with the inequality of Beauzamy [B. Beauzamy,
Products of polynomials and a priori estimates for coefficients in polynomial
decompositions: A sharp result, J. Symbolic Comput., 13 (1992), 463-472].
Through examples it is proved that for some cases our evaluations give better
upper limits.

2000 Mathematics Subject Classification: 12D05, 12D10, 12E05, 26C05.
Key words: Inequalities, Polynomials.

We are grateful to the referee for the pertinent suggestions concerning Propositions
2.1and2.3.
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If P(X) =37 ,a; X" € C[X], the height of the polynomiaP is defined by
H(P) = max(|agl, |ai], ..., |aq|). Other polynomial sizes are the noff®|| =

/o0 las|, the measurdl (P) = exp {fol = 10g|P(62”9)|d0} and Bombieri’s
norm [Pl = /31, las[2/(2).

There exist many estimates for the height of an arbitrary polynomial divi-

sor@ of . They can be expressed in function of polynomial sizes as the norm, ... aities on Polynomial
the measure or Bombieri’'s norm. We mention, for example, the estimate Heights
d Laurentiu Pan?itopol and
H (Q) S < ) M (P) 7 Doru Stefanescu
[d/2]
where the measure can be easily computed by the method of M. Migaptte [ Title Page
For integer polynomials one of the best height estimates uses the norm of Contents
Bombieri [7] and was obtained by Beauzamy} [
<4< >»
33/4 . 3n/2
H(Q) < [,[P)y, with [, ="—"—"". < 4
(Q) = [ }27 2(71_”)1/2
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We present another estimate for the heights of proper divisors of a complex

polynomial. It makes use of an inequality of M. Mignottd.[A key step is the
consideration of complex polynomials with roots of moduli greater than 2.

Proposition 2.1. Let P(X) = X"+ a, 1 X" '+ -+ a; X + a9 € C[X]\ C,
such thatP(0) # 0 and letu be a lower bound of the absolute values of the
roots of P. If 9 is a monic proper divisor of in [X], then

HQ) < H(P) o2,
2\"7" .
H(Q) < max ai<;> if pn<2.

Proof. We suppose

QX)) = X" +bp XF 4 4 b X + by

Lety, ..., &, € Cbetheroots ofP. Without loss of generality we may suppose
thatéy, ..., &, are the roots of). Note that
(2.1) P=(X—¢&1) (X —&)Q.

By an inequality of M. Mignotte {], we have

ka+1| - 1|""|§n| - 1‘ H(Q) < H(P).

We look tox > 0, which is a lower bound for the absolute values of the roots
of P.

(2.2)
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If > 2then|& 1] —1,...,]&] —1 > 1and by @.2) we obtain
(2.3) H(Q) < H(P).
If © < 2 we associate the polynomials

Pu(X) = (2/n)"P(nX/2) = X" + an_12/p X" + -+ ao(2/p)",

Qu(X) = 2/ Q(uX/2) = X* + by 12/ X*7 4 -+ bo(2/ )
Letn,...,n, € Cbe the roots of’,. Then
nil = 2|&] /1> 2
and from @.2) it follows that

H(Q) = max |b;{ < max |b;(2/)" |= H(Q,) < H(P,) = max Jai(2/m)""|.

Therefore

(2.4) H(Q) < max

7

a; | — .
W

]

Corollary 2.2. If u < 2 is a lower bound of the moduli of the roots of the
complex polynomiaP and( is proper divisor ofP in [X], then

H(Q) < (2/p)" H(P).
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Proof. Note that2/u > 1. Therefore, by Propositio. 1,

;)
a; | —
7

< max <g> -H(P)

n—i

H(Q) < max

0<i<n

0<i<n \ [t
2 n
= (—) H (P) Inequalities on Polynomial
1% Heights
] Laurentiu Panaitopol and

Doru Stefanescu

Example2.1 ConsiderP(X) = X®+2X°+5X*+10X°%+21X?+42X +83,

By the criterion of Enestrom—Kakeya (see M. Mardéf p. 137), the zeros of Tiie/Page
a polynomialag + a; X + - - - + a,, X™ with real positive coefficients lie in the
ring Contents
min{a;/a;+1} < |z| < max{a;/a;11}. pp >
Thus, the roots of the polynomia are in the ring83/42 < |z| < 5/2. If Q is < >
a divisor of P we obtain
Go Back
H(Q) < 89.183 by Propositior2.1, p—
H(Q) < 602.455 by B. Beauzamy]. Quit
Page 6 of 13

Proposition 2.3.Let P(X) = a, X" +a, 1 X" '+ -+a; X +q9 € C[X]\C
such thatP(0) # 0 and letv > 0 be an upper bound for the absolute values of
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the roots ofP. If ) is a proper divisor ofP in [X], Q(0) = ¢, then
1
H(Q) < ‘;—2 H(P), vy,
H(Q) < ‘2_2 - max ()], if v >}

Proof. Let P* andQ* be the reciprocal polynomials d® and () respectively.
Considering

Py (X)

1 1 1
— —P(X) = —X”P(—)
ap ( ) ap X

it is possible to obtain information about the heights with respect to the upper
bounds of the moduli of the roots &f. The polynomialP; is monic and

1 .
— is alower bound for the roots of P,.
1%

On the other hand, if, (X) = Y"1, b:; X", thenb; = a,,_;/ao and

w(=) -

Let @ € C[X] be a proper divisor of. Therefore

max
0<i<n

_ i
Orgiagl ‘al(Qu) ‘

B |ag|

1 1
Qu(X) = —Q"(X) = —x9eIQ(x )
Co Co
is a proper divisor of?,. However,
1
H(Ql) = _H(Q)
ol
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If v < 1/2, by Propositior2.1we haveH (Q),) < H(F;), hence

1 1

H(Q) < H(P),

Jeol Jaol

which gives the first inequality. The second relation in Proposiidmgives the
other inequality. O

Remark2.1 If |P(0)| = 1, the inequalities in Propositich 3 become
H(Q) < H(P), if v<3,

7 H 1
H(Q) < Orgzagl‘ai(%/) |, if v>1
Indeed, if| P(0)| = 1 we havelag| = |¢| = 1.
The same inequalities are valid i € [X]| and( is a proper divisor of?
overZ. In this caseiy andc, are integers and, dividesay, therefore|g—g\ <1.

As in Corollary2.2we deduce
Corollary 2.4. If v > 3 is an upper bound of the moduli of the roots of the
complex polynomiaP and (@ is proper divisor ofP in C[X], then

Co
Qo

H(Q) <

(2v)"H(P).

Example2.2 Let P = 2381X° — 597X* — 150X3 — 37X2% + 9X + 2.

If = € is aroot of P, then|z| < 2max|“=1| = 10, by the criterion of T.
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Kojima [3]. If Q is a possible divisor of, then

H(Q) < 2440.403

H(Q)

By Proposition2.3,

< 10745.533 by B. Beauzamy1].

Remark2.2 The estimates from Propositiofsl and2.3apply to any complex

polynomial, while the estimate of Beauzamy refers only to integer polynomials.

Example2.3. Let P = 381X° —95i X" 4 (45— 9i) X3+ 17X 2+ (2+7i) X +3.

If z € is aroot of P, then|z| < 2max [*=1| = Y210
T. Kojima [3]. If @ is a possible divisor oP, then

H(Q) < 320.703

H(Q)

, again by the criterion of

By Proposition2.3,

< 2374.689 by M. Mignotte [3].

Example2.4. Let P = 127X7 4+ 64X°® +32X° + 16 X1 +8X3 +4X2+2X +1.

Theroots ofP are inthe rindl /2 < |z| < 64/127, by the criterion of Enestrom-—

Kakeya (M. Marden, loc. cit.). I§) is a possible divisor of, then

H(Q) < 134.167

H(Q)

By Proposition2.3,

< 1472.464 by Beauzamy.

Corollary 2.5. Let P[X] = >"" ;a;X* € R[X] \ R be monic and le) € [X]
be a proper monic divisor oP. If a; > 0 for all 7, there existg: € such that
2l-% < uw<2anda;_; > pa; fori=1,2,...,n,then

H(Q) < 2H(P).
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Proof. From the conditioru;_; > pua; for all 7 and the criterion of Enestrom—
Kakeya (M. Marden, loc. cit.) it follows that is a lower bound for the absolute
values of the roots of. Becauseg: < 2, the inequality 2.4) from Proposition
2.1is verified. Noting that

1 1 i_
Sc <o
2
we obtain oy i
H(Q) < 121%}; ’al‘ . |<;) | |nequalitie}i;ghljglynomial
2 n—i Laurentiu Panaitopol and
= H(P) . max (_> Doru Stefanescu
1<i<n M
< H(P) max 2" <2H(P). Title Page
1<i<n
- Contents
O
44 44
Example2.5 Let P(X) = X7 + 2X6 + 4X5 + 8X* + 15X3 + 28X? + < >
51X + 92. Then, by the theorem of Enestrém-Kakeya (M. Marden loc. cit.),
pu = 51/28 is a lower bound for the absolute values of roots/of We have Go Back
217 < 51/28 < 2, so the hypotheses of Corolla?y5 are fulfilled. Close
Remark2.3. The same conclusion as in Coroll&tys holds ifa; > 0 and there Quit

existsy > 0 such that;_; < va; and < v <2771,
Page 10 of 13
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In this section we give a limit for the smallest height of a proper divisor of a
complex polynomial.

Theorem 3.1.Let P be a nonconstant complex polynomial and suppose that its
rootséy, ..., &, € C are such that

(6 = 2 &kl > 12> [ = - = [l

If P = P, P, is afactorization ofP overZ, we have

H(P) > min{H(P,),H(Py)} - (|&] — 1)+ (1 = )"

Proof. We observe that

np) > u(P) [ llel -1

s€Jy

and
H(P) > H(P) [[l1&l - 1],

teJa

where{J, J»} is a partition of{1,2, ..., n}. It follows that

H(P)? > H(P)H(P,) H||§j ,
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therefore

H(P) > min(H(P1),H(P2)) :

ITl&! -1l
j=1

We finally observe that
H||§J| =1 = (&l - 1) i (1- |§k+1|)(n_k)/2,

which ends the proof. O

Example3.1 Let P(X) = X°—49/6 X* +59/3 X® — 6X2 — 18X —9/2. We
haveé, = & = & = 3,8 = —1/2 and¢; = —1/3. Therefore

H(P) > min{H(P,),H(P)}- (3—1)%2.(1—1/2)%2.
But (3 — 1)%2. (1 —1/2)%2 > 1.415, hence

min{H(P), H(P)} < ——H(P) <

— H(P).
1.415 (P)

Remark3.1 The indexk from Theorem3.1 can be computed by the Schur—
Cohn criterion (see M. Marderi], p. 198). Since it is usually not possible to
find the rootst;, and¢;. 1, we need to know lower bounds for roots outside the

unit circle, respectively upper bounds for roots outside the unit circle.

Corollary 3.2. If P has no roots on the unit circle, we have

min{H (), H(R)} < H(P)/(|fk\ - 1)k/2 (1- |£k+1’)(n—k)/2_
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