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Abstract

We present a method, based on series expansions and symmetric polynomials,
by which a mean of two variables can be extended to several variables. We
apply it mainly to the logarithmic mean.

2000 Mathematics Subject Classification: 26E60, 26D15.
Key words: Means, Logarithmic mean, Divided differences, Series expansions,

Symmetric polynomials.
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Throughout this paper, > 2 is an integer and;, ...
numbers.

The logarithmic mean of; andzx, is defined by

, T, are positive real

T1 — T2

(11) L(l’l,l’2) if T 7£ Ta,

Inzy —Inazo
L(ZEl, 171) = T.

There are several ways to extend this:.teariables. Bullen ([, p. 391]) writes
that perhaps the most natural extension is due to Pitteriggr Based on an
integral, it is

n -1

= (-3 r I

[Ti= (ln:cZ Inz;)

J#i

if all the x;’s are unequal. Bullen {| p. 392]) also writes that another natural
extension has been given by Neumah Based on the integrab(3), it is

(13) L(l’l, o, T

(n=1)! Z H]#l lnxl Inz,)

if all the z;'s are unequal. It is obviously different from.g).
If some of ther;’s are equal, thenl(2) and (L.3) are defined by continuity.
Mustonen §] gave (.3) in 1976 but published it only recently]in the

home page of his statistical data processing system, not in a journal. We will
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present his method. It is based on a series expansion and supports the notion
that (L.3) is the most natural extension df. ().

In general, we call a continuous real functioof two positive (or nonnega-
tive) variables a mean if, for all;, x5, ¢ > 0 (Or z1, x5, ¢ > 0),

(il) M(%,l’z) = M($2>371),
(i2) M(%,xl) = Ty,
(i3) #(05517 C$2) = C,U(xla 1‘2), Extending Means of Two
) Variables to Several Variables
(ia) 21 <y, 22 < Yo = p(x1, T2) < (Y1, y2), .
Jorma K. Merikoski
(i5) min(zy,x9) < p(x1, o) < max(xq, s).
Axiomatization of means is widely studied, see e.g] dnd references M [FEEE
therein. Contents
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To extend the arithmetic and geometric means

Az, z9) = l _5 x27 G(1,x9) = (xle)%
to n variables is trivial, but to visualize our method, it may be instructive.
Substituting
(2.1) T, = €Y, 1y = "2,
we have

(2.2) Ay, 29) = A(U17U2)

1
=5 +e)

2
1 u? u3
:§<1+U1—|—§+"'+1+u2+§+"'
B I SN o S SO el S
2 21 2 3! 2 ’

(2.3) G(IhIZ) = G(uhUZ)

= (e"e?): =e

uqtug
2

2
UL + Us 1 (u +us
=1 —
L RT ( 2 )
U1 + U9 1 (u1 + UQ)2 1 (Ul =+ u2)3

=1+

> a2 Ty
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e’lLl e’LLQ
B U1 — Uz
u? u3
=(1+U1+2—;+" —1—U2—2—?—"'>(U1—U2)
u? —ud o oud —ud _
Z(U1—U2+ 12' 2 + 13' 2+"'>(U1—U2) !
_ g it l‘u%—l—uluQ—l—u%
2 2! 3
1w 4 wius + wiud + uj
3! 4
All these expansions are of the form
1 1
(25) 1+P1(U1,U2) + —Pg(ul,’dg) + —Pg(ul,u2) + - 5

2! 3!

where theP,,’s are symmetric homogeneous polynomials of degteén all of

them,
U+ u
Pl(ul,UQ) = ! B 2 = A(U17u2).

The coefficients of
(2.6) P (ur, us) = bout* + biu tus + -+ + byl

are nonnegative numbers with sumThey are forA

1 1
b — — b — e :bm_ :07 bm: =,
0 27 1 1 9
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for G
b = <m)2m (0<k<m),

and forL )
bO—"'—bm—m+1-

Let « be a mean of two variables. Assume that it has a valid expan3ign (
Fix m > 2, and denote byP,,[] the polynomial 2.6). Its coefficients define
a discrete random variable, denoted Xy, (], whose value i (0 < k£ < m)
with probability b,.. In particular,X,,[A] is distributed uniformly ove{0,m},
and X,,,[G] binomially andX,,,[L] uniformly over{0, ..., m}. Their variances
satisfy

Var X,,,[G] < Var X,,,[L] < Var X,,[4],

which is an interesting reminiscent of

(2.7) G(z1,712) < L(x1,m0) < A(27, 22).
Letuy, us > 0, then @.7) holds in fact termwise:

(2.8) Pr|G(ur, u2) < Pro[L](u1, uz) < Pr[A](us, uz)

for all m > 1. The functions

R [p)(u1,u2) = (Pp[p)(u1, ug))%

are means. In particular, fot they are moment means

1

) = Mm(u17u2)7

m m
Uy + uy

oA u) = (4
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for G all of them are equal to the arithmetic mean

Uy +u
Rm[G](Ul,Ug) = ! 9 2 = A(Ul,UQ>,

and for L they are special cases of complete symmetric polynomial means and
Stolarsky means (see e.g, pp. 341, 393))

B[ L] (ur, us) =

Extending Means of Two
Variables to Several Variables

1 1
u'in+1 _ u£n+1 :| m B (UT + u?]?l*lu2 + .. + ug’l) m
(m+1)(u; — us) m+1 '

Since theP,, |u|'s are symmetric and homogeneous polynomials of two vari- Jorma K. Merikoski
ables, they can be extendeditwariables. Thug can also be likewise extended.
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Consider firstd. By (2.2),

ul’ + uy'

—

To extend it ton variables is actually as trivial as to exteAdlirectly. We obtain

PplAl(ur, uz) =

A Vi

PolAl(uy, ..., u,) = ,

n
and so
=1
A(xh 7~rn) = Z%Pm[A}(ula 7un)
m=0
1 >y > ym
S st S n_
(e )
m=0 m=0
1 v n
n n

Next, studyG. By (2.3),

PG (un, u5) = (%;%)m?

which can be immediately extended to

u1+...+un m
n Y

PolGl(un, - ) = (
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and so

m=0
_ i . Uy + -+ Unp, "
B m)! n
m=0
e (@ @) = ()T
Extending Means of Two
We present a “termwise” (cf.2(8)) proof of the geometric-arithmetic mean VAL G5t Sl VR B3
inequality Jorma K. Merikoski
(3.1) G(x1, ..., xn) < Az, ..., 2,).
Title Page
We can assume that, ..., u, > 0; if not, considercG < cA for a suitable Contents
c¢>0.Letm > 1. Then
44 44
(3.2) PolGl(uy, ... un) < PulAl(ut, ..., uy) p >
or equivalently Go Back
(3.3) RG] (ur, - - un) < Ron[A](un, - - -, un), Clezz
. Quit
since X
U+ - +u, ult U™\ ™ Page 10 of 23
< n
s ()
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Let1 < m < n. Themth complete symmetric polynomiaf uy,...,u, > 0
(see e.qg. 1, p. 341)) is defined by

Co(uy, ... uy) = Z ugt - u,

t14+in=m

(Hereiy, ..., 4, > 0, and we defin@® = 1.)
Let us now study’.. DenoteQ,,, = P,,[L]. By (2.4), U LMD E YT

Variables to Several Variables

m m—1 m n .
U +uy Tug + -+ ug Jorma K. Merikoski
Qu(u, uz) = " .
This can be easily extended to M [FEEE
) Contents
n+m—1\
_ < >
The corresponding mean,
Go Back
1
R [L)(uy, .. un) = Qm(ug, ... uy)m, Close
is called [.] the mth complete symmetric polynomial meainu,, . . . , u,. Quit
Thus we extend Page 11 of 23
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We compute this explicitly. Fixn > 2. Assume thati,...,u, > 0 are
Tyews ,Un) is
the (n — 1)th divided difference of the functiorfi(u) = «™ with arguments

all unequal. We claim thati2 < n < m + 1, thenC,,_,,+1(u

u,...,u,. In other words,

Cm—n I n_Cm—n 300y Un—
(43) Cm—n+1 (U’l’ . Jun) = +2(UQ “ ) +2<UI “ 1)'
Up — UL
(Forn = 2, we have simph\C,,, 1 (uy,up) = %.)
To prove this, note that faor > 1
(4.4) Cipluy, ... up) =ul +uf1C1(ug, ... U 1)
4+ 4+ Uan,1<U1, Ce ,Unfl) + Ck(ul, Ce ,un,l)
and
Ck(“h s ,U,n) = Ck’(uh un) + Ck‘—l(uh un)Cl(u27 s 7un—1)
+ o+ Cr(ur, un)Cror(Ug, o Up—1) + Crlug, ... Up—1).
Hence,
Cm—n+2(u2> s ,U,n) - Cm—n+2(u17 s 7un—1)
= Crm—nt2(Uz, ..., up) — Cry—pio(Ua, . .., Un_1, 1)
=2 ™ (g, 1) A Conga (U, - Up1)
— U — T (g, tne) — o — O (U2, Upt)
— (u:‘?*n+2 o ugnfn+2> 4 (u;nfn#l - u11nfn+1>01(u27 o 7un—1) 4.

+ (un - ul)Cm—n+1(u27 s aun—l)
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= (un - ul) CmfnJrl(ul? un) + Cmfn(ula un)Cl(u27 cee 7un71) + -
+ Cm_n+1(UQ7 e 7Un_1)]
= (un - ul)Om—n+1(u17 s aun)a

and @.3) follows.

By a well-known formula of divided differences (see e.g, p. 148]), we
now have

n

um Extending Means of Two
CmfnJrl(ul? . Un) = Z #’ Variables to Several Variables
=1 " Jorma K. Merikoski
where
n
U, = H(ul — uj). Title Page
i‘i Contents
Therefore, since pp NS
1 (n+(m—n+1)—1)1 (n—1)! < >
[ ="
(m—n+1)! m—n+1 m! Go Back
we obtain Close
1 (n—1)! Quit
— _ Uty ..., U = C _ Uty. .., U
(m_n+1)' Qm n+1( 1 ) n) m' m n+1( 1, ) n) Page 13 of 23
=D Gl
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Hence, and because theh divided difference of the functiofi(u) =

if m=n-—1and0if m <n— 2, we have

= 1
L(a:l,...,xn):1+ZEQk(u1,...,un)

k=1
> 1
= 1+Z (m_n_kl)‘menJrl(ula 7un>
1 = u
=1 —1)! _ i
+ (n ) m=n m' =1 Ul
=1 ul
=(n-1)! — -
| .
m=n—1 m =1 UZ
1l =
=(n-1)! — )y =
| .
m=0 m =1 UZ
"1 um iy
— _ 1\ il s —_1)!
(n—1)! Z T 2 (n—1) 7
i=1 m=0 =1
= (n - 1)' n
= [T (wi = wy)

=(n—1) ZHJ 1(lnm; Inz;)

L

Thus (.3) is found.

u™is 1
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Mustonen [] noted that, in computing numerically, the explicit formulal( 3)

is very unstable. He programmed a fast and stable algorithm basetpn (
(4.2), and @.4). His experiments lead to a conjecture that, denotihg =
G(1,...,n)andL, = L(1,...,n), we have

. . 1
lim (G — Gp) = lim (L — Ly,) = =
n—oo n—oo e
Extending Means of Two
and G I . Variables to Several Variables
lim = = lim == —. Jorma K. Merikoski
n—oo N n—oo 1 e

For G,,, these limit conjectures can be proved by using Stirling’s formula. For

L, they remain open. Title Page

Contents
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It is natural to ask, whether

(6.1) G(1,.. . xn) < L(xy, ... ) < Az, ... )

is generally valid.

Forn = 2, this inequality is old (see e.gl,[pp. 168-169]). Carlsor’] (see
also [1, p. 388]) sharpened the first part and Lij (see also [, p. 389]) the
second:

(62) (G(ZL‘l,Iz)Ml/Q(Z'l,xQ))% S L(Il,JIg) S M1/3((L’1,.I‘2).

Neuman {] defined (as a special case 6f Eq. (2.3)])

S Ty) = / (epoui In xz> du,
En—1 i=1

whereu; + - - 4+ u, =1,

En—l :{(ul,...,un_l)|u1,...,un_1 20, U1—|—"'—|—Un_1 S 1}7

and d; = duy - - - du,,_. He ([2], Theorem 1 and the last formula) proveii)
and reducedq.3) into (1.3).

Pearic and Simt [17] tied Neuman’s approach to a wider context. As a
special case ([2, Remark 5.4]), they obtained ().
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Let V' denote the Vandermonde determinant and/Jedenote its subdeter-
minant obtained by omitting its last row anith column. Xiao and ZhangL{]
(unaware of §]) defined

(n—1)! "
V(nzy,... Inz,)

L(zy,...,x,) = (=), Vi(lnzy, ..., Inxz,),

which in fact equals tol(.3). Also they provedg.1).

We conjecture thatg(2) can be extended to

(G(x1, . @) Myja(1, o 20))? < Ly, ay) < Myys(an, ... 2).
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In view of (3.2) and @3.3), it is now natural to ask, whethes.(l) can be strength-
ened to hold termwise. In other words: Do we have

P,[G] < Py[L] < P,[A]

or equivalently

that is
1
@) B o )t < (“1 *“'*“n)
n n
forall uy,...,u, >0,m>17?

FiX uy,...,u, and denote,, = Q,.(ui,...,u,)=. Neuman (§, Corollary
3.2]; see alsoll, pp. 342-343]) proved that

(7.2) E<m= q < qm.

The first part of {.1), ¢1 < ¢, is therefore true. We conjecture that the second
partis also true.

DeTemple and Robertsor][gave an elementary proof of @) for n = 2,
but Neuman'’s proof for generalis advanced, applying-splines.

Mustonen [] gave an elementary proof of (1) for n = 2.
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Pearic and Sime [17] (see also [, p. 393]) studied a very large class of means,
calledStolarsky-Tobey meanshich includes all the ordinary means as special
cases. They first defined these means for two variables and then, applying cer-
tain integrals, extended them tovariables. It might be of interest to apply
our method to all these extensions, but we take only a small step towards this
direction.

Let » ands be unequal nonzero real numbers. (Actuaily][allows s = 0 Extending Means of Two
and [] allowsr = 0, both of which are ObViOUS|y incorrect.) Consider 4\,[ Variables to Several Variables
Eq. (6)]) the mean

Jorma K. Merikoski

1

rox]—ay )\
(8.1) Er,s(xla Tp) = (— : H) ) Title Page
Contents
wherez; # ;. Assuming thats # —r, —2r,...,—(n — 2)r, this can be
extended ([2, Theorem 5.2(i)]) to 4« 4
< 4
8.2 E.(x,...,x,
8.2) ’ (21 ) L Go Back
n— n s+(n—2)r s—r
(n—1lrm! Ty (2 ] Close
s(s+r)---(s+(n—2)r) — Hiii (z] — %) Quit
where all ther;’s are unequal. Page 19 of 23
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To extend 8.1) by our method, we simply note that

1

x5 — xs xt — xh 5=
E.. _ 1~ % 1~ %y
slrn ) {s(ln xr — lnxQ)/ r(Inz; — Inxy)

1
_ (L(xi,afi))
Lata))

which can be immediately extended to

(83)E, s(x1,...,2y)

(L, )\
O \L(xy, ..,

{ZH]1 lnaz:z Inz;)] /ZH# lnxl ln:vj)]}

J#L

l( ) ZHJ 1 lnxZ lnxj /Z HJ 1 lnx, lnxj)]

This is obviously different from§_.2).

1

1
s—r

Unfortunately the problem of whethes.() indeed is a mean, i.e., whether it

lies between the smallest and largestremains open.
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Neuman (L0, Theorem 6.2]) proved the second part 6flf and [.1] showed
that 8.3) is a mean.
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