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Abstract

This paper is devoted to the investigation of sinc interpolation properties cor-
responding to a sequence of functions having the sinc function as a basis, the
interpolation is taken over the dyadic partition of the interval [0, 2z]. In particular,
a new class of functions for which the interpolation converge is introduced. The
convergence of our interpolation processes is studied and answered in quite a
comprehensive way. In fact, the paper aims to provide a guideline towards a
large number of problems of interest in applied sciences.
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The sinc approximation method is a very promising method for function ap-
proximation, for approximation of derivatives, for approximate definite and in-
definite integration, for solving initial value problems, for approximation and
inversion of Fourier and Laplace transforms. The sinc method is an attractive al-
ternative for numerical solutions to those problems which have no closed form.
The theory of sinc series on the whole real line is developeé]inThere are
several reasons to approximate by sinc functions. Firstly, they are easily imple-

Some Convergence Results on

mented and give good accuracy for problems with singularities; approximations sinc Interpolation
py sinc function are typified by errors of the for@(exp(—c/h)) whgrec >0 Mohamad . Sababheh
is a constant and is a step size. Secondly, approximation by sinc functions Abdul-Majid Nasayr and
handles singularities in the problem. The effect of any such singularities will Kamel Al-Khaled
appear in some form in any scheme of numerical solution, and it is well known

that polynomial methods do not perform well near singularities. Finally, these Title Page

kinds of approximation yield both an effective and rapidly convergent scheme

. . . I Contents
for solving the problem, and so circumvents the instability problems that one
typically encounters in some difference methods. Numerical processes of in- 44 4 4
terpolation on the real line, with the help of adroitly selected conformal maps < >
is adapted to handle these same processes on finite intervals, or in general on
other subsets of the real line. For more details s&€, []. Also, it is worthy to Go Back
mention the work by Stenge?], where he presents practically useful construc- Close
tive linear methods of approximation of analytic functions by polynomials, sinc _
functions and rational functions. Ir]| the author proves some convergence Quit
results on finite intervals, using the linear combination of the basis functions Page 3 of 34

Bnx = S(k,h)osinh™! <cos h~1 (i)) wherek = —n,...,n,h = logn/n,
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andS(k, h) is the sinc translated function, to be defined later.

Although there is no unique choice for the conformal map, and so one will
not guarantee an exponential decay of the convergence rate using the sinc method.
It should be pointed out that it might be possible that the selection of the confor-
mal mapping does not lead to a symmetric discrete system. While a symmetric
approximation system is not necessary for a good approximation, it is computa-
tionally efficient and analytically advantageous for solving the discrete system.
As a final note on selection availability of the conformal mapping. In problems
where two (or more) maps are applicable, the use of either of the maps leads some Convergence Results on
to a smaller size of the discrete system, for example, in the case of the domain Sinc Interpolation
(0, 00) there are available the selectidn$z) andln(sinh(z)). The mapln(x) Mohamad S. Sababheh,
often leads to a smaller discrete system that does themsiph(z)) for equiv- ARl AT
alent accuracy. To avoid these difficulties and as an alternative for the extension
(using conformal maps) made by Stenddr fhis paper is devoted to the inves-
tigation of sinc interpolation on the intervidl, 2x| (see, []). The paper is orga-
nized as follows. In Sectiof we define our interpolation processgsf; x), Contents
where the nodes are taken to be the diadic partition of the intérvat]. We
then study some basic properties of the interpolating fundjgif; x). In Sec-
tion 3 we take up the functional properties 6f(f;xz). Section4 deals with < >
new classes of functions for which the interpolation processes converges. In the

Title Page
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Let £y = {0, 7,27}, andEy = {0, 7/2, 7,37 /2,27}. In general let

2%
(2.1) En:{Q—: O§k§2"}.

In the following Lemma we state, without proof, some properties of the partition
E,

Some Convergence Results on

Lemma 2.1. For the setsF,, the following holds true Sinc Interpolation

. . . . Moh d S. Sababheh,
1. The sequencéE, } is an increasing sequence, iB; C By C ... Abdul-Maiid Naswt and

Kamel Al-Khaled

2. E =2 | E, is dense subset @, 2.

Definition 2.1. Let f : [0,27] — R be any function. For each natural number Title Page
n we define, Contents
(2.2) Sa(f2) = Y f(x)Log(x), S dd
kaGEn 4 }
where Go Back
sin[2" 7V (2 — 2] Close
(2.3) Ly (z) = 200 (1 — xp) T Tk Quit
1, xr = Ty
Page 5 of 34
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In the following sequence of lemmas we will give the basic properties of

S,(f,x) as an interpolating function.
Lemma 2.2. For any natural numbers, £ andj where0 < &, j < 2" we have
Luw(x;) = 0jk-

Proof. If j = k thenL,, ;(z;) = 1 by the definition ofL,, ;(x). Now if j # k,
we have

sin[2" ! (x; — xy)]

bn(;) = 2z — )
_sin 2! (35— 2)]
B 2n—1(x; — xy)
_ sin[(7 — k)7] _0
2n=1(x; — ) '
This completes the proof. O

Lemma 2.3.5,(f, x) interpolatesf on E,, for any functionf defined ono, 2x|.
i.e., S, (f,xx) = f(zg) forall z, € E,.

Proof.
f xk Zf 'Ij n,j xk
—f(fk nk(Tk) Zf% nj (k) = f(ar).
TjFTL
Sincexz,, is an arbitrary element af,,, the result follows. O
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We have shown tha$, (f,z) interpolatesf on the setF,, the following
lemma is a generalization:

Lemma 2.4. For any real valued functiorf on [0, 27], if lim,, . S,(f,z) =
g(z) theng(z) = f(z) forall z € E.

Proof. Let x be arbitrary element of/. SinceF is the union of the set&’ s
there must bey, such thatr € E, for all n > ny. Now forn > ny we have
Sn(f,z) = f(x) thereforelim,, .., S,.(f,z) = f(x), thusg(z) = f(x). Since

x is an arbitrary element af’ the result follows. ] Some Convergence Results on
Sinc Interpolation

Lemma 2.5.S,(f,x) = S, (f,z) for all z in Ey, wherek = min(n, m). ohamad S, Sababhen

. Abdul-Majid Nasayr and
Proof. Let n andm be any two natural numbers, ahd= min(m,n). Let g e e

x, € E) for some/, thenz, € E, because: < n. But S, interpolatesf
on E,, so thatS,(f,z,) = f(x,). By the same argument, we can show that

Title Page
Sl frwe) = (). O :
. i o Contents
The following sequence of lemmas give some result on the derivative of the
basis of the interpolation, from which one can approximate the solution for A dd
some differential equations. < >
Lemma 2.6. For any natural numbers andk with 0 < k£ < 2™ we have Go Back
(2.4) L, w(zr) = 0. Close
Proof. Forz = x, we have Quit
Page 7 of 34
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sin[2" Yz — ap)] — 2" (2 — )

—
o 2z — xg)?
" 2" 1 cos[2" 7 (x — ap)] — 277!
=1
Ty, 22nHx — xy)
. —2" 712" sin[2" (@ — )] 0
-, 227=1(1)
and the lemma is proved. O
) Some Convergence Results on
Lemma 2.7. For any natural numbers andk with 0 < £ < 2" we have Sinc Interpolation
. Mohamad S. Sababheh,
(2.5) / (x) _ 2" x (_1)J_k Abdul-Majid Nasayr and
. n,k\*"J 27T(j . k) : Kamel Al-Khaled
Proof. Title Page
L — L ;
L (z;) = Tim nk(T) i (T5) Contents
’ T v 4« »»
i sin[2" Nz — )] )
= lim
o—a; 20 (@ — xy) (T — ) >
21 cos[2" N (x — x5 1 Go Back
= lim cos| 1($ %) lim
Tz AL T—z; T — T Close
_1\i—k n _1\i—k
_ (=t 2 2><((‘ 13{) | —
Tj—x m() —
! " J Page 8 of 34
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For the second derivative, we have

Lemma 2.8. For any natural numbers andk with 0 < £ < 2" we have

_22n—2
(2.6) L (o) = =
Proof.
l N
" k(agk) = lim Ln’k(x) Ln’k ($k> Some Convergence Results on
n, Ty T — Tp Sinc Interpolation
— lim 2n_1(m - xk) COS[QH_I(x - xk)] - Sin[Zn_l(m - xk)] Mohamad S. Sababheh,
Ty, 2n71($ _ l‘k)?’ Abdul-Majid Nasayr and
Kamel Al-Khaled
— lim —2n=1on=1 (g — ) sin[2" 7 (@ — @)
Y 32w — me)? Title Page
_2n—1‘2n—1
= T Contents
_ «“ b
3 < >
]
Go Back
_ The fo!lowing is a connection between our interpolation and the Lagrange Close
interpolation.
Quit
Lemma 2.9. Let f be a real-valued function of), 2x] and let H,, denote the
Page 9 of 34

Lagrange interpolation function oA, thenS,,(f, x) = S,(H,, x).
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Proof. We recall that,, (z;.) = f(zy) for all z; € E,. Now,

S(frw) = > fxe) Lnk()

rpEE,

= Z Hp () L i(2)

€L,

= Sn(Hp, x).
O]

In fact the previous lemma is a particular case of the following lemma.

Lemma 2.10. Let f and g be two real-valued functions defined n2~] such
thatg(zy) = f(xzy) for all z;, € E,, for some natural numbert, thensS,,(f, z) =
S,(g,x) forall z € [0, 27].
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Notice thatS,, can be considered as an operator on the space of all real-valued
functions on|0, 27|. So that, it is convenient to study the functional properties
of S,, as an operator on the dual spacé®@®r]|. Note thatS,(f,z) is a linear
operator on the space of all functions defined@®nr]|.

Lemma 3.1. For each natural numbern, the operatorsS,, is a bounded linear
operator.

Proof. In order to show the boundedness%f we find a real numbaet,, such
that||.S,.(f)]] < c.||f|l- This is an immediate result. O

Corollary 3.2. For each natural numbe, S,, is a continuous linear operator.

We have shown that, is a continuous function of), 2| and is a continu-
ous linear operator on the dual spacéd®®r|. Therefore,S, is a continuous
maping in both its components, i.e., if we consider

Sp X x [0,271] — R,

thenS,, is continuous onX x [0, 27], whereX is the dual space g6, 2x].
The following few results give us some fixed points fy.

Lemma 3.3. For any natural numbers and k& where0 < k£ < 2" we have

(31) Sn(Ln,kax) = Ln,k(x)'
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Proof.

nka E Lnk :Ej n,J )

r;€En,
_Lnk(xk Z Lnk mg n,J )
zjFTE,
= Lmk(x).

O Some Convergence Results on
Sinc Interpolation

Lemma 3.4. For any natural number. and for any functionf on [0, 27] we Mohamad S. Sababheh,
haveSn(Sn(f), 1‘) = Sn(f, 33) Abdul-Majid Nasayr and

Kamel Al-Khaled

Proof.
Title Page
v Contents
= > > f@)Loy(a) Lax(@) S A
rrEE, x]'EEn 4 }

= Z Z f ()6 Ln () Go Back

rr€E, ijEn

Cl
- Z f(@r)Log(z) = Su(f, 2). ose
et Quit
] Page 12 of 34
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Thus.S,, as a linear operator on the class of all real valued functions defined

on [0, 27| has at least™ + 2 fixed points.

Talking about fixed points of a linear operator leads to talking about the

contraction which is considered in the following corollary.

Theorem 3.5. For any functionf on [0, 27], the operatorS,(f,x) is not a
contraction.

Proof. We firstly recall that the space of all real valued functiongar] is a
complete metric space with respect to the metric

(3.2) d(f,9) = sup{f(z) — g(x) : w € [0, 2n]}.

Now, if we assume on the contrary th&t(f, ) is a contraction, thes,, will
satisfy the requirments of the “Banach fixed point theorem”, and, héhdeas
a unique fixed point. The last statement is a contradiction becgusas at
least2™ + 2 fixed points. Thus, we conclude thé& is not a contraction. [

SincesS,, is not a contraction, one may ask about the relation betwggry)
andd(S,(f), Sn(g)). The following theorem answers this question.

Theorem 3.6. Let f and g be any two functions of, 2x|. For each natural
numbern, we have

(3.3) d(Sn(f), Sn(g)) < (2" + 1)d(f, g)-

Proof.

d(Sn(f),Sn(g)) = sup [Su(f, ) — Sn(g, v)|

[0,27]
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= sup [Sp(f — 9|

[0,27]
= sup | Z flar — g(zi)] Lng(2)]
[0,27]
271
< sup > |f(wx) — g(an)|[ Lns(2)]
[0,27] 1.2
_ Some Convergence Results on
< Sup Z |f J;k g(xk” Sinc Interpolation
[0,27] 2=
Mohamad S. Sababheh,
Abdul-Majid Nasayr and
< sup Z |f | = (Qn + 1) (f7 g)- Kamel Al-Khaled
[0,27] L=
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Since the nodes of the interpolation are of the fo?ﬁ-n, one can think about

the limit; lim,, .o 35 | £ (22)]. In fact this idea introduces the following
definition.

Definition 4.1. LetU |0, 27| be the class of all real valued-functiofin [0, 27|

and for which
lim Z ‘ f (2k”>

Lemma 4.1. The condition in the last lemma is equivalent to the condition

Z |f ()| < oc.

TR

Proof. We show that

,
im 37 (57| = 3 v
k=0 rLEE

in order to prove the lemma. For, numerate the countabl& set following:
The elements of; arex, r; andx,.

The elements of), — F arexs, x4.

The elements of); — F, arexs, ..., xq.

In general, the elements @+1 — En arexgn i, ..., Tonti. NOW,

Z|f x| = hm <2k7r)‘

el
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the last equation is valid because of our choice of the numeration. O

The reader must realize that any rearrangement of the above sums is not
important because we are dealing with absolute sums.

Example 4.1. Here we give an example of a function that belongs to the class
U[0, 27], i.e, we show that/[0, 2] # 0. For, let f : [0,27] — R be defined
by

]%27 r = Tk,
f(x) = Some Convergence Results on
1, X 7& X Sinc Interpolation
Here we consider some numeration for the countable®sdt is clear that Mohamad S. Sababheh,
Abdul-Majid Nasayr and
e 00 1 7T2 Kamel Al-Khaled
i s (55 2 ol =3 5 = -
zi€E Title Page
Therefore,f € U|0, 27] Contents
Example 4.2. In this example we show that the cld$f), 2| doesn't contain < Y
any polynomial of the fornf(xz) = az™. For, consider > N
2n
2]<?7T 2]{}7T m Go Back
Z Z | =t Z k —
2 2
k= Close

Although the exact formula for the last sum needs more complicated computa- Quit
tions, we know that this sum will be a polynomiabinof degreen + 1. Thus,
= |al (QW x g(m+ 1), whereg(m + 1) is the indicated polynomial. Now it

is clear that,lim,,_,, a, = co. Thereforef # U|0, 27].
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Lemma4.2.If f is any real valued function o, 2| such that f| is integrable
in the sense of Reimann arfid= U|0, 27| thean’r (x)|dz = 0.

Proof. For each natural number, E, = {ZZ, 0 < k < 2"} is a partition for

[0, 27]. The subintervals of this partition are

0’2_7T : 2_7T’4_7T o M’Qﬂ- )
n on’ gn 2n

Now consider the Riemann sum ffover this partition,

27L

Z’f )|

wherez;, is any point of the&c—th mterval of the partition. Sincgf| is integrable
(in the sense of Riemann) we can taketo bex;, = 2k7 and, hence,

Ra(lf]) = Z|f ) Z‘f (””)‘.

Now write the integral off as the limit of a Riemann sum to get

2 2km
/ (z—n) \'

2 It
|[f(@)ldr = lim R,(|f]) = lim 272
0 — 00
But sincef € U[0, 2] we havelim, ... > .., | f (%2)| is finite. Thus,

k=1

n—oo

2 o
/ |f(x)|dz = lim on X (finite value = 0.
0
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Lemma 4.3.If f € U[0, 2x| and| f] is integrable in the sense of Riemann, then
[0, 2] does not contain any intervdlsuch thatf(z) = 0 for all x € I.

Proof. Assume that there is an intervAlC [0, 27| such thatf(z) # 0 for all

x € I, then
27
| 1r@lde= [15@an s [ it
0 I [0,27]—T1
> [17@)ds
I

>0

but this contradicts the last lemma, and the lemma is proved. O

Lemma 4.4. The only continuous function iii[0, 2] is the zero function.

Proof. Let f be a non-zero continuous function @n2x], then there is at least
onezx € [0,2n] such thatf(x) # 0. Sincef is continuous at, there must be
an intervall containingz for which f(x) # 0 for all z € I. Butm(I) > 0 and
this contradicts the last lemma. O]
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Lemma 5.1. For any natural numbers andk with0 < k£ < 2", we have

1 orkit\ _,
(5.1) Ly(x)= —/ exp ( ™ ) e "tdt.

2n 2n—1 2”
Proof.
n—1
i : ezgiﬁit_mdt
2n 72n—1
271,71
= zin ei(%ﬁ_f’:)tdt
_27171
_ 1 1 (2 —a) ]2
w1
1 1 [i(Zm )2t —i(m—a)2nt
= —— e 2n _ e Pig
i (5 =) | |
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The last proof is valid whenever # x;; the case where = z, is easy to
seen. 0

Corollary 5.2. The Fourier transform of,, ;(z) is
{ 2 oxp(2irt), 1] < 2!

0, |t| > 2n—1

(5.2) F(t) =

Proof. Let I’ be the Fourier transform gf, thenF’ must satisfy the equation

1 .
L,x(t)= Dy /R e " F(z)dz.

By the last lemma we find that the function defined in equattof) (satisfies

this condition, and since the Fourier transform is unique, the result follos.

Corollary 5.3. For any natural numbers, k£ and j where0 < k,j < 2" we
have

2T

(5.3) /R Logo(@) L j(2)dx = o5

kg

Proof. Let /' andG denote the Fourier transforms bf ,, andL,, ; respectively,
then by Parseval’s theorem,

/R Lo (2) Ly (2)dr = —

. F(t)G(t)dt.
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Firstly, if £ = j, then

2n1

1 4 _2r 2w
[ Erata)Enstorde = 5= [ e = 3T = T
Secondly, ifk # j then
1 27 4n? ke
Lo (@) Lo (2)dz = — =T emit(t) g
/R ’k<x> ( ) v 27T —on—1 22716 i
L O
22 24 (k — j) —on-1

1 oigin|(k— )]

2%i(k — j)

Corollary 5.4. Let f : [0,27] — R. For each natural nuber we define

_wi 2k7r 2kmix
(5.4) Fy(z)=1{ 2" & o )
0,
then for any natural number, we have

277,71
(5.5) Suf,1) = 5 / Fy(z)e " d.

In fact, F;, is the Fourier transform ob,,.

|| < 21

lz| > 2" 1
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1 . 1 M G (2 2kie
o - Fn<x>efltxdx:_ i _ﬂ-zf(2n7r) 61“27 —'Lt:L"d‘r

O

Corollary 5.5. Let f be a real-valued function such that bothand |f| are
integrable in the sense of Riemann, and such that0 outside|0, 27|, also let
F be the Fourier transform of, then

(5.6) nhj& F.(x) = F(x),

whereF,, is defined in Corollarys.4. MoreoverF,, — F' uniformly.
Proof. For fixx € [—2"~1 2771, let

(5.7) g(t) = f(t) exp(itz), t € [0,27]

and consider the-th Reimann sum of over|0, 27];

(5.8) _ 2_7T Z (2k7r> exp (2/;7;@'1:)
k=

Some Convergence Results on
Sinc Interpolation

Mohamad S. Sababheh,
Abdul-Majid Nasayr and
Kamel Al-Khaled

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 22 of 34

J. Ineq. Pure and Appl. Math. 4(2) Art. 32, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:
mailto:nusayr@just.edu.jo
mailto:
mailto:kamel.alkhaled@uaeu.ac.ae
http://jipam.vu.edu.au/

therefore,

k=1
= lim F,(z),
which implies
2
/ F(#) explitz)dt = Tim F ()
0 n—oo

thus,
F(z) = lim F,(x)

The uniformly convergence fact follows because
2’71

(5.9) hm Z 2nf (22k:n7r) exp (2k7rm>‘ lim (2]{:%)'

and the last series converges to a real number be¢@piseintegrable. By the
M —testwe have the result. And the corollary is proved. O

Corollary 5.6. For any natural numbers andk with 0 < £ < 2", we have

Y
Fn(x)exp( kmx) dz,

27L71

(5.10) f <2§nﬂ) = %/zn_l

where{ F,,} as defined in corollarp.4.

2n
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Proof. Consider the Fourier series representationffpin (—2"~1 2" 1);

F,(z) = Z Ck exp( 27;”) ;o |m < 2m

k=—o00

Compare this with the definition df,,(z) to getc, = 0 for £ < 0 andk > 27

andc, = 22 f (%2) for 0 < k < 2". Also we know that

1 o —2kmix Some Convergence Results on
Cr, = — F(.CE) exp d s Sinc Interpolation
2n —on—1 2”
Mohamad S. Sababheh,
and hence Abdul-Majid Nasayr and
Kamel Al-Khaled
2km 1 [ —2kmix
= — F dz.
/ ( 2n ) 2m /_in (z) exp( 2" ) v Title Page
o Contents
The last corollary gives rise to the following new class of functions. S S
_— . < >
Definition 5.1. Let.J|0, 27| be the class of all real-valued functioryspn [0, 27|
and 0 outside this interval) for which there is a functidt), satisfying the fol- Go Back
lowing conditions: Close
e F,(z) = 0for all z outside(—2"~*, 2"~!) for some natural number Quit
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Although the clasg/[0, 27| seems to be very complicated, it has many nice

properties. In the following sequence of theorems we give the most important

properties for this class.

Theorem 5.7. For any functionf € J[0, 27| we have the series representation

f(x) = Su(f, ),

wheren is as in the definition of [0, 27| and

gn
(5.11) Sty =S (22’“,,”) Loaa).
k=0
Proof. Sincef € J|0, 27}, there exist3,, such that
1 » —ixt
£(1) = 5 /_in P (2)da

for all n > ny. The functionF in the last equation can be represented on the
interval (—2"~1, 2"~1) by its Fourier series representation, i.e.

F.(z) = Z Ck €XP ( 27;”) , 2" < < 2!

k=—o00

with

2n71

1 2kmi
cp = — F,(x)exp (— mx) dx.
2” _27L71 2n
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By our choice ofF, we haveg, = 22 f (22),

Substitute this value in the Fourler seriesfofo get

M — 2k 2kimx
_ 2n—1
Fua)={ 27 (5 ) e (55) W<

0, 2] > 271,
Now,
1 2 —xt
£1) = o /_ s

27L71

1 - 2k 2kimx\ .
=5 2n12n_2f( )exp( on )6 dz

Eg(z”) 051 (5) =50

Theorem 5.8.1f f € J[0, 2n] then forn as in Definition5.1,

2k |
2n

27’L

| i@pi =3
0 =

2n
k=0
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Proof. Sincef € J[0, 2x] we have

o) = Zf (57) Losto

for n as in Definition5.1. Now,

R Some Convergence Results on
Sinc Interpolation

™
:/ Zf( on )L”k(x)] dx Mohamad S. Sababheh,
R

Abdul-Majid Nasayr and

Kamel Al-Khaled

- 2k |2 2km 29
- [1Z)r (50)| o+ X o (B7) £ (3F) Lnk<x>Ln,j<x>] i
R k=0 k#j Title Page
271, 2 .
2k 2k 2 Content:
Sl N [ statorae (B2 5 () [ tosortstons EEE
2n R ’ / 2n 2n R ’ >
k=0 kj 44 4 4
A 2
2m 2km | >
=5 2|/ (T) :
k=0 Go Back
N Close
The following theorem tells us some type of convergence of our interpola- Quit
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Theorem 5.9.Let f :
Riemann, then

[0,27] — R such thatf? is integrable in the sense of

" S2(f2)da

—0o0

(5.12) / 7 @)z = tim

Proof. Firstly, we notice that

St (g (m) ,(.@)2
S e () () it

k#j
Now integrate both sides of the last equationirio get

/ S2(f,2)da
/ (Z (%) B )2t (57) (5 )Ln,m)LnJ(x)) dr
> (2k7r) kdx—l—z f(%w> (2;:> /Ln,k(x)LnJ(l‘)dl‘

2™
2T
=2—z

k=

()]
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The validity of the last equation arises from corollar. Now take the limit of
the last equation as — oo to get

. 2 2km
dim, | S3072) x—JE&Q—nZ\f(

R

o < 2km 2
lim =~ - 2
lim =7 ;‘f( o ) /O |f ()P d

because it is the limit of the Riemann sum fGron [0, 27|, this completes the
proof of the theorem. O

but
2

Lemma 5.10.Let f be any real-valued function df, 2|, then for any natural
numbers: andk with 0 < k£ < 2", we have

(5.13) [ utsn Lo = 2 (ZZ’T) |

Proof. We recall that

Zf (2”) (),

multiply both sides by, . (z) and integrate oifR to get:

/RSn(f, x) Ly g (z)dx

/ Zf (23”) () L)
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2km 29
=f <2—n) /Li,C dx—l—#zkf < 5 )/RLn,k(x)Lw(:c)dx
_f <2lm) o 0

(k)

Theorem 5.11.Let f be a real-valued function such thgtand |f| are inte-
grable in the sense of Riemann n2~|, then

]

(5.14) lim S,(f, ) = f(z) a.e.

on [0, 27].

Proof. We saw in Corollarys.4 that F}, is the Fourier transform of,,, and that
in Corollary5.5,

lim F, =F
uniformly, whereF' is the Fourier transform of.

Therefore,
lim F(S,) = F(f)

n—oo

but by our conditions orf and,F is a continuous linear operator, we have,

F(lim S,) = F(f)

n—oo
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So, we conclude that
lim S, = f a.e.

n—oo

]

As a notation, Lef’, (z) denote thé.agrangeinterpolating function ob,,( f, x)
with the nodes of2,,, and letH,, (=) denote thé.agrangeinterpolating function

of f(x) with the nodes ofz,,.
Lemma 5.12. Let f be any real-valued function of), 2x|, then P,(z) =
H,(z).
Proof. By the definition of thdLagrangeinterpolation we have,
.73) = Z Sn(fvxk)Jn,k<‘r)7
rreE,
whereJ, x(x) = []., — andj ranges over the integers betwekand2",

J#k xp—x;
included. But since,,( f, a:k) f(zy) for all z;, € E,,, we would have

v) =Y flar)Jus(z)
ik
= H,(x).
]

Theorem 5.13.Let f € C?"[0, 27| for any natural number. then for each

z € [0, 27] we have

(F)=$ul£2) = Gy [ (o= {s

zpeE,

S () + fE (&)}
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where((z) and&(z) are two numbers in the intervdl, 27) and depend on:
only.

Proof. Let H,, and P, as in the last lemma, then

(f(z) = Sulf.2) = (f(x) — Hu(z) + Ho(2) — Pa(2) + Pa(z) — Su(f, 7))
= (f(z) — Hp(2)) + (Hu(z) — Pa()) + (Pa(x) — Sy

- 2”—11-1! IT (&= =) (F ()

zp€E,

+ iy 1L =m0 (55c@)

rpeE,
1 n
=@y L @ o {SE0CE) + /6 @))
mkEEn
which completes the proof. ]
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