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ABSTRACT. In this paper we establish new Chebyshev type inequalities via linear functionals.
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1. INTRODUCTION

Let f,g : [a,b] — R be two absolutely continuous functions whose derivatifeg’ €
Loo|a, b].
The Chebyshev functional is defined by:

@y 1=y [ rwe (G [ ) (7 [ o)

and the following inequality (se&l[8]) holds:

(1.2 F(f,9)] < 2500 — 1 g1

Many researchers have given considerable attention td (1.2) and a number of extensions,
generalizations and variants have appeared in the literature/ seé ([11, [2], [3].[6], [7]) and the
references given therein.

In [[7] B.G. Pachpatte considered the following functionals:

Fip = L[LOEI0 o (0]
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B.G. Pachpatte proved the following results:

and

1
—a

H(f.9) =

Theorem 1.1.Let f, g : [a,b] — R be absolutely continuous functions whose derivatives
f',¢" € L,[a,b], p > 1. Then we have the inequalities

(1.3) (/9 < 7——3 (b_ mE S Mlpllg Hp/[ ()] de,

1 ’ ! / 1
(1.4) (5,9 < 55— [ 1s@I7 1+ 1) 1 B @) e,
where
(1.5) B(x) - (x —a)™™ + (b— )1t

q+1
forz € [a,0] and J + ¢ = 1.

Theorem 1.2.Let f,g : [a,b] — R be absolutely continuous functions whose derivatives
1, ¢ € Lya,b], p > 1. Then we have the inequalities:

1 /a)| £ !
(1.6) 1S(f,9)] < (b—a)2M2 [y A
and
1 Ml/q ’ / ".1d
(1.7) H(9l < G J @11, + 7@l e
where

(271 4 1)(b — a)7*!

M =
3(q+ 1)69

1 1
and5+5—1.

The main purpose of the present note is to establish inequalities similar to the inequalities
(1.3) — [1.6) involving isotonic functionals.

2. STATEMENT OF RESULTS

Let I = [a,b] a fixed interval. For every € I we consider the function; : [a,0] — R

defined by
0, z € la,t),
u(z) =
1, =€t b.
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CHEBYSHEV TYPE INEQUALITIES 3

Let L be a linear class of real valued functiofs I — R having the properties:

Li: f,gel = af+pge L, foralla,feR
Ly: wu, € Lforallt € [a,b)].

An isotonic linear functional is a functional : L. — R having the following properties:

Ar: Alaf+0g) = aA(f) + BA(g)for f,ge L, o, R
Ay feL, f(t) >0onIthenA(f) > 0.

In what follows we denote by the set of all isotonic functionals having the properties:

M,: Ae MthenA(w) € L,(R)forallp > 1
My: A€ MthenA(l) =

Now, we state our main results as follows.

Theorem 2.1.Let f,g : [a,b] — R be absolutely continuous functions whose derivatives
f,¢ € Lya,bl, p > 1 and A, B, C isotonic functionals belong td4. Then we have the
following inequalities:

21)  [C(fg) = C(f)Blg) — C(9)A(f) + A(f)B(g)l < CLE(A, B)IF Npll9ll»

and

(2.2) 2C(fg) = C(f)B(g) — Cl9)A(f)] < ClHygl,

o= ([ s (e

1

i) =loto)l ( [ ) — Agwlrar) 171,

f(a ( / fus(r) — Bluy |th) 191,

Theorem 2.2.Let f,g : [a,b] — R be absolutely continuous functions whose derivatives
f',¢" € Lya,b], p > 1 and A, B two isotonic functionals belong t81. Then we have the
inequality:

(2.3) [A(f)A(g) = A())C(9) — C())Alg) + C(NHC] < M4 £ 11,119 [l

where

=

\_/

and

M = / |A Ut Ut)|th

1 1
and5+5_1.
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3. PROOF OF THEOREM 2.1

+ /a ' f(t)dt

and using the definition of the functian we obtain the following equality

From the identity:

b
(3.1) f@) = 5@+ [ wle)f (0

FunctionalA being an isotonic functional from (3.1) we get

(3.2) A(f) = f(a) + / Alud) f/(8)dt

From (3.1) and[(3]2) we obtain

b
(3.3) f(2) — A(f) = / fun() — Alu)) /(1)

Similarly we obtain:

3.4) o(0) = Blo) = [ ute) - Bl @)
Multiplying the left sides and right sides §f (3.3) afid{3.4) we have:
(3.5) f(@)g(x) — f(x)B(g) — g(x)A(f) + A(f)B(9)
= [t ~ Al Oar [ Tute) - Bty 0,
From [3.5) we obtain:

(3.6) [f(x)g(x) — —9(x)A(f) + A(f)B(9)

/ () — A(us)| /() / () — B(ur)| g/ ()| dt.

Using Holder's integral inequality fron (3.6) we get:

B.7) [f()g(x) — f(x)B(g) — g(x)A(f) + A(f)B(9)]

1

< ( / o) — o) ( / Jur(a) — Bl ) 1119l

From (3.T) applying the function&l and using the fact that is an isotonic linear functional
we obtain inequality[ (2]1).

Multiplying both sides of[(3.]3) andl (3.4) by x) and f () respectively and adding the result-
ing identities we get:

(3.8) 2f(x)g(x) — g(x)A(f) — F(x)B(g)
- / 9(2)u(z) £)dt + / F(@)lurlz) — Bulg'(£)dt.
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From (3.8), using the properties of modulus, Holder’s integral inequality we have:

(3.9) |2/ (x)g(x) — g(x)A(f) — f(x)B(g)|

o)l ([ uto) = atupat) 151,
11 ([ o) = Baorar) g,
or

(3.10) 2f(z)g(x) — g(x)A(f) — f(2)B(g)| < Hyg(x).
The functionalC' being an isotonic linear functional we have:
(3.11)  C(12f(x)g(x) — g(x)A(f) — f(x)B(9)]) = [2C(fg) — C(9)A(f) — C(f)B(g)l.

From (3.10) applying the functional and using[(3.1]1) we obtain inequalify (2.2).
The proof of Theorer 2|1 is complete.

4. PROOF OF THEOREM [2.2
From (3.1) we have:

@1) ) 50 = [ ) ~ wlolr
and

4.2) o) —90) = | ) — w)lg' Oyt
Applying the functionalsd andC in @I) and[@R) we obtain
@3) A -t = [ 1a) - s o
and

@.4) A0~ (o) = [ TAGw) ~ Cluold (et

Multiplying the left sides and right sides ¢F (#.3) afid {4.4) we have
(45 ADA() — ANClg) - AT + ()
-/ LA Gu) - Clu))f 1)t / LA Gu) - Clu)lg (.
Using Holder's integral inequality fronfi (4.5) we obtain
A(F)Alg) — ANC(g) — Alg)CLF) + C(£)CLg)

< ([ 140 = corar) 151091

The last inequality proves the theorem.
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5. REMARKS
a) For .
AU =B = O = s | oo

then from Theorem 211 we obtain the results from Thedremn 1.1.
b) Inequality [(1.B) is a particular case of the inequality|(2.3) wHea F,

b
= bia/ f(z)dx
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