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ABSTRACT. We use a parabolic region to prove certain inequalities for unifogmiglent func-
tions in the open unit disb.
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1. INTRODUCTION
Let A(p) denote the class of functiorf§z) of the form

fE =2+ Y s peN=1,23...),

which are analytic and multivalent in the open unit disk= {z : z € C; |z| < 1}.
A function f(z) € A(p) is said to be inSP,(a), the class of uniformly-valent starlike
functions (or, uniformly starlike whep = 1) of ordera if it satisfies the condition

2f'(z) } 2f'(z) '
- we{ el 2| |
Replacingf in (1.1) byzf’(z), we obtain the condition

) M_a} 2NN ‘
12 ve i+ i a2 | s -0

required for the functiorf to be in the subclagSC'V,, of uniformly p-valent convex functions
(or, uniformly convex whemp = 1) of ordera. Uniformly p-valent starlike ang-valent convex
functions were first introduced|[4] when= 1,a = 0 and [2] whenp > 1,p € N and then
studied by various authors.
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We set
Q, = {u—l—iv,u—a> (u—p)2+v2}

with g(z) = & org(z) = 1 + ZJ{((ZZ)) and consider the functions which ma@p onto the

parabolic domain,, such thay(z) € Q,.
By the properties of the domain,,, we have

(L.3) Re(q(2)) > Re(Qa(2) > P27,
where ,
a2+ 8281 (s (12))

Futhermore, a functiorf(z) € A(p) is said to be uniformly-valent close-to-convex (or, uni-
formly close-to-convex whep = 1) of ordera in D if it also satisfies the inequality

for someg(z) € SP,(a).

We note that a functioh(z) is p-valent convex inD if and only if zh/(2) is p-valent starlike
in D (see, for details| [1]/]3], and [6]).

In order to obtain our main results, we need the following lemma:

Lemma 1.1 (Jack’'s Lemmal[5]) Let the functionw(z) be (non-constant) analytic i with
w(0) = 0. If |w(z)]| attains its maximum value on the cirdld = r < 1 at a pointz, then

zow'(29) = cw(z),

cisreal andc > 1.

2. CERTAIN RESULTS FOR THE MULTIVALENT FUNCTIONS
Making use of Lemmp 1] 1, we first give the following theorem:

Theorem 2.1.Let f(z) € A(p). If f(2) satisfies the following inequality:

1+ L8 —p 2
2.1) Re % <1+ —,
e P 3P

then f(z) is uniformlyp-valent starlike inD.

Proof. We definew(z) by

2f'(2) p
2.2 —p== D).
(2.2) ) P ;wiz),  (peNzeD)
Thenw(z) is analytic inD andw(0) = 0.Furthermore, by logarithmically differentiating (2.2),
we find that
2f (2) p zw'(z)
1 —p=7 D
+ 702 P 2w(z)+2+w(z), (peN,ze€ D)
which, in view of [2.1), readily yields
14206 D 2w'(2)
(2.3) ) , peN,ze D).
7O, @+ u) )
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Suppose now that there exists a paint D such that

max [w(z)] : |z < [z0] = |w(20)] = 1; (w(z0) # 1);
and, letw(zy) = (9 # —x). Then, applying the Lemnja 1.1, we have
(2.4) zow'(20) = cw(2o), c>1

From (2.3) —[(2.4), we obtain
1+ ZOf”(ZO) _p /
f'(20) 20w’ (20)
Re ( 20/ (20) = e (1 * Pw(z0)(2 + w(z )))
o) P 2 '
2¢ 1
=Re (1+—F—7—
e( p(2+w@®J

=14 (m)
(

which contradicts the hypothesjs (2.1). Thus, we conclude|that)| < 1 for all = € D; and
equation[(2.R) yields the inequality

2f'(2)

f(2)
which implies that% lie in a circle which is centered atand whose radius &which means
that ZfES) €, and so

p
27

—p‘< (peN,z € D)

I
w«@} zf@)_‘
29 {25
i.e. f(z) is uniformly p-valent starlike inD. O

Using (2.5), we introduce a sufficient coefficient bound for uniforpilyalent starlike func-
tions in the following theorem:

Theorem 2.2.Let f(z) € A(p). If

S (2k+p—a) larl <p—a.
k=2

thenf(z) € SP,(a).
Proof. Let

S @2k 4p—a) ars,| < p -«
k=2

It is sufficient to show that
zf'(2)

p+a
f(2) '

2

<

—(p+a)

J. Inequal. Pure and Appl. Matt9(3) (2008), Art. 90, 6 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 H.A. AL-KHARSANI AND S.S. AL.-HAJIRY

We find that
(2.6) 2f'(2) —(pta)| = ‘ —a+ Z;O:%gk — Q) pp2t! <& + 220:2(!: — ) |ak:—&-p|7
f(2) L+ iy rapht 1= 2 okl
(2.7) 204—|—Z(2k +p—a)lagp <p+a.
k=2
This shows that the values of the function
2f'(2)

(2.8) D(z) =

& =7
lie in a circle which is centered §p+«) and whose radius &5, which means thaﬁ% € Q.
Hencef(z) € SP,(a). O

The following diagram show:Q% whenp = 3 and the circle is centered étwith radius;i :

257

Figure 1.

Next, we determine the sufficient coefficient bound for uniforpiyalent convex functions.

Theorem 2.3.Let f(z) € A(p). If f(z) satisfies the following inequality

14 276,
(2.9) Re (f;—‘(g <1+ ,
L+ —p K

then f(z) is uniformlyp—valent convex irD.

Proof. If we definew(z) by

zf”(z) P
(2.10) L+ = —p==w(z), peEN,ze D),
e Swi), )
thenw(z) satisfies the conditions of Jack’s Lemma. Making use of the same technique as in the
proof of Theorem 2]2, we can easily get the desired proof of Theprgm 2.4. O
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Theorem 2.4.Let f(z) € A(p). If
(2.11) > (k+p)2k+p—a) lar,| < plp— ),
k=2

thenf(z) € UCV,(«).

Proof. It is sufficient to show that

2f"(2) pta
+ —pt+oa)< .
O I
Making use of the same technique as in the proof of Thegrein 2.3, we can prove inequality
2.9). O

The following theorems give the sufficient conditions for uniformdyalent close-to-convex
functions.

Theorem 2.5.Let f(z) € A(p). If f(z) satisfies the following inequality

zﬂ@» 2
2.12 Re <p-—-—,
@12 (F5) <3

then f(z) is uniformly p-valent close-to-convex in

Proof. If we definew(z) by

(2.13)

then clearlyw(z) is analytic inD andw(0) = 0. Furthermore, by logarithmically differentiating
(2.10), we find that
12 /
(2.14) 2MC) _2(z)
f'(z) 2+ w(z)
Therefore, by using the conditions of Jack’s Lemma and [2.11), we have

w () =0 ()

=@P-1+

14 ey 2
=P 3 P73

which contradicts the hypotheses {2.9). Thus, we conclude|th@t)| < 1 for all = € D; and
equation|(2.10) yields the inequality

Iz

zp—1

_p<g7 (p€N7ZED)

which implies that— € Q, which means

%e{fkﬁ}z
2Pl
and, hencg (z) is uniformly p-valent close-to-convex if. O
Theorem 2.6.Let f(z) € A(p). If

1)

zp—1

p—«

Z k+p ’ak+p’ < 9 )
k=2

thenf(z) € UCC,(a).
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By takingp = 1 in Theorems$ 2]2 ar|d 2.6 respectively, we have

Corollary 2.7. Let f(z) € A(1). If f(z) satisfies the following inequality:

5\ s
Re e ) < g,
f(z)

then f(z) is uniformly starlike inD.
Corollary 2.8. Let f(z) € A(1). If f(z) satisfy the following inequality

* (7)<

then f(z) is uniformly close-to-convex iP.
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