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1. Introduction

Let A(p) denote the class of functiorfgz) of the form
flz) =2"+ Zakzk, (peN=1,2,3,...),

which are analytic and multivalent in the open unit disk= {z : z € C; |z| < 1}.

A function f(z) € A(p) is said to be inSP,(«), the class of uniformly-valent
starlike functions (or, uniformly starlike whem = 1) of order« if it satisfies the
condition

2f'(2) 2f'(2)
-y Rl e =T ]
Replacingf in (1.1) by zf'(z), we obtain the condition

2f () 2f ()
(2 we 1+ T e = 5 ‘“”‘”‘

required for the functiorf to be in the subclaggC'V,, of uniformly p-valent convex
functions (or, uniformly convex whem= 1) of ordera. Uniformly p-valent starlike
andp-valent convex functions were first introducet] Wwhenp = 1,a = 0 and ]
when p > 1, p € N and then studied by various authors.
We set
Q, = {u—l—z’v,u—a > (u—p)2—|—v2}

with ¢(z) = %S) orq(z) =1+ ij((zz)) and consider the functions which mép

onto the parabolic domaif,, such thay(z) € €.
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By the properties of the domain,, we have

(L3 Re(q(2)) > Re(@Qal2)) > L2,
where Ny )
B 2(p— ) o 14+ /2
020+ (125

Futhermore, a functioli(z) € A(p) is said to be uniformly-valent close-to-convex
(or, uniformly close-to-convex whem = 1) of ordera in D if it also satisfies the

inequality
Re {M - a} > 20 —p'

9(2) 9(2)

for someg(z) € SP,(«).

We note that a functior(z) is p-valent convex inD if and only if zh/(z) is
p-valent starlike inD (see, for details,], [3], and [6]).

In order to obtain our main results, we need the following lemma:

Lemma 1.1 (Jack’s Lemma p]). Let the functionu(z) be (non-constant) analytic
in D with w(0) = 0. If |w(2)| attains its maximum value on the cirglg = r < 1
at a pointz,, then

zow'(20) = cw(2),

cisreal andc > 1.
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2. Certain Results for the Multivalent Functions

Making use of Lemma&..1, we first give the following theorem:

Theorem 2.1.Let f(z) € A(p). If f(z) satisfies the following inequality:

2f(2) _
(21) §R€ 1 ™ /f’(z) p < 1 + 3’ Inequalities f9r p-Valent
zf'(z) _ 3p Functions
f(z) p H.A. Al-Kharsani and
S.S. Al-Hajiry
then f(z) is uniformlyp-valent starlike inD. vol. 9, iss. 3, art. 90, 2008
Proof. We definew(z) by
Title Page
2f'(2) p
(2.2) 8 —p= §w(z), (peN,ze D). Contents
Thenw(z) is analytic inD andw(0) = 0.Furthermore, by logarithmically differen- « d
tiating (2.2), we find that < >
" ! Page 5 of 13
1+Zf, (z)_p:;_ow(z)+—zw(z) , (peN,ze D) a9
f'(z) 2 2+w(z) Go Back
which, in view of ¢.1), readily yields Full Screen
1+ Zf/_(z) —p / Close
@) ittt e peNzeD)
- 5w(2)(2+ w(z)) journal of inequalities
] ] in pure and applied
Suppose now that there exists a paint D such that mathematics
max|w(z)|: |2] < Jzo = Jw(z)| = 1 (w(z0) # 1);
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and, letw(zy) = (6 # —x). Then, applying the Lemma 1, we have
(2.4) zow'(20) = cw(z), c>1.
From @.3) — (2.4), we obtain

1 4 2f (=)

f'(20)
Re 20f'(20)

f(20) p

-p

2c 1
-1t p%(mw(z@)))
:1+§§Re( L ) 0 £ —7)

D (2 + )
:1+%>1+3

3p — 3p

which contradicts the hypothesi8.{). Thus, we conclude thatv(z)| < 1 for all
z € D; and equation4.?) yields the inequality

2f'(z) ‘ p

—p| <7z,
f(z) 2
which implies thatzjfzg) lie in a circle which is centered atand whose radius i5
which means thai% € Q, and so

(2.5) Re {ij (S)} >

(peN,ze D)

790
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i.e. f(z) is uniformly p-valent starlike inD. ]

Using .5, we introduce a sufficient coefficient bound for uniformlyalent
starlike functions in the following theorem:

Theorem 2.2.Let f(z) € A(p). If

Inequalities for p-Valent
Z Qk +p—« |ak+p| <p-— Functionsp
k=2 H.A. Al-Kharsani and
S.S. Al-Hajiry
thenf(z) € SP,(«a). vol. 9, iss. 3, art. 90, 2008
Proof. Let
> Title Page
>kt p—a)larl <p-a.
k=2 Contents
It is sufficient to show that « >
2f'(z) p+a
—(p+ oz)‘ < : < >
f(2) 2
] Page 7 of 13
We find that
f’( ) N ZOO (k ) s Go Back
27 (2 —Q _ — Q)Qpp2h—
(2.6) - (p + 04) = E %)o d Full Screen
f(2) 14> ity Qrpah?
a+ >,k —a)|akyl Close
1 _ oo )
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This shows that the values of the function

2f'(2)
2.8 d(2) =
(2.8) (=10
lie in a circle which is centered &b + o) and whose radius &5 which means that

ij(S) € Q,. Hencef(z) € SP,(«). O

The following diagram showQ% whenp = 3 and the circle is centered §11With
radius? :

Next, we determine the sufficient coefficient bound for uniforplyalent convex
functions.

Theorem 2.3.Let f(z) € A(p). If f(z) satisfies the following inequality

1 + zf/’/"(z) . p 2
(2.9) %e(% <1t
1+ 7 P D

then f(z) is uniformlyp—valent convex irD.

Proof. If we definew(z) by
Zf”(Z) P

(2.10) 1+ — —p==w(z), peN,zeD),
) P (=), ( )

thenw(z) satisfies the conditions of Jack’s Lemma. Making use of the same tech-
nique as in the proof of Theorem?2, we can easily get the desired proof of Theorem

2.4 ]
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Proof. It is sufficient to show that

f'(2) pta
1+ —pta)<
OIS
Making use of the same technique as in the proof of Thedi€inwe can prove
inequality ¢.9). O

The following theorems give the sufficient conditions for uniforpdyalent close-
to-convex functions.

Theorem 2.5.Let f(z) € A(p). If f(z) satisfies the following inequality

2f"(2) 2

3’
then f(z) is uniformly p-valent close-to-convex In
Proof. If we definew(z) by

f'(z) _p
Zp_l _p_iw(’z)? (pEN,Z€D>,
then clearly,w(z) is analytic inD andw(0) = 0. Furthermore, by logarithmically

differentiating £.10), we find that

(2.13)

zf"(z) 2w’ (2)
(2.14) ror =Dt Gy

Therefore, by using the conditions of Jack’s Lemma ahd), we have

Too (zof”(zo)> C(p—1)+ cRe ( w(zp) )

1'(z0) 2 + w(z)

14 Sy 2
=P 3 P73
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which contradicts the hypotheses). Thus, we conclude thatw(z)| < 1 for all

z € D; and equationZ.10 yields the inequality
f'(z)

zp—1

p<§7 (pEN,Z€D>

which implies that% € 2, which means

pe{ L >

and, hencég (z) is uniformly p-valent close-to-convex if.
Theorem 2.6.Let f(z) € A(p). If

f'(2)

zp—1

d

o0

p
> (k+p) lars,| <

k=2

—
9 )

thenf(z) € UCC,(a).

By takingp = 1 in Theorems2.2 and2.6respectively, we have

Corollary 2.7. Let f(z) € A(1). If f(z) satisfies the following inequality:

2
Rel 7
o)

<

)

wW| Ot

then f(z) is uniformly starlike inD.
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Corollary 2.8. Let f(z) € A(1). If f(z) satisfy the following inequality

(7)) <5

then f(z) is uniformly close-to-convex ib.
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