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Abstract: In this paper we prove that there are no domdins R?, other than the
ellipses, such that the Lebesgue measure of the intersectiaraf its ho-
mothetic image£ translated to a boundary poigte 9€ is independent
of ¢, provided that€ is "centered" at a certain interior poitt € £ (the
center of homothety).

Similar problems arise in various fields of mathematics, including, for ex-
ample, the study of stationary isothermal surfaces and rearrangements.
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1. Introduction

In this paper we devote ourselves to the investigation, in two dimensions, of the
following problem, which was originally proposed in a more genéfalimensional
setting by one of the authors id][and up to this moment has remained an open
problem.

€

N

/\

€

Figure 1: The area of the shaded regighis independent of.

Problem 1. Determine all the open bounded convex sgis R? for which there
exists a poinD € £ such that, for every > 0, the measure of the intersection&®f
with its homothetic imagef with respect ta), translated to a boundary point is
independent of, for every chosen belonging to the boundary &f.
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In other words, we are interested in determining all the open bounded convex sets
£ in R? satisfying the following property:

(11) Ve>0 3C=CE)>0 st [EN[EE+(q—0)]|=C YqedE,

with C' independent of (see Fig.1).
In fact, we will answer this question by solving a more general problem:

A Non Local Quantitative

Problem 2. Determine all those open bounded convex #ts R? such that there Characterization of Ellipses
exists an open bounded convex&et R?, with the property that the measure of the M R Seone
intersection€ N [eE + (¢ — O)] is independent af, for anyq € J¢&, i.e.

(12) Ve>0 3IC=C(e)>0 st. |[EN[eE+(¢q—0)]|=C VqedE,

whereC' is independent af and O is a suitable interior point of. Title Page

vol. 9, iss. 4, art. 94, 2008

We will prove that, assuming sufficient regularity for the setand&, the only Contents
setsF for which property (.2) is satisfied are the ellipses. Hence, if a solution to <« Y
Probleml exists, it must be an ellipse (thus giving uniqueness). On the other hand,
homothetic ellipses clearly satisfy.(). Indeed, if€ and F are two discs,.1) is < 4
obviously satisfied, and the homothetic ellipses case can be reduced to this last one,
by means of a proper dilatation, under which our problem is invariant.

Actually, we will show that, in Problen?, £ must be an ellipse as well (see Go Back
Corollary2.5). This result is not trivial forV > 2 and it is obtained inT].

The result proved here strongly suggests that alsB’inthe only admissible
convex setdy should be the ellipsoidal domains. This multidimensional version of Close
our result will be the object of future investigations.

It is worthwhile to point out that the assumption tléas bounded is crucial since,
otherwise, many more cases appear. For examplg?invhené is the half plane,

E can be any bounded set, orltd, whenE is a sphere, many classes of unbounded
domains€ are admissible (sed]).

Page 5 of 28

Full Screen

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

The problem treated in this paper, though interesting in itself, is strangely related
to some other problems appearing in different contexts. For exampl&] thd
authors show that the domaiéissatisfying (L.2), whereF is a sphere, are related to
the determination of stationary isothermic surfaces. They prove that, in the bounded
case, the only admissible s&tsnust be the spheres, while, in the unbounded case,
the admissible setS are classified, as recalled above.

The result obtained in7] suggests many possible extensions, among which the
one studied in this paper is definitely the most general, at least in the two dimensional
setting.

Another possible application of the result obtained in this paper is in connection
with rearrangements (se8]], with the aim of deriving a generalized version of the
Riesz-Sobolev type inequality making use of the Hardy-Littlewood inequality (see
[5]).

An abstract version of the Riesz-Sobolev inequality can be written in the form

/RN (f % g) (2)h(z) dz < /RN (F#5 x g#5) (2)h#5 () da

whereB = {B, : r € R} is the family of all the homothetic sets of a givepen
convex neighborhoodf the origin with compact closure, and, for any measurable
function ¢ with level sets of finite measure;*? is its B-rearrangementi.e

o*B(z) = sup {/\ >0:z€ (QbA)#B} ;

(1.3)

(1.4)

where(¢,)** is the B-rearrangemenof the subleveb, := {z € RN : ¢(z) < A}
(see, for instance?)], [6], [8]). Here, f, g, h are measurable functions &1" andx
denotes the convolution products.

In the first place, an argument based on linearity reduces the task of proving in-
equality (L.3) for B-rearrangements to the proof of its validity in the case of positive
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step functions. In particular, we have to prove such an inequality for the case

= /RN /RN Xp, (@ —y)f(y)xp(x) dxdy,

(see the beginning of pg. 24 iB]). A simple calculation shows that, in this case,
inequality (L.3) is clearly satisfied when, for example,

(1.5) (B, +y) N Bl = |[(B, +y) N BJ**| .

But (1.5) holds if and only if, for every chosen> 0, there exist€' > 0 such that

|BN(z+ B,)|=C when z € 0B,.

In this paper, it is proved that this last property holds only for ellipsoidal domains.

We conclude by observing that the proof of our main theorem strongly relies on
the McLaurin expansion, with respect 4o of the functions — A(e,q) == |€N
(eE + q)|, which allows us to obtain a particular differential equation, satisfied by
any E’ having property {.2). This particular technique connects our problem to other
related ones, already studied by the authors (see, &]g., [

The paper is organized as follows: in Sectiomwe give the definition of a “proper
testing set” and state our main result (see Thearei)) with its consequences. In
Section3 we give the McLaurin expansion, with respecttap to the fifth order, of
the area functios — A(e, q), defined above (see Propositidhd and3.2). Finally,
in Section4 we prove the main theorem. A Sectibywith the conclusions and some
final remarks, is added.
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2. Position of the Problem

Let £ and £ be two bounded convex subsetsiof, with |E| = 1. Let O be a point
in the interior of £ andec £ be the set

eE:={yeR" : y=¢(z - O) withz € E}.

Finally, for every poiny € 0&, we denote withd (¢, ¢) the Lebesgue measure of the
region€ NeE,, wheresE, = cE + (¢ — O). From now on, we will call the sef the
“tested convex set” and the sBtthe “testing convex set”.

In agreement with the notations introduced T, jwe will make use of the fol-
lowing definitions:

Definition 2.1. Given two setg and £, we will say that is uniformly £-dense on
its boundary ifA(e, q) does not depend ape 9€. In this case E will be called a
“proper testing set”.

In this regard, the question arises of whether it is possible to characterize the con-
vex setsF, together with the poind (which will be later chosen as the origin of both
the cartesian axis and the polar coordinates), for which a convek satformly F-
dense on its boundary, exists.

In the V-dimensional setting, the problem has been treated by Magnanini, Pra-
japat and Sakaguchi ifT], where it is proved that, if’ is a sphere, then itis a proper
testing set and, in this casg must be a sphere, too. In tRedimensional case this
property is a consequence of Propositiof, as it is stated in Corollary.3 (see
Section3).

Remarkl. In general, it is possible to prove that any ellipsoid is a proper testing set.
This can be easily obtained observing that the problem is invariant under dilatation
of the axes under which any ellipsoid can be reduced to a sphere. Clearly, in this
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case the poin® must be the center of the testing ellipsoid and the tested convex set

is, up to a translation, homothetic to the testing one.

Nevertheless, the problem of determining all the proper testing sets remains open.

In this paper, this problem will be solved for the case= 2, for tested convex sets
of classC* and testing convex sets of clag$ as stated in Theoret 2 below.
From now on, we assumg = 2.

Theorem 2.2.Let £ and E be a tested set and a testing convex set of @asand
C?, respectively. If the McLaurin expansion up to the fifth order, with respegtdb
the functionA(e, ¢) = |€ N [eE + (¢ — O)]| has coefficients which do not depend on
q € 0&, thenE must be an ellipse an@ must be its center.

Corollary 2.3. The only proper testing sets of clagsare the ellipses.

Proof. It is a direct consequence of the previous theorem since, i§ a proper
testing set, by definition the functias(e, ¢) does not depend afy so that its fifth
order power expansion also does not depend.on ]

Corollary 2.4. The ellipseq? are the only sets which are uniformhf2-dense on
their boundary, where. = 1/|Q| (see Definitior?.1with £ = Q and E' = \Q2).

Proof. Itis a direct consequence of Corollarys. O

Corollary 2.5. Let£ and E be a tested set and a testing convex set of dfasand
C?, respectively. IE is uniformly E-dense on its boundary, théfiis an ellipse and
& = \E, for a suitable\ > 0.

Proof. From Corollary?.3, we get thai is an ellipse. Since the problem is invariant
under dilatation of the axes, we can perform a proper dilatationsuch a way that
E is transformed in a circlé\(E). Using the forthcoming Corollar$.3, we have
thatA(€) is a circle, too. Hence is an ellipse homothetic té. N
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3. Preliminary Results

Let us now fix a systerfz, y) of cartesian coordinates and (6t p) be the associated
polar coordinates (in which = 0 corresponds to the positiveaxis), centered in the
point O belonging to the interior of. In the following, we will use a local cartesian
representation for the tested convex&gwhile for the testing convex sét we will
use a global polar representatipn= p(#), 0 < § < 2x. Moreover,£ and E are
always assumed to be of clagsandC?, respectively.

Given a unit vector € $', we setC(v) as the area of the portion of the plane,
not containing the vectar, bounded byF and by the straight line orthogonal o
passing through the origin.

Proposition 3.1. The second order McLaurin expansion of the functign, ¢) with
respect tce is given by

(3.1) Ale,q) = C(v(q))e” + o(<?),

wherev(q) is the outward unit normal vector ®in q.

Moreover, such a power expansion does not depengiband only if the testing
convex sel is centrally symmetric with respect € i.e., p(6) = p(0+ ) for every
¢ € R. Obviously, in this cas&,(v(q)) = 1/2.

Proof. Since A(e,q) = |€ N ¢E,| and the diameter ofE, is of the orders, the
first term in the expansion ol (e, ¢) is of orders?. Moreover, keeping account of

this fact, it is clear that we can locally approximate theﬁ?q\Rl with the segment
P,P;, up to an error of ordes? (see Figure?); thus producing in the computation
of A(e,q) an error of order?, which does not affect the second order McLaurin
expansion.
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_ (0 +3m/2) dd — p*(é +7/2) do
do

which impliesp(¢+37/2) = p(¢/2). Since the boundary &f is a closed connected
simple curvey attains any value if0, 27), asq varies ond€. Consequentlyy(6 +
m) = p(0); i.e., £ is centrally symmetric with respect 0. Clearly, in this case,
C(v(q)) = C(¢) = 3|E| = 1/2. 0

Having found the second order expansionA, ¢), we will now devote our
attention to determining its fifth order expansion. To this purpose, given the convex
set&, let us assume thagt= f(z) is a local parametrization of clag$ of 9, in a
neighborhood of;, such thay; = (zo, f(z)).

Let t; andt, be the tangent lines (in their cartesian representationftat the
points (expressed in polar coordinates)

p1 = (arctan f'(z0), ep(arctan f'(zo)))
p2 = (arctan f'(zq) + m,ep(arctan f'(zo) + 7))

Because of the central symmetry we have

p(arctan f'(zo) + 7) = p(arctan f'(z))

andt1 H to.
We denote by the angular coefficient of the tangent lineto ¢ E at the point
p1. Straightforward computations give the following expressiomfor

P (6p)sin B + p(6y) cos By

2 =
&2 ' (0o) cos by — p(bp) sinby ’

wheref, = arctan f'(zq) (see Figure).
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(i.e. the fourth order expansion 6).

Finally, t; + ¢ andt, + ¢ are the tangent lines, obtained translating the lines
andt, by adding the vectofqg — O) (see Figure?).

Figure 4:C, (¢, q) is the area of the grey region, whitg (e, ¢) — Ci(g, q) is the area of the black
region.
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Proposition 3.2. Let us assume thakt' is centrally symmetric with respect 0.
Then the fifth order McLaurin expansion of the functibz, ¢) with respect ta is
given by

(3.3) Ale, q) = %52 + Cs(q)e® + Cs(q)e® + o(e°) ,
where
34) Cyla) = —— g arctan F/(x)
311+ (f’(mo))
(f"(0))” . f'(wo) f"(x0) | S (wo)] p°(axctan f(wo))

I

(3.5) C5(Q): [
4(a — f’(:r;o))2
and the term of fourth order is zero.

Remark2. It is a straightforward computation to prove that the ellip6g§;) and
C5(q) given in (3.4) and (3.5) are actually constants independeng of

6(c — f'(o)) 60 [1 R (f,(%)ﬂ 5/

Proof. It is clear that, ife is sufficiently small, the differenc®(<, ¢) between the
areaA(e,q) of £ N ek, and its second order expansion is given by the area (with
the minus sign) of that portion ofE, in betweenf(z) and the liney = f(x¢) +
f'(x0)(z — x0) (i.e. the black regior, P, Ry R, in Figure?).

Since we are looking for the fifth order expansionAit, ¢), we can locally (i.e.
in a neighborhood of) replace the cartesian representationf (x)) of £ by means
of its fourth order Taylor expansidhi,, (), centered inx, (in this regard, we use
the fact that the lengthP, | is of orderz).

HenceforthD(e, ¢) = —Ci (g, q) +o(£°), whereC, (¢, q) is the area of that portion
of eE, in betweeny = T(,, 4(x) and the liney = f(xo) + f'(x0)(z — x0) (i.€. the
grey regionP, P, ()1 Q) in Figure4).
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Nevertheless(, (¢, ¢) cannot be easily computed; for this reason we need a fur-
ther approximation which, however, does not affect the fifth order of the McLaurin
expansion ofC; (¢, ¢). To this purpose, we replace the boundary 6} with the
tangent lineg; + ¢ andt, + ¢q. Accordingly, we denote b¥,(<, ¢) the area of the
region thus obtained, which is bounded by the graph of the fungtienT|,, 4(z)
and by the liney = f(zo) + f'(z0)(x — x0), t1 + g @andt, + g, i.e. the grey region

together with the black one in FlgUﬂe A Non Local Quantitative

. L. i . Characterization of Ellipses

We claim thatC; (¢, q) = Cs(e, q) + o(¢°). This is mainly due to the following M-AmzfyRL-z¢ Berrone
facts: and R. Gianni

vol. 9, iss. 4, art. 94, 2008

1. Firstly, |(P, — q) A (P — S1)| = n > 0, for everyg € 0&, with n independent
of ¢q. Indeed, if this is not the case, due to the compactnegs tiere will be
a pointg for which the tangent line¢;, + ¢ to ¢E, at the corresponding point
P, will coincide with the tangent liné? P, to £. Consequently, alE should Contents
stay either on the left or on the right side of the liRgP,, in contrast with the

Title Page

< >
central symmetry of £/, with respect ta, proved in Propositiofs. 1.
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2. Secondly, the lengthP, S, | is of orders2. This is a consequence of the fact that

the difference between the abscissad’pfand S; is of orders?, as it can be Page 16 of 28
seen usingd.16) below (with replaced by, as given in 8.9)), provided that Go Back
la — f'(x0)| > 7 > 0. This final inequality is guaranteed by (1).

Full Screen

3. Using (1) and (2), itis easy to realize that the area of the black regisn), in
Figure4 can be bounded from above by the integral (with respect to a cartesian Close
reference frame attached to the linet ¢) of the function whose graphs gives
the profile ofe &/, (which, in the cartesian representation, is clearly a function of
second order) along the intend?, S;| ~ 2. Henceforth, such area 3(c®).
Obviously the same holds for the black regiBit, Q).
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Having proved the claim, we now evaluate the afga, q).
To this purpose, let us consider the lipe= a(z — zo) — (6 — f(x0)) which

is parallel tot; + ¢ andt, + ¢q. Moreover, let us calP(9) the intersection point

between the two lineg = f(xo) + f'(x0)(x — z) andy = a(x — z¢) — (6 — f(x0))
andS(d) the intersection point between the lipe= o(z — z¢) — (6 — f(z0))) and
Y = T(zo,0)(7) (Se€ Figure).

Clearly, thez-coordinateX p of the pointP () is given by
(3.6) a(Xp — o) — (6 — f(20)) = f(wo) + f'(x0)(Xp — 20)

)
— Xp—1ap=

a— f'(xg)

In particular, we sef, to be the value of the parametefor which P(é,) = P, and
P(—dy) = P»; consequentlyS(dy) = S; andS(—dy) = So.

Keeping in mind that the angular coefficient of the liRgP, is f'(xo), by (3.6)
we get

37) P —al = =1 (7e0).

On the other hand,
(3.8)  [P(do) —al = |P1 — q| = |p1| = ep(arctan f'(xo))
hence, by §.7) and (3.9), it follows that
(o = f'(zo)) p((arctan f'(zo)) _
1+ (f"(20))°

(see Figure)
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lowing algebraic equation:
(3.10) a(Xs— o) — (0 — f(w0))

= f(zo) + f'(w0)(Xs — z0) + f"(x0)(Xs — ao)*

2
" 3 (iv) 4
xo)(Xg — o) (Xsg —
+ f ( O> ( s O) —+ f ( 0) ( s 0) , A Non Local Quantitative
3' 4' Characterization of Ellipses
i i M. Amar, L.R. Berrone
which gives and R. Gianni

vol. 9, iss. 4, art. 94, 2008

(311) XS — Ty = o — 5 + f//([EO) 0 (XS — 1‘0)2

} Title Page
J" (o) 3 S (o) A
Xg — ———(Xg — .
i o — f’(xo)]( s = %0)"+ Ao — f’(xo)]( s = o) Contents
This is a non trivial computation. For this reason, we confine ourselves to finding “ >
the fourth order McLaurin expansion with respecttof Xy — z, i.e.: < >
Xg—x9 = Dl(lﬁo)(s + DQ(ZL’())(SQ + Dg(fﬁo)é + D4($0)54 + 0(54) s Page 19 of 28
which is, however, enough to carry on all the other computations of this paper. Go Back
Firstly, let us observe thats — o = O(d) and hence, Full Screen
1
(3.12) (at the 1storder) Xg — 9= {—,} §+o0(d). Clese
a— f'(xo)
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3.13 atthe 2nd order) D = ) issn: 1443-575k
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Replacing .12 in the right hand side ofy(11), we get
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Finally, by means of a standard bootstraps argument, we have

f///(xo) N Q(f”(xo))2
3 a = f'(x0)* Ao = f'(w0))° |
i 5(]4?//(930))3 5f/,($o)f/,/($o)

(3.14) (atthe 3rd order) Ds3(zo) =

(3.15)  (atthe 4th order) Dy(z¢) =

8(CY - f/($0))7 12(0[ - f’(l’o))G A Non Local Quantitative
L ” )( ) Cha'\rllacierizatli_og oé Ellipses
f w To :| - Amar, L.R. Berrone
+ ; and R. Gianni
e — f'(20))® vol. 9, iss. 4, art. 94, 2008
Hence,
" itle Page
_ f"(20) 2 o
(3.16) Xp — Xg=— {2(0& ~ iz 0 Contents
e 20 @)” “« »
3l — f'(xo))* 4 = f'(0))° < >
3 )
5( f" " " (v)
B [ (f (%’0)) - i 152f (xo)f/ (l‘o)6 i i f (/«TO) g 5t 1 0(54) ‘ Page 20 of 28
8(ar — f'(x0)) (@ = f'(x0))®  4la— f'(x0)) —
This implies, in accordance with FigutethatC, (e, ¢) is obtained by integrating Full Screen
with respect ta, from —4, to dy, the infinitesimal ared.A(¢d) of the shaded region o
in Fig. 6, found by multiplying the basgP(5)S(d)| = |Xp — Xs|V1 + o2 by the ose

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

A Non Local Quantitative

Characterization of Ellipses
M. Amar, L.R. Berrone

and R. Gianni

o

vol. 9, iss. 4, art. 94, 2008

Title Page

Contents

44 44

< >
Figure 6: The shaded region is the infinitesimal atg&?).

Page 21 of 28
corresponding height, whose valueli§/'v/1 + o2. Hence, we have

Go Back
40
(3-17) CQ(E, q) = / |Xp — XS| do Full Screen

% Close
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and, replacing, as given by £.9), it follows that

(3.18) Co(c,q) = — [JM(%)PS(arctanf’(gyo))] E

3(1+ (f(w0))%)"?
_ Parctan f(w) | (") o)) | S|
(1+ (F(x0)))"? |4la = F(@0))? " 6(a—f(x)) 60 :

Recalling that

1 1 1
Ale,q) = élgEq\ +D(e,q) = 552 —Ci(e,q) +o(e”) = 562 — Cy(g,q) +o(e”)

and using £.19, we finally get the required result. O

Corollary 3.3. If the proper testing convex sét € C? is a circle, then the tested
convex sef € C* must also be a circle.

Proof. SinceFE is a proper testing set, by Definitichl A(¢, ¢) is constant. Hence,
Proposition3.2 applied to this particular case, implies

J" (@)
[1 + (f'(%))ﬂ

It follows that the boundary of the tested convex&éias a positive constant curva-
ture, which, as far as bounded sets are concerned, implies that it is a circle[]

= cost.

3/2

In the caseV > 2, the same result stated in Corollaty3 was previously proven
in[7, Theorem 1.2].
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4. Proof of the Main Theorem

Proof. By (3.4) and .5 in Proposition3.2 and the fact that, by assumption, the
McLaurin expansion of the functioA(e, ¢) up to the fifth order does not depend on
the pointg € £, we obtain

4.1) Cy = f"(@o) a7 #* (arctan f(wo)) ;
3 [1 + (f'(x0)) }
(f//(x(J))S F (o) f" (o) | fU(xo) | p°(arctan f'(x))
(4.2) Cs = 5 , 75
4(04 _ f’(l’o)) 6(04 —f (xo)) 60 [1 I (f/(fﬂo))Q] /

whereC5; andC'5 are now constants independent;ofThe next step is to eliminate
the functionf putting together4.1) and ¢.2), thus obtaining an ordinary differential
equation for a new function defined by

(1 + (f/)2)1/2
p(arctan(f’))

Note that, nowyw is regarded as a function of the new varialjle
By (4.1), we obtain

(4.3) w(f) =

573/2
o cfi+ @)
(4.4) i) = p*(arctan f/(z))
which gives

(4.5) f'(x) = Cw’(f'(2)).
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Hence, differentiating iteratively the previous equation with respect tee get

(4.6)  f"(x) =3C%°(f'(2))w'(f'(2)) ;

@.7)  fO2) =3C%T(f'(2)) [3(w)?(f'(2)) +w(f(x)w" (' (x))] -
Recalling thatf’(x) = tan 6, (4.3) implies

— 1 A Non Local Quantitative
p<0) o w(tan 9) cos®’ Characterization of Ellipses
M. Amar, L.R. Berrone
) w(tanf) tan 6 — (1 + tan? 0)w’'(tan ) and R. Gianni
P (6> - U}2 (tan 9) CcOS 9 ’ vol. 9, iss. 4, art. 94, 2008
and, by 8.2,
B w(@) ) B w(@) Title Page
(4.8) a(f) = tanf — o () = a(f) — f'(x) = W) Contents
Replacing {.3) and ¢.5—(4.9) in (4.2), we get <« »
C3uw? Cluwbw’  C3u7 1
4. _ _ N2 ml . = | >
(4.9 Cs T (W 2w + 5 (5(w")? + ww") =

_ ] o _ ] Page 24 of 28
which, after a simplification, gives

s _ Go Back

410 " / / — C
( ) B v (f (a:))w (f (x)) ’ Full Screen
whereC' is a proper constant. Close

From equation4.10), it easily follows thatF’ has a boundary of clags®.

At this point, using Lemma.1 below, withy(¢) = w(§) andé = f/(x) = tan6, journal of inequalities
together with {.3) and ¢.14), we get in pure and applied

9 ~ 2 mathematics
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Hence,

(4.12) p(0) = — 24 .
(C + B2) cos? 0 4 4A2sin* 0 + 4ABsin ) cos 0

It is well known that equation4(12) is the polar representation of a conic curve
whose center is the origin of the polar coordinates. On the other hand, the testing

convexF is a closed curve and hence it must be an ellipse. O

Lemma 4.1. Lety(¢) be aC?-function satisfying the equation

(4.13) y"(©)y’() =C.
Then,

O+ (B+24¢)
(4.14) y(§) = jE\/ 52 :

whereA and B are two arbitrary constants.

Proof. Introducing the auxiliary functiom(p) = v’ (v~ 1(p)), with p = y(&), the
equation ¢.13 reduces to

dv(p) C 9 C
a0 (p) 3 (p) e

whereA is an arbitrary constant. This implies

2429 - C
Vi) =% y(€) '
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This is a standard ordinary differential equation, whose solution is given by

_ C+(B+24¢)°
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5. Conclusions and Final Remarks

We want to stress the fact that, though applied to the case in whiehd £ are
convex sets, the technique used in this paper should work equally well in the case in
which £ is star-shaped with respect to a paihind its boundary is a simple closed
curve such that in any poir, the vector(P — O) and the unit tangent vectotin

P satisfy the condition(P — O) A t| > ¢, for somes > 0, while £ has a curvature

k(s) (wheres is the arc-length) which does not change sign infinitely many times.
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