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Abstract

We establish different fundamental inequalities on a class of multistructures,
more precisely Poincaré’s inequality for second and fourth order (scalar) opera-
tors as well as Korn's inequality for the elasticity systems. Some consequences
to the corresponding variational problems are deduced.
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Partial differential equations on multistructures is one of the most popular areas
of the general theory of differential equations with a wide range of applications
in continuous mechanics, aerodynamics, biology, and others (see for example
[2]). In that field the important problems are solvability, regularity of the so-
lution, spectral theory, control problems and numerical approximations of the
solutions. For different aspects of that kind of considerations we may refer to
[2,3,4,5,7,15 17] and the references cited there. ”
. . . Fundamental Inequalities on

As usual, the first step is to look at the solvability of the boundary value  Fimly Stratified Sets and Some
problems which depends on the smoothness of the coefficients of the differential Applications
equations and on the regularity of the boundaries of the domains where the serge Nicaise and Oleg M. Penkin
differential equations are considered. For multistructures these aspects have to
be combined with the geometry and the algebraic structure of the domain. The

. . . . . Title Page
main goal of that paper is to answer to this question for different operators on
a class of multistructures, called stratified sets. For both examples the main Contents
ingredient is the validity of a fundamental inequality of Poincaré’s type that we <« S
first establish. Analogous results were presented.iij ih pure geometrical
form where we proved that the so-called firmly connectedness of the stratified < >
set guarantees the validity of Poincaré’s inequality and then the solvability of the Go Back
Dirichlet problems in Sobolev’s type spaces. For perforated domains a similar
answer was found by V.V. Zhikow’[] in a pure analytical form. Cloes
This paper may be then considered as a second pait’pb{it is devoted Quit
to new developments and applications of our previous results. Indeed the re- Page 3 of 36

sults given here are more general on several aspects: first we extend our notion

of firmly connectedness, this new notion allows us to combine the algebraic jT———————————————,
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structure and the geometry of the domains with mechanical considerations. We
further give applications to second order elliptic (scalar) operators but also to

fourth order elliptic (scalar) operators (models of beams and plates) as well as
for the elasticity system.

Fundamental Inequalities on
Firmly Stratified Sets and Some

Applications
02-3 Serge Nicaise and Oleg M. Penkin
Figure 1: An example of stratified set Title Page
Before going on let us illustrate our considerations by the following exam- Contents
ple: consider a mechanical systéin lying in the plainIl and consisting of 44 >
strings and membranes as shown in FigurBotted lines on this figure are the p >
places where the membranes adjoin to each other directly. Full lines represent
the strings, in that last case the membranes adjoin to each other indirectly. In Go Back
both cases we assume that there exist a one-dimensional element (stratum) Close
between two-dimensional ones. In the case whers a string we call it elastic, _
in the opposite case, i.e. whet; is a place of direct adjoining of membranes QUi
we call it a soft stratum. On the above figurg is an elastic stratum and is Page 4 of 36

a soft one. It is convenient to imagine that in both cases we have strings but the

soft ones are not stretched. We assume all membranes to be stretched (i.e. all ineq. pure and Appl. Math. a(2) art. 9, 2003
http://jipam.vu.edu.au
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two-dimensional strata are elastic).

Let us denote by : 2 — R a function which describes the elasticity of the
system. The functiop then vanishes in the interior of the soft strata and is a

positive constanp,; in the elastic stratuma,;. Let f be a small force which
acts orthogonally to the plarié. Small displacements : 2 — R caused by

this force are solution of the following collection of differential relations (the

notationos,; > o1; means thatr; adjoins too,;):

—pAu(z) = f(z)
on two-dimensional strata and
0%u ou
tgal - ¥ (v5y) @ =1@

whenz lies in the one-dimensional stratwm,. Whenz lies in o;; we denote
by 7(x) any tangent direction te,;. Besides we denote hy the unit vector
directed to the interior of some,,; >~ oy; orthogonally tas;;. The notation

w‘kfj(x)

means the extension of the restrictiep, ; by continuity too;. Whenx be-
longs to some null-dimensional straturp; (like oy; on the above figure), we

have
- Y () = s

015=00;
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One can show (see}]) that the left-hand sides of the last three equations
may be rewritten in the divergence form

—V(pVu) = f,

where the divergence operatormay be defined in a classical manner, as the
density of the flow of the vector field with respect to a special “stratified” mea-
sure ont) (more details will be given in the next section).

Adding boundary conditions to the above system, the goal is to find sufficient ~ _ . ..

. . . o gualities on
conditions guaranteeing the solvability of that problem. A positive answer of  Firmly Stratified Sets and Some
that problem is given in1[] if all strata are elastic. In the next sections we will Applications
extend these results to the case explained here, i.e., when some strata are soft. serge Nicaise and Oleg M. Penkin

The schedule of the paper is the following one: After recalling some basic
notions in Sectiorz, we prove in Sectiol the “standard” Poincaré’s inequality

Title Page
on stratified sets under a firmly connectedness property. In Settiangive £
applications to some variational inequalities. Secfios devoted to Poincaré’s Contents
inequality for fourth order operators and an application to the solvability of pp >
some boundary value problems with such operators. Finally in SeGtioe
prove Korn’s inequality on stratified sets and present applications to the elastic- < 4
ity system. Go Back
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Here we recall some basic definitions on stratified sets. For more details we
refer to [LZ]. Since our considerations are rather sophisticated we also present
some examples (see also the simple example of the previous section).

A connected s€® in R™ is said to be stratified if there exists a finite sequence
of closed subsets @®”

(2.1) Qo c QM ... cQF = Q whenky < ky < -+ < ki,
Fundamental Inequalities on
Firmly Stratified Sets and Some

with the following properties: Anplications
i) OQF\ Q%-1is a smooth submanifold iR™ of dimensionk;. Its connected Serge Nicaise and Oleg M. Penkin
components will be called;-dimensional strata and will be denoted by
ok,j. The second index serves for the numeration of the strata. We shall

. N ) Title Page
assume that there is a finite number of strat&iand that each of them
has a compact closure IR". It is important to notice that the boundary Contents
of the stratum is piecewise smooth, because it consists of strata. However, < b
it could have some singularities like cracks, cuspidal edges and so on. In
order to avoid some serious difficulties we then assume that the boundary h d
of the strata is Lipschitz. Go Back
ii) The boundaryoy; = Gy, \ ox; of each stratuna; with & > 1 is a union Close
of stratao,,,; with m < k. We writeo,,,; < oy, if 0,,; C Ooy;. Quit
i) If ox_1,; < oy andy € oy, tends tor € oy,_1; along some continuous Page 7 of 36
curve, then the tangent spagr;; has a limit positionlim 7} 0%; which
y—u
contains the tangent Spafﬁ%—l,j- J. Ineq. Pure and Appl. Math. 4(1) Art. 9, 2003
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The sequence(]) is called a stratification of2. Each set can be stratified
in several ways. More exactly a stratified set is a trigle S, ¢), where(2 is
an initial set,S is a stratification like .1) and¢ describes how to construgt
using all the piecesy;. Nevertheless we shall refer tbitself as a stratified set
(with fixed S and¢).

Before going on, let us present some examples of stratified sets:

e One-dimensional networks (seg [}, 15, 16, 17, 21]), where 0-d strata are
the vertices and 1-d strata are the edges.

e Two-dimensional polygonal topological networks in the sensel.df, in

that case, 1-d strata are the edges and 2-d strata are the faces of the net-

work.

e Take the unit cube dR?® with the following stratification: the vertices are

Fundamental Inequalities on
Firmly Stratified Sets and Some
Applications

Serge Nicaise and Oleg M. Penkin

Title Page

the 0-d strata, the edges are the 1-d strata, the faces are the 2-d strata and

finally the interior of the cube is the 3-d stratum.

e Take for 1-d strata two concentric circles of the plane and as 2-d stratum
the area between them.

e In the plane, take as 0-d strata the poigs = (0,0), 002 = (1,0), 001 =
(2,0) andogs = (0,1), as 1-d strata the interval® g4, o2), (02, 701),
(002, 003) @nd (g4, 0p3) and finally as 2-d stratum the triangle of vertices
002,003, 004-

e Take asn-d stratum £ > 1) a bounded open sél of R™ with a smooth
boundary and ag: — 1)-d stratum the boundary @.

Contents
44 44
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The sef2 inherits the topology froniR™. In terms of this topology we fix in
2 some connected and open sulddgtonsisting of some strata 6f and such
thatQ, = Q. The complemenf \ Q, = 99 is the boundary of), in Q. The
set(), plays the role of a classical domain where a partial differential equation
is considered whilé<), corresponds to the classical boundary. In this paper we
always assume thét # Q, i.e. 9Q # 0.

The set of strata of), is divided in two groups. The first one consists of
so-called elastic strata. The second one is the set of so-called soft strata. That
division is motivated by the example of the previous section as well as problems  Fundamental Inequalities on
considered inT, 6, 7, 9, 17, 18, 2(]. We assume null-dimensional strata to be ™ StE{et 56 and Some
soft (since a point has no mechanical properties like elasticity). So, in contrast
to [17] the set(), has an additional mechanical structure in form of the above
mentioned division in elastic and soft strata. In the seduél,) will denote

Serge Nicaise and Oleg M. Penkin

the set of elastic strata amst{),) the set of soft strata. Title Page
Now we introduce i) a “stratified” measure: by means of the following E——
expression
pw) =D p(w N o), « >
ki < >
whereyy, is the usuak-dimensional Lebesgue measuresgn A subsetv of €2
. . . . Go Back
for which this formula makes sense will be calleeneasurable. Obviously the
pu-measurability ofv is equivalent to the measurability in the Lebesgue sense of Close
all “traces”w N oy;. Quit
We can then define Lebesgue’s integral with respect to this measure. One
Page 9 of 36

can show that for an integrable functign: 2 — R its integral is equal to the

J. Ineq. Pure and Appl. Math. 4(1) Art. 9, 2003
http://jipam.vu.edu.au
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sum of the Lebesgue integrals over the getsIn other words we have

Q/ =3 / fd

In the right-hand side we writéy instead oflu, because(wNoy;) = dpy(wn
o1;) according to our definition.
We now introduce some functional spaces on a stratified set that will be

useful later on. Fundamental Inequalities on
Firmly Stratified Sets and Some
. . . . .. Applications
e C,(Qp) is the set of functions with continuous restrictiong (such re-
strictions might also be denoted by, , or u ;). SER RIEEAE Chls U UL (AT
e ((Q) is the set of continuous functions 6x.
Title Page
e C1(Qp) is the set of functions, : © — R such that for eacla; the Contents

restrictionuy; has continuous first order partial derivatives with respect
to the local coordinates o#y,; and these derivatives may be extended by 44 (33
continuity to thoser,_1; < ox; which are not in)),. Note that a function

. . : . . | 2
in C1(9y) may be discontinuous (jumps are possible by passage from one ¢
stratum to another one). Go Back

o C(Qy) = CLOQ) NC(Q). Close

e C}(y) is the set of functions fron€'! () vanishing on the boundary Quit
0. Page 10 of 36
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e L2(9Q) is the completion ofC() with respect to the norm id'(Q)
generated by the inner product

(u,0) = / wod.

Qo

o ﬁi(@o) is the completion of” () with respect to the nornjj-||__ in
C; () induced by the inner product

(u,v) = /uvd,u + Vu - Vudpu.

Qo E(Qo)

Here above and below, fgr € C*(€), the gradien¥ f is the collection of
gradients on each stratum, i.e. on the stratymit is the usual gradient of the
restriction f|,,, of f to oy;.

Let £ be a tangent vector field dn, in the sense that for eache o,_1; C
Qo, ﬁ(m) belongs to the tangent spa€g(oy_1;). Letz € o4_1; andw be a
small portion of(2, containingz. We should imagines as the intersection of
0 with some smooth domaif of R". If we calculate the flow of’ through the
surface ofv and divide it byu(w) then we shall obtain an approximated value
of the divergencé’ F(z). Exact calculations give the following expression for

the divergence

VE(@) = ViaFa)+ S 7 Fla),

Okj>Ok—1i

Fundamental Inequalities on
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whereV,_; is the usualk —1)-dimensional divergence operator@n ;;. Note
that we use the tradition of Physicians to denote the divergence and the gradient
by the same symbadv.

For some functiomp € C,(€2) we can now define the elliptic operator

Ayu = V(pVu)

on . In the full paper we will assume that= 0 on the soft strata and that
is positive on the elastic ones.

Fundamental Inequalities on

In [17] we have considered the Dirichlet problem Firmly Stratified Sets and Some
Applications
Apu(w) = f(x) x € (o, Serge Nicaise and Oleg M. Penkin
u=20 on 0,

when the set of soft strata is empty. The solvability of that problem is based on Title Page

the so-called Poincaré inequality(n. Therefore our first goal is to extend this Contents

inequality to the case when the set of soft strata is not empty. « N

< | 2
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We start with the following definition:

Definition 3.1. The triplet(£(€y), S(£20), 0€) is said to be firmly connected

if for any stratumoy,; of €2y, there exists a stratum,,; of 92, and a firm chain
joining oy, to o,,; in the following sense: there exists a connected sequence
Tkyirs Okais - - - » Okyi, With the following properties:

® Ofyiy = Okis Okyip, — Omy and Okgiqg Q2 wheng # p, Fundamental Inequalities on
. Firmly Stratified Sets and Some
o kg1 — ko] = 1for eachq < p and eitheroy ;, < Ok, gy, OF Okyi, > Applications
Okqt1ig+1 Serge Nicaise and Oleg M. Penkin
o Forl < ¢ <p-1,if oy, isasoft stratumthen bothy, _,;,_, andoy, i, .,
are elastic and have a dimension equalkp+ 1 (except if = 1 when Title Page
only oy,;, is elastic and is of dimension equalt9+ 1).
Contents
We remark that in the above definition,_;,_, is always elastic (since,;, « b
is not elastic). This implies that each stratam such thatbo,; N 0Qy # 0 is
elastic. We further remark that from this definition strata of higher dimension < >
are elastic as well. Go Back
Remark 3.1. In [17] we take a subdomaif2, of 2 with the same properties Close
than )y and assume thai2; = I'p U 'y (I'p and 'y being also union of Quit
strata of(2), we finally introduce the notion of a firmly connected g&li, I'p).
This definition is a particular case of our definition since we can verify that Page 13 of 36
if (1,Tp) is firmly connected (in the sense ¢fY), then the triplet( £ (),
S(€),09) is firmly connected with the choice’(2y) = 21, 5(Q) = 'y 3. Ineq. Pure and Appl. Math. 4(1) Art. 9, 2003
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and 02y = I'p. The applications given inl[’] are also particular cases of
applications given below.

o

Figure 2: Firm and not firm triplets

Figure 2 shows examples of firm and not firm triplets. The right example

Fundamental Inequalities on
Firmly Stratified Sets and Some
Applications

Serge Nicaise and Oleg M. Penkin

presents a non firm tripl€®'(€2), S(€2), ), WhenE(Qy) = o1 Uoaa Uoy, Title Page

S(Qp) = 012 Uoge andoy = o¢1 Uoys, Since there exists no firm chain joining Contents

091 10 01 On the left we can see a firm tripl€E (), S(0), 9€), with

E(QO) = 091 U 099 U011 U0y, S(Qo) = 0p2 and@QO as before (the desired <44 44

chain joiningos; t0 0g; IS hereosy, 012, 0o2, 011, 0o1)- < >
If Qq is a 1-d network (with the stratification described above) with elastic

strata equal to 1-d strata, with a nonempty bound#y equal to a subset of Go Back

0-d strata, the other 0-d strata being soft, then the tr{géf2,), S(€2), 9€) is Close

firmly connected. Lef), be a two-dimensional polygonal topological network _

Qo (with the stratification described above), and take as elastic strata the two- Quit

dimensional strata, as well as a part of the one-dimensional strata, the other ones Page 14 of 36

being either soft or on the external boundary, then we get a firmly connected

triplet.

J. Ineq. Pure and Appl. Math. 4(1) Art. 9, 2003
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Now we can formulate the main result of this section.

Theorem 3.1. Let (E(£0), S(€), 0€2) be a firmly connected stratified triplet.

Then there exists a positive constéahsuch that

(3.1) /quu <C / IVul2du
Qo BE(Q)
forall u € H},(Q).
Our proof is based on the following two lemmas proved!if][

Lemma 3.2. Leto,_y; < oi;. Then there exists a positive constahsuch that
forall u € H'(oy;) the following inequality holds

(3.2) / u?dp < C /uzdu+/|VU|2d,u

Ok—1i Ok Okj

Lemma 3.3. Under the assumption of the previous lemma the following in-

equality also holds

(3.3) /quug C / u2du+/\Vu\2du

Okj Tk—1i Okj

Now we are ready to prove3(1).

Fundamental Inequalities on
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Proof of Theoren3.1 Letoy; be an arbitrary stratum 6&,. We can connect it
with some stratum id€), by means of a firm chain of stratq ; , .. . 0y, like
in Definition3.1. Forl < ¢ < p we consider the stratum, ; . If o, C S()
thenoy . i, C E(Q0) andkqy, = k, + 1 according to the definition of firmly
connectedness and we can ap@y to the pairoy,;,, o, .i,,,- AS aresult we

have
/ w?dp + / \Vul?dy |,

Thqt1ig+1

(3.4) / urdp < Cy

Okqiq Tkqi1ig+1

for someC, > 0. In the caser; ;, C E() andoy,, i, C S(Qo) (Or 98)
we havek,.; = k, — 1 and we can apply3(3) to obtain

(3.5) / u*dp < C, / udp + / IVul*du

Okqiq Thgt1igt1 Okqiq

Finally let us consider the case when betl), andoy,, ., are included in
E(Q). In this case both possibilities,., = k, + 1 andk,, = k, — 1 are
possible. Using3.2) or (3.3) we obtain 8.4) or (3.5).

It is important to note that in the right-hand sides 4 and (3.5 we have
integrals of|Vu|* only over elastic strata, in other words.4) or (3.5) implies

Fundamental Inequalities on
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that

(3.6) / u?dp

Tkqiq

<y / w?dp + Z / IVul2dp

/I — . .
a=q.a+lop i, CE )y "

o
kqt1ig+1 d%q

By induction we get

(3.7) /quungj /qu;H— Z /|Vu|2du ,

1§q’§p—1¢0kq,iq, CE(Q0)

Ok;j Thpip Tk yrigr

q

with Cy; = 2 | Inax {C} ---C;}. Taking into account that vanishes ord{2,

<i<p—1
we obtain
/quu < Cy; Z / |Vul?du < Cyj / |Vul?du.
Okj lgqlgpil:gkq’ifﬂCE(QO)qu/iq/ E(Q0)
Taking the sum on all strata we obtah {) with C' = ) Cy;. O]
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Here we discuss a standard obstacle problem. This is a generalization of the
mechanical problem illustrated by FiguBeconsisting of a finite humber of
membranes (two-dimensional strata) and strings (one dimensional strata) ini-
tially stretched in the plane. For a general stratifiedesubdivided into the
elastic strata({2y) and the soft ones$'(€)), let us fixp,q € C,(£y) such

thatg > 0 onQy, p > 0 on E(Qy) andp = 0 on S(£). Consider further

f e Li(Qo) as a small force acting on our system andddte the obstacle

o _Fundament_al Inequalities on
which is assumed to be iHL(QO). Then the displacementof the points of, Aty Stfzﬂgsﬁcgﬁi gnd Some
is described by means of the following variational problem

@1 [V + a0~ 2fu)di = i [V +a0? ~ 2f0)dn,

Serge Nicaise and Oleg M. Penkin

o £ Title Page
whereK is the convex and closed subsetféi(Qo) defined by Contents
(4.2) K ={ue H\(Q) : u(z) > ¢(z) (x € Q)}. 14 dd

< 4

Remark 4.1. We give the weak formulation (iI;’}L(QO)) of the problem, be-

. . . . . Go Back
cause it has no classical solution even in the case when our mechanical system
has no contact with the obstacle. The classical solvability requires stronger Close
conditions than firmly connectedness. Quit
~ By the standard approach problefm) may be reduced to the variational Page 18 of 36
inequality: Findu € K solution of
(43) CL(U, v — ’LL) _ (f7 v — u)u > ()’ You € K, J. Ineq. Pure and Appl. Math. 4(1) Art. 9, 2003
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where the formu(u, v) is defined by

Title Page

(4.4) a(u,v) = /(qu -V + quu)dp. Contents
Qo
<44 >

Theorem 4.1. Under the above assumptions if the tripl&t(£2), S(2y), 92) < >
is firmly connected, then the problerh) has a unique solution i .

Go Back
Proof. The bounded and bilinear form(u, v) is clearly coercive as an easy
conseqguence of Poincaré’s inequality. So, the assertion is a consequence of the Close
well-known theorem about variational inequalities in a Hilbert space (see, for Quit

example .0, . l
piet D Page 19 of 36

Remark 4.2. The setN' = {x € Qp : u(x) > ¢(x)} is called the noncoinci-
dence set of the solutian This set is clearly open and one can show that the  3ineq. pure and Appl. Math. 4@) Art. 9, 2008
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above mentioned solutianof the variational inequality4.3) is a weak solution
of

/(quVso + qup)dp = /fsodu,\w € D(N).
N N

If we take K' = ﬁ[i(Qo), then the variational inequality}(3) becomes the
variational identity:

o e
. 1 Fundamental Inequalities on
a(u,v) = (f, U)m Vv € Hu(QO)' Firmly Stratified Sets and Some
Applications

In this case using Green’s formula on each stratum,a weak solution of S - _
erge Nicaise and Oleg M. Penkin

0 .
—Apug; + qug; — Z Pk+1,5 (@Umm) = fii IN o, Title Page
Oki=Ok+1,j |oKi
Contents
u = 00noy.
- - - - - - ‘4 "
In the setting of Remarg.1this problem is exactly the one studied in Section
5 of [17]. Let us further remark that this problem extends particular problems 3 >
considered ind, 4, 7, 15, 17, 19]. Go Back
Close
Quit
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In this section and the next one, we assume that the strata are flat in the sense

that eachr,; is included into a hyperplane &" of dimensionk. Consequently

we may fix a global system of Cartesian coordinates on each stratum. Under

this assumption we shall prove the following Poincaré inequality, useful for
boundary value problems involving fourth order operators (see below for some
applications).

As before we introduce the spaég (<) as the closure of*(€2,) for the
norm||-||, induced by the inner product

(1, 0)2 = / (a + |Vul?)dpu + / | H (w)dp,
Qo E(Q0)

whereH (u) is the Hessian matrix af defined on each stratum,; with Carte-
sian coordinatesyy, . . ., yx) by

82u;ﬂ-
H(ug) = .
(1) (ayzaym>l,m:1,...,k

The space&?(€)) is defined exactly a§" () replacing first order derivatives
by first and second order derivatives.

Theorem 5.1.Let the triplet(E(£20), S(€), 0€2) be firmly connected such that
each stratum is flat in the above sense. Then there exists a positive caristant
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such that
(5.1) / (u? + |Vul)dp < C / | H (w)|2dp,

Qo E(Q0)
forall u € H?(Qo) N H,,(Q).

The proof of this estimate relies on Lemmnm&ag and 3.3 as well as the so-
called interpolation inequalities (see for instance Theorem 1.4.3.3pf [

Lemma 5.2. There exists a constaiit such that for alle > 0 and all v €
H?(oy,;) it holds

52) v < e [ § [P

Oki Oki Oki

Lemma 5.3. Leto,_1, < oy;. Then there exists a constatitsuch that for all
u € H?*(oy;) we have

(5.3) / (u? + |Vul2)dp < C / e / | H (w)|Pdy

Ok—1,i Tkj Tkj
Proof. Applying Lemmas3.2 to g—; with [ = 1,...,k and summing or, we
may write
[wipas> [ desc | [1vutans [P
I=1 Oy
Ok—1,i Ok—1,i Ik j Okj
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Thanks to the estimaté (2) we obtain

(5.4) [ wekdp<c| [ [

Ok—1, Ok Okj

The estimates3(2) and 6.2) directly yields

_Fundament_al Inequalities on
(5_5) / u2du < C /quu + / HH(U)H2CZ,U ] Firmly StraAtlgsltiicittie(t)sngnd Some
Ok—1,i I kj Okj . i
Serge Nicaise and Oleg M. Penkin
We conclude by taking the sum di.@) and £.5). O
Lemma 5.4. Under the assumptions of the previous lemma the following in- e e
equality holds Contents
44 44
68 [wrwPnzc| [ s [E@P . « | >
Okj Ok—1i Okj Go Back
Proof. By the estimateX.2), for anye > 0 we have Close
8. Quit
[ v < [ans S [P age 23 of 35
Okj Okj Okj
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Lemma3.3then yields

C
[vatan<ce [ wansce [ [wupan+S [P

Okj Ok—1i Okj Okj

Choosinge > 0 such thatC'e < 1/2 we obtain

/|Vu]2du <C / uzdu—i-/HH(u)szu )
Fundamental Inequalities on
Okj Jk—1i Okj Firmly Stratified Sets and Some
. . . . Applications
This estimate and3(3) directly yield (5.6). O

Serge Nicaise and Oleg M. Penkin
Proof of Theorend.1. The arguments of Theore®.1 replacing Lemma3.2
(resp. Lemm&B.3) by Lemmab5.3 (resp. Lemméb.4) directly lead to the con-

clusion. = Title Page

. . . L . Contents

Let us shortly give an application of the above Poincaré inequality to some

boundary value problems with fourth order operators. The problem considered <44 44
below is actually an extension of particular problems studied i 15, 7, 9]. < >
For each elastic stratum),; we introduce the Young modulus,; > 0 and the
Poisson coefficient,; € (0,1) of the constitutive material of the stratum;. Go Back
We then sep,,; = 1E’” for each elastic stratum,; andp,; = 0 for each soft Elesa

stratumoy; . With these notatlon we define the bilinear formon any closed
subspacé’ of H?(Q) N HL(QO) by

a(u,v) = Z DPri@ri (Ukiy Vki),

o1 CE(Q0)

Quit
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where we set

0*u 0*v *u 0%
ari(u,v) = AulAv — (1 — vy E dy.
lt: ) /ok { (=) {3@/ 20y OyiOynm 0yzé’ym] } Y

Owing to Theoren®b.1 we shall show that this bilinear form is coercive on
V', namely we have (compare with Lemma 2.5 bf][or Lemma 2.1 of [ &]):

Lemma 5.5. There exists a positive constansuch that for alk, € V" we have

(5.7) alu,u) > alfull3.

Proof. By direct calculations we see that
agi(u, u)

-[ 2]

=1

2
9%*u 0*u
+ k:zz a Qaym

2
Yi

u \’

By Young’s type inequality

k
> wan == |,
=1

l#m
2 2
I£m 8ylaym

valid for all real numbers;, we arrive at

agi(u,u) > (1 — v / {i

=1

2

(9yl
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> (1-m) [ |H@Idy,

(3

The conclusion follows from Poincaré’s inequaligy. 1). ]

The so-called Lax-Milgram lemma allows to conclude the existence and
uniqueness of the solutiane V' of

(5.8) a(u,v) = fvdu,Yv €'V,

Qo

Fundamental Inequalities on
for an c LQ On). Firmly Stratified Sets and Some
M 0

Applications
Let us give the interpretation of problerd.®) in terms of partial differential
o Serge Nicaise and Oleg M. Penkin

equations in the special case = H(Qy) N H},(€). In that case for each
stratumoy; we introduce the boundary operators

Title Page
d%u
(5.9) Miu := pri | viAu + (1 — I/]%)w , Contents
0Au ou <4< »»
( ) ki U pk((% + (1 = vki) Tay) p N
on its boundary. Then by applications of Green’s formula we see thatdod Go Back
v sufficiently regular we have
Close
o .
Prii(u,v) = pki/ AZuvdy - / {Mkzzua_v - Nkﬂw} do QUi
ki oy v Page 26 of 36
0 (0Ou
+ pri(1 — Vi) — | = vdo.
8(doy;) Ov \ OV ooy, J. Ineq. Pure and Appl. Math. 4(1) Art. 9, 2003
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Using this identity in §.8) we see that the solutiom € H() N ﬁI;(QO) of
(5.8) is a weak solution of

2
Prid Uy + E Nipt1,jUk41,5

Oki=<O0k+1,j

0 (0Ou )
+ Z Prt2(1 — Vk+2,l)8_ ( )I | = fri IN 0,

v \ v lok+1,5
Oki=O0k+1,j <Ok+2,1

Mkiu;ﬂ- =0on 80’]@,
u = 0 0onof.

Note that this problem extends boundary value problems studied %h¢n
one-dimensional networks and inj, 1£] on two-dimensional ones.
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The so-called Korn’s inequality is the basic ingredient for coerciveness property

of problems involving the elasticity syster,[11]. We now show that this
inequality is also valid on stratified sets. An application to the elasticity system
on such sets will be presented at the end of the section.

Let us first recall Korn’s inequality on one stratumng (see for instancel[]]
for a proof of the estimate below in the case of domains with a Lipschitz bound-
ary), which says that there exists a positive constastich that

(6.1) / |Vul?dy < C (/ ||e(u)||2dy+/ |u)? dy) Vu e Hl(aki)k,
Oki Oki ;

i Oki

where, as usuat(u) = (ejm(u));,,—, is the strain tenso;,, (u) = 3 (gyi; + %L—yj‘)

2
and for shorthness we writ& u|* = mezl gyﬂ

This estimate and Lemnta2 directly lead to

Lemma 6.1. Letoy_1; < oi;. Then there exists a constafitsuch that for all

u &€ Hl(Ukj)k
/ uPdp < © / ulPdp + / le(uw)Pd

Ok—1i Okj Okj

(6.2)

The equivalent of Lemma&.3 requires a more careful analysis and, to our
knowledge, seems to be new:
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Lemma 6.2. Under the assumptions of the previous lemma we have

6.3) / uldp < © / Pyt + / lew)|Pdy | |
Ukj

Okj JTk—1i
whereu, is the tangent componentofonoy_q;, i.€.,
up = u — (U - Vpj)Vgj ONOp_1;.

Proof. Assume that the estimat@.g) does not hold then there exists a sequence
(u,) such that

(6.4) / 2y = 1,

1
(65) [ Pl [ lew)Pdn =
Ukj

Ok—1i

By Korn’s inequality 6.1) the sequencéu,,) is bounded inH*(o;)" and by
the compact embedding df'(oy;) into L*(oy;) (Rellich-Kondrasov's theo-
rem), there exists a subsequence, still denote@:hy, which is convergent in
L*(oxj)*. By (6.5 and 6.1) the sequence is convergentiff (o;;)*. Denote
its limit by u. By (6.4) and ©.5) it fulfils

(6.6) [1updn=1,
Okj
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(67) u; = 0 0Nog_q;,
(6.8) e(u) = 01in oy;.

This last property implies thatis a rigid body motion, i.e.,

for someb € R* and an antisymmetric matrix. Owing to the boundary con-
dition (6.7), we conclude that = 0 and A = 0 and sou = 0, which is in
contradiction with 6.6). O

Now we define the space of vector valued functionggn We first define
C(Qy) as the set of functions such that its restrictignto oy, is in C(G;, R)
and such that for any strata, and oy, with a common boundary;_; ;, we
have the “continuity” conditions:

Ugi = Uk ONOg—1 5,

U1, = Uk — (Uk; - Vgi)Vii ONOf_1 5.
Note that the first condition implies that
ki — (Uki * Vii) Vi = Ukir — (Ukir * Viir ) Viir ONOg—1 5.

We may now defin€*(€)) as the subspace 6f(€),) such that its restriction
ug; to o iS in C'1 (G, R¥), while C} () is the subspace &' (£2,) of functions

which are zero o(,. Finally we takefIi(Qo) as the closure o€} (£2) for
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the norm induced by the inner product

(,):/uvdu+ Z /U

o CE(Qo) © ki Im=1

k

aul 81)1
O 0ym

The arguments of the proof of Theorednl replacing Lemma3.2 (resp.
Lemma3.3) by Lemma6.1 (resp. Lemmab.2) lead to the following result
that we may call Korn’s inequality on stratified sets.

Theorem 6.3.Let the triplet(E(£20), S(€), 0€2) be firmly connected such that
each stratum is flat in the above sense. Then there exists a coassach that

(6.9) ufdp < C [ Jlew)]2dp
[utase |

E(Qo)

for all u € H},(Q).

We finish this paper with an application to the elasticity system, extension
of the notion of transmission problems for the elasticity operators considered
in [19, 2(]: For each elastic stratum;, we suppose that Hooke’s law holds,

namely the stress tensef* (uy;) = (oum ()
tensor by the relation

. IS related to the strain

I,m=1,...,

Tim (58) = D Cliry € (1),

Um/=1
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where the elastic modui:ff,fl),m, are real constants, satisfy the standard symme-
try relatlonSCl(ml), )= cl(f“,ff,lm = f,’fl’l)m = cl(fj,)nl and the positiveness condi-

tion: there existsr > 0 such that

Z lml’ glmgl’ ! > & Z glm|27v§lm c R.

Lml/m'=1,...k  Im=1,.,

We now introduce the bilinear form, on H*(o,;)* by

(ki) Fundamental Inequalities on
v Firmly Stratified Sets and Some
ag;(u, v) o, (w) e (v) dy. Y

kz /U Im ( ) lm( ) Yy Applications

ki | m=1,.
Serge Nicaise and Oleg M. Penkin

Note that the Lamé system is a particular case of the above one for a partic-

ular choice ofclﬁ;‘l), ., in that case one has

Title Page
) ) k Contents
ag(u,v) = / Aii divu div o + 241 Z Eim (W)€ (V) ¢ dy,
Oki I,m=1 <4< 44
where),; > 0 anduy; > 0 are the Lamé constants of;. < 4
Finally we define the bilinear form on the spacél’, () by Go Back
Close
a(u, U) = Z aki(u;ﬂ-, Uki)- Quit
ki CE(Q0)
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exists a unique solution € }Oli(Qo) of
(6.10) a(u,v) = Z/ fri - vk dy, Vv € IO{L(QO),
ki Y Oki

for any fu; € L?(ow;)".
Applying Green’s formula we see that

[y

Therefore the solution € H, () of (6.10 is a weak solution of

ki |=1

- Z a_%]jf) ki) > (0" ug ) V)i = friin o,

Oki <O0k+1,j

(009 (uy15) - v) v = 0 N Darys ©

with the convention that*") (u;,;) = 0 on a soft stratuna,.

_Uzm '(u Yomdy — / (e (u) - v) - vdo.
0oy
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