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Abstract

In this paper, we prove some explicit upper bounds for the average order of the
generalized divisor function, and, according to an idea of Lenstra, we use them
to obtain bounds for the class number of number fields.
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Let K be a number field of degree, signature(r, ), discriminantd (K),
Minkowski boundb (K) := b = (&) (2)" |d (K)|? and class numbeéir (K) .
We denote by the ring of algebraic integers &. We are interested here in
finding explicit upper bounds fdr (K) of the type

(log|d (K))"™",

wheres (n) is a positive constant dependingerandlog is the natural logarithm
There are several methods to get such bounds {&t) : Roland Quéme in
[2] used the geometry of numbers to prove thatif 17,

[N

h(K) <e(n)ld(K)

R (K)h (K) < w (K) (3) 4(K)

[N

2logb)"
< - (2logb)”
whereR (K) is the regulator oK, andw (K) is the number of roots of unity in

K.
In [5], Stéphane Louboutin proved, by using analytic methods, that

R0 () < U9 (2) aqopt (BN

and, ifK is a totally real abelian extension @Qf

R(K)h (K) < d (K)} {log‘”K) N 0.025}”1.

- 4(n—1)
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The methods used to get these bounds are very deep, but it is necessary to
compute the regulator (which is usually not easy), or use the Zimmert’'s lower

bound forR (K) (see [L1]):
R (K) > 0.02w (K) 4010172,

We want to prove some inequalities involvihdK) in an elementary way:
we have

h(K) < [{a: integral ideal ofOg, N (a) < b},
whereN (a) denotes the absolute normmfand, using an idea of H.W. Lenstra
(see []), we can see, by considering how prime numbers can spi,ithat,
for each positive integer., the number of integral ideatsof absolute normn
is bounded by the number of solutions of the equation
(ai € N*) .

a1ag Ay =M
Lenstra deduced that

(1.1) h(K) < [{(ai,...,a,) € (N, ajas---a, < b}|.

Now the idea is to work with the generalized divisor functipnsince(1.1)
is equivalent to:

Lemma 1.1. LetK be a number field of degree> 2, andb be the Minkowski
bound ofK. Then:
h(K) < dy(m).

m<b
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In an oral communication, J.L. Nicolas and G. Tenenbaum proved that, for
any integem > 1 and any real number > 1,

(1.2) > d,(m) <  (log + 1 — )"t

(n—1)

(one can prove this inequality by induction).
Hence, by Lemma.land (L.2), we get Lenstra’s result, namely:

Explicit Upper Bounds for the

(log b+n— 1)n_1 . Average Order of dy, (m) and
(n — 1)! Application to Class Number

h(K) <
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We mention here some notation that will be used throughout the paper:

General m,n,r, s will always denote positive integers,a real numbep 1,
and[z] denote the integral part af the unique integer satisfying— 1 < [z] <
xZ.

e ¥ (z) =z — [2] — 1, ande (z) := ¢*™. ¢ is 1-periodic andy (z)| < 3.
e v~ 0.5772156649015328606065120900... is the Euler constant.

e For any finite set, |£| denotes the number of element<in

On number fields K is a number field of degree > 2, signature(r, ),

discriminantd (K) , Minkowski boundb = (£) (£)™ |d (K)|2, class number
h (K).

On arithmetical functions By 1, we mean the arithmetical function defined by
1 (m) = 1 for any positive integem.

The generalized divisor functiafy, is defined by

di(m) =1, d,(m):= Y

aiaz--apn=m

1 (n>2)),

and, ifn = 2, we simply denote it byl (m) .
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If f andg are two arithmetical functions, the Dirichlet convolution product
of f andyg is defined by

(frg)(m) =D F@)g(5).

dlm
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The properties of the generalized divisor function can be founé]if §] and
[10]. For our purpose, we only need to know th&t is multiplicative (i.e.
d, (rs) = d, (r)d, (s) wheneverged (r, s) = 1) and, for any prime number
and any non-negative integemwe have :

n_ (ntl—1
n)= ("),
where(}) denotes a binomial coefficient][ equality (4)).

It's important to note that we have

(3.1) dy=1x1x..x1 (n>1).
—_——

n times

One knows that the average orderdqf(m) is ~ (logm)" " / (n —1)! : to
see this, one can use the following resutf,(equality (18)):

1 1
d, 2 (1 - 0 1, n>2).
St s loss ™ {2 0 )} o1 nz2
Our aim is to compute several constan{s:) depending (or not) on such that

Z d, (m) < & (n) x (logz)" '

m<x

We will need the following lemma:
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Lemma 3.1. Letz > 1. Then:

1 .
Z—zlogx—i—’y—M—i—% with  |eg| <
m T T

m<x

This result is well-known, and a proof can be foundih [

AN,
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Theorem 4.1.Letn > 1 be an integer and > 1 a real number. Then:

1 n—1
Zdn(m)§x<loga:+7+—) :
x

m<x

Theorem 4.2.Letn > 1 be an integer and > 6 a real number. Then:

n—1 Explicit Upper Bounds for the
E d, (m) <2z (1Og :E) . Average Order of d,, (m) and

m<z Application to Class Number
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Theorem 5.1. Let K be a number field of degree Minkowski bound) and
class numbeh (K) . Then:

h(K) < b(logb+ v+ b_l)rh1 :

Theorem 5.2. Let K be a number field of degree > 2, Minkowski bound
and class numbei (K) . Then, ifb > 6,

h(K) < 2b(logb)" .

Theorem 5.3. Let K be a number field of degree discriminantd (K) and
class numbeh (K). Then :

N

2n—1
h(K) <

< mld(K)l

(log|d (K))""

More generally, ifa > 0 is satisfyinge > 2 (n — 1) / (log |d (K)|) , then

(log | (K))""

a+1\"""|d(K)|?
h(K>§( > ) (n—1)!
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In the following proofs, we set

Proof of Theoremd. L

:Zdn(m

m<x

=2 2 1= 0 e )

a1<z az2<zx an<z/(a1...an—1)

m<zx aj..

D

a1<:):

and we use Lemma.1to conclude the proof.

Proof of Theorem.2.

Ap— 1<.’17

n—1
1
()
a<z

1. We first note that, since

(

1

Y

n+1,

2
(

(n?+7n+2)
(3n?+7n+2)
(3n?+on+2)

n+1,

n2+5n+2)

9 )

n +7n+2)
2 )

3n +7n+2)
2

3n +9n+2)
2

)

)

if1<t<2,
if 2<t<3,
if 3<t<4,

if 4 <t<5,
if 5<t<6,
if6<t<7,

if 7<t<8,

1
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then

2

e 7 3e 1093 9e~2
t728, () dt = | — — 24 == - 1 —e?

/1 (®) (24 2)”+(840 2)n+ “

and then, ifn > 2,

2

e 2
(6.1) / t728, (t) dt < 2%
1

. Letx > 6,n > 1. The theorem is true i = 1, sinceS; (z) = [z] < z,
so we prove the result for > 2.

We first check that the theorem is true wher = < e2. Indeed, in this
case, we have

3n*4+9n+2

2 (log )"~ > 12 (log 6)" " > 4n* > 5 >

SO we can suppose that> ¢? andn > 2.
We prove the inequality by induction :if = 2,

Sy () = Z Z 1 <zlogz+x < 2xlogz.

r<z s<z/r

Assume it is true for some > 2. By (3.1), we have:

St (7) = 3 (dn 1) (m)

m<x

S, (62) > S ().
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=22 du(d)

m<x §|m

AT

o<z

d, (0
sz 5()

o<z

x
-1
= 33/1 td (Sn (t)) Explicit Upper Bounds for the

- Average Order of d,, (m) and

z Application to Class Number
=S, () +x / t728, (t) dt
1

Olivier Bordellés
2

T

=5, (x)—i—x/ t728, (1) dt—l—x/ t728, (t) dt.
1 e

2 Title Page
Using 6.1) and induction hypothesis, we get Contents
Spir () < 2z (logz)™ ' + + 2:17/ t~ (logt)" " dt P >
e2
2 _ 2 2 2n+1
= = (logz)" + {2 (logz)" " + o } Go Back
n 3 n
n Close
= 2z (logx)" —xf, (),
Quit
where Page 14 of 35
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Now we have

2 2
fu @) = fu(¢8) =2 = S > 0,
hence
Spa1 () <2z (logz)".
This concludes the proof of Theoreh?. O

Proof of Theorem8.1& 5.2. Direct applications of Theoremsland4.2. [

Explicit Upper Bounds for the

Proof of Theoren®.3. Let e > 0, and suppose > e» Y/, Thenn — 1 < Average Order of d,, (m) and
alogx, and, using {.2), Application to Class Number
( 4 1)n_1 Olivier Bordelles
(6.2) S, (z) < C(L—wx (log )"
n — :
Title Page
Now, Sinceb < |d(K)|% , we have, by Lemma.1, Contents
hEK)< Y dy(m). 4« »
m<|d(K)[H2 < >
We then use the inequalityd], Lemma 10) Go Back
|d (K)| Z eg(n_l)/3 Close
Quit

and 6.2 with a = 3 to get the first part of Theorem3.
The 2nd part comes directly fror.@). This concludes the proof of Theorem
5.3 O
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We now want to prove another bound, using the Dirichlet hyperbola principle:

Theorem 7.1. Let K be a number field of degree Minkowski bound and
class numbet (K) . Then, ifb > 36,

1) n=2p (p>1
( ) ( ) ’ Explicit Upper Bounds for the
Average Order of d,, (m) and

D _ 1\p-1 Application to Class Number
h(K) < i (logb)” (logb+p—1)""",

S oo a
2v (p 1) Olivier Bordelles
() n=2p+1 (p=1),
Title Page
b P p—1 2 p
- _ z Content
M) < gy Qo) {logdogb =17+ (2) hog -4} ontents
4« >
We first need the following result: < >
Lemma 7.2. Letx > 6 be a real number anéd > 1 an integer. Then: Go Back
Close
> (M) 5 (1og )" |
= m Quit

: . , Page 16 of 35
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x > 2. By partial summation, we can write, using Theorérf,

Z dk (m) = ;Eilsk (Q?) + /x tiZSk (t) dt

m
m<x
82 x
< 2(logz)"! +/ t725, (1) dt +2/ t~ (logt)" " dt
1 e2
2 3 2]€2 2k+1
< Z(logz)" +2(oga)" 4+ - —
k 3 k Explicit Upper Bounds for the
Average Order of d,, (m) and
and one can check that Application to Class Number
3 2k2 9k+1 3 1 Olivier Bordellés
2 (log )" 1—1—7— ? < (ﬁ_E) (log z)"
) Title Page
if z > e? andk > 2, hence
Contents
d 3 1
2. ’“;m) < (5 - z) (log )" < 2 (log )" “« | »
m<x 4 >
Now, if 6 < = < e? andk > 2, we get Go Back
2 (log )" > 2 (log 6)" Close
6k> Quit
> —_
5) Page 17 of 35
1
> —— (245k% 4 1093k + 840)
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dkm
5 &l

<e?

<

3

3
8

which concludes the proof of Lemma2. O

Proof of TheorenY.L Letx > 36 be a real number. Ik = 2p is even, using
(3.1) again, we can write: Explicit Upper Bounds for the

Average Order of d,, (m) and
Z dy, (m) = Z (dn/2 * dn/2) (m) = Z (dp * dy) (M),

Application to Class Number
m<x m<x m<x

Olivier Bordellés

and, by the Dirichlet hyperbola principle, we get, for any real numbseatis-

Title P
fying1 < T <, me rage
Contents
Zdn(m> < de(m) Z dp (r) + Z dp (m) Z dp (1), PP >
m<z m<T r<z/m m<z/T r<z/m
< >
and then, usingl(.2),
Go Back
-1 Cl
Zdn(m)ﬁ x ,{Z d, (m) (10g£+p_1>p ose
m<z (p - 1) m<T m m Quit
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and, with Lemm&.2, if min (7', %) > 6, we get

o on) < ZHUETEEEI sy + (s (7)),

m<x

and we choos& = x2 (somin (7, Z) = 2 > 6) to conclude the proof.

' T
If n =2p+ 1is odd, then we write:

Z dn (m) = Z (d(n—l)m * d(n+1)/2) (m) = Z (dp * dps1) (M) -

m<x m<x m<zx
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We suppose in this section tHat= Q <\/E> ,Whered € Z\ {0, 1} is supposed

to be squarefree. We denote héréhe discriminant and (d) the class number.

We recall that:
d, fd=1 (mod4),

A =
4d, ifd=2o0r3 (mod4).
The problem of the class number is in this case utterly resolved: for example, Explicit Upper Bounds for the

: Average Order of d, and
if d < —4, we have (seel], Corollary 5.3.13) A o s

h (d) =<9 _ C_l - Z g Olivier Bordellés
— 5 o)
1<k<|d]|/2

Title Page
where (£) represents the Kronecker-Jacobi symbol. Nevertheless, we think it ?
would be interesting to have upper bounds/fqt). Contents

We also note that, byZ], we can replace, in Lemma.1, the Minkowski pp >
boundb by the bound’ defined by: p R
A/8, ifA>38,
B = Go Back
—A/3, if A<DO. Close
We can see that the problem of the class number of a quadratic field is then Quit
connected with that of having good estimations of the error-term Page 20 of 35
Zd )—x(logx +2y—1)
m<z J. Ineq. Pure and Appl. Math. 3(3) Art. 38, 2002
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(Dirichlet divisor problem).
One can prove in an elementary way thatz) = O ( %) (see below)

Voronoi proved thak (z) = O (x% log a:) . If we use the technique of exponent

pairs (see {]), we can haveR (z) = O (x%> . By using very sophisticated

technics, Huxley succeeded in proving tiiatz) = O (x% (log x)%>
The following result is well-known, but, to make our exposition self-contained,

we include the proof: Explicit Upper Bounds for the
Average Order of d,, (m) and
Lemma 8.1. Letxz > 1. Then: Application to Class Number

Olivier Bordellés

D d(m)<a(logz+2y—1)+2| Y ¢(£) 43

m<x m<zl/? m Title Page
Proof. By the Dirichlet hyperbola principle, we have: Contents
44 44
d = 1
>_dlm)=3 3 s
m<x rs<x
SIDNTDID D ID I
r<zl1/2 s<z/r s<zl/2r<z/s r<gl/2 s<gl/2 Close

=23 Y 1-[va]? Quit

1/2 ¢<
rsal/? s<afr Page 21 of 35

=23 - (Vi-e(va) - 1)

r<zl/2
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—2 Y <x/r—w(x/r)—%) — 2 — v (V)

r<gl/2

1

2 (VE) VE +VE - (V)

and, by using Lemma.1, we get

Z d(m) =2x (% logz 4+ — 2~ 29 (V) + 53:1)

m<x

23 (%) - VE+ o (VE) + - - v (V)

2
r<zl/2
2 (VE) VEH VE - v (V)
:x(logx+27—1)+2e+i—¢2(\/§)—2 Z @D(%),

and we conclude by noting tha < 1 and|} —

Corollary 8.2. Letxz > 1. Then:

3
Zd <:v10g93+27—1)+\/_+—.

m<x

Proof. Use|y (t)| < 3 in Lemmas. L. O

We get, using Lemma.1:
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Corollary 8.3. LetK = Q (\/E) be a quadratic field of discriminank. Then:
[{QlogA+27— ——log2}+(%)1+§l, if A >8,

\/— {2log A)+2y—1—1log3} + (- )%—i—%, if A <0.

Example 8.1.1f d = 13693, then, using PARI system (sed)[ we geth (d) =
15. The bound of Corollarg.3gives

h(d) < 166.

Example 8.2.1f d = —300119, then we havé: (d) = 781, and Corollary8.3
gives
h(d) < 1889.

For bigger discriminants, it could be interesting to have a lower exponent on
the error-term. We want to prove this explicit version of Voronoi’s theorem:

Lemma 8.4. Letz > 3. Then:

Z P (%) < 63 log x.

m§x1/2
We first need an effective version of Van Der Corput inequality:

Lemma8.5.Letf € C? ((N;2N] — R). If there exist real numbers > 1 and
A2 > 0 satisfying

)\fo”(x)éc)\g (N<x§2N),
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then:
1 1 _1
<4ri {cNAg 12N, } .

Y e(xf(m)

N<m<2N

Proof. We first prove the following result:
Let f € C*([N;2N] — R) satisfying

(7) f'(x) ¢ Zif N <z <2N,

(i) there exists\; € (0; 2] verifying f” (z) > Ay (N <z < 2N).

Then
(8.1) ST (S (m)| <4,
N<m<2N
Since

N<m<2N

we shall prove §.1) just for f, and sincef” (x) > 0 for z € [N;2
strictly increasing function.

Let 2 be a real number satisfying < =z < %. By (

/

N], f'isa

) i), we can define real
numbersu, v, Ny, Ny such thatu := f'(N), v := f'(2N), and f' (N;) =
[u] + z, f' (N2) = [u] +1 — z. We have :

Yooelfm)= Y e(fm)+ D elfmh+ D e(f(m),

N<m<2N N<m<N; N1<m<N

Na<m<2N
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with

Y. elf(m)

N<m<Np

gmax{m_N,l}:max{f'<N1>‘f'“V),l}

J"(€)

for some real numbef € (N; Ny), then, by(ii) ,

> e(f(m))] < max{[“]i#,l} < max{%,l},

N<m<Np
Explicit Upper Bounds for the
and we have the same for Average Order of d,, (m) and
Application to Class Number
v+ax—|ul—1 T
Z e(f(m))] < max{ S [ ,1} < max {)\—, 1} , Olivier Bordellés
Na<m<2N 2 2
and we use Kusmin-Landau inequality (s€p fo get Title Page
T 2 Contents
Z e(f(m))| < cot <7> < —.
N1<m<Na mr 44 44
We then have: | >
T 2 Go Back
Y e(f(m))] < Qmax{—,l} + =,
N<m<2N A2 T Close
1 1 . i
We then choose = (22)?2, SO = (mAg) 2 > 1if X, < 7', and we get Quit
Page 25 of 35
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We are now ready to prove LemrBzb:

If Ay > L thendr—2¢NA; > 47~ 'N > N, s0 we supposg, < L.

We takeu, v as above, and we define
[w;v)NZ:={l+1,..,l+ K}

for some integet and positive integek’, and define

Je={meZ, l+k-1<m<I+k}nfuo] (1<k<K+1).

We have, by §.1),

ST oe(fm)| <D0 e(f(m)| <dni (K

and, by the mean value theorem,
K—-1<v—u=f'(2N)— f'(N) <cNMy,
thus

NI

<4777 (NAg+2) A, 2.

> elf(m)

N<m<2N
This concludes the proof of Lemn&ab.

Proof of Lemma3.4. We write

1
2

+1)A, %,
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We then split the interva@x%; x%} into sub-intervals of the forriV; 2] with

275 < N < 22 the numbetJ of such intervals satisfies
271N < x2 < 27N,
and sinceV > Zx%, we have

log (x%/N> , log =
log 2 s 6log?2

We then have :

log
6log2’

¥| < max
2x1/3< N<al/2

> ()

N<m<2N

Moreover, using Erdds-Turan inequality (see Apperfdixwe get, for any pos-
itive integerH,

T
> o —)|
m
N<m<2N
H
N 1 1 hx 1 hx
Sﬁ*%{zﬁ 2 (E) TH) 5| 2 (a)‘}
h=1 N<m<2N h>H N<m<2N
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so, by LemmaB.5, with X\, = hx/ (4N3) andc = 8, we get

> ()

N T
< g 16m {Z( 5 (Nh) 2

N<m<2N h=1
+H Y (a2 (NB?) 72 + Nzx—éh—W?)}
h>H
1 3 1
< — )2 2x2
- 9H + 1672 {2 (xHN ) +C ( Ne Explicit Upper Bounds for the
5 Average Order of d,, (m) and
00 1 N Application to Class Number
+H <(£> iy (—> t—5/2> dt}
H N X Olivier Bordelles
N 3 3 3 1
< g H16m 2 {4 (tHN~ ) (g (2) + 2/3) Nag~ 2} : Title Page
where¢ ( : Z;":l k~2. The well-known bound (0) < o/ (6 — 1) (o > 1) Contents
gives¢ (2) + 2 < X < 4, hence <« by
x N 1 3 _1 < >
> v (5)| < gy +oanH{@HNT) T+ NEaTE
N<m<2N Go Back
We then choose o Close
H= [2 Nz s].
Quit

Considering the inequality/ [y] < 2/y (y > 1), we get

> ()

N<m<2N

< (647r—%2—% n 2) o5 + 64T SN3z 3,
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and |
3 < {(64n 3273 4+ 2) 2} + 64n 0t } BT
6 log 2

and sincer > 3, 21 < 37V/1225, then

1
xr3logx

1
< bHz3logw.
6 log 2 reioew

5| < {647r—% (2—% + 3‘?12> + 2}

We obtain with Lemmd..1:

Corollary 8.6. LetK — Q (ﬂ) be a quadratic field of discriminank. Then:

( VA/8{ilog A+2y—1—2log2}
+6(A/8)Clog (A/8) + 3, if A > 72,
V—A/3{ilog (—A)+2y—1— 1log3}
+6 (=A/3)Clog (=A/3) + 2, if A < —27.

1

h(d) <
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We want to show here this special form of the Erdés-Turan inequality used in
this paper:

Theorem A.1. Let H, N be positive integers, andl : (N;2N] — R be any
function. Then:

Z Y (f (m)>|

Proof. For any positive integers and H, we set

H 1/H

h, H
o( )= 2mih

e (—ht)dt.
1. We first note that
1 1 H
(A.1) e (h, H)|<2—m1n <h h2>'
Indeed, ifh < H, then
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and ifh > H, then the first derivative test gives
1/H

/ e (—ht) dt
0

2. Letz, t be any real numbers. Singe(z) < ¢ (z —t) + t, we get

1/H 1/H
/O ¢(w>dt§/o (1 (z —t) +t) dt,

H 2 H - H
_27rh 7h (Wh)Q o2rh?’

H
h H)| < —
e (h )| < 5

and then
(A.2) <H/ v (x—1t) dt+—

The partial sums of the serigs, ., {—sin (2rhx) / (h7)} are uniformly
bounded, hence -

1/H
W (z—t)dt

:“ZE/ sin (2mh (z — 1)) dt
™

1/H
2mi Z / e (hz)e(—ht) — e(—hx)e(ht)} dt

0

Explicit Upper Bounds for the
Average Order of d,, (m) and
Application to Class Number

Olivier Bordellés

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 31 of 35

1 e (hz) /H 1 e(—hx) [YH
- 2_m ; h /0 € (_ht) dt o 2_7m ; —h /0 € (ht) dt J. Ineq. Pure and Appl. Math. 3(3) Art. 38, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:borde43@wanadoo.fr
http://jipam.vu.edu.au/

hEZ, h#0 heZ, h#0

hence, usingX.2),

V@) S sm— 3 el H)e(ha),

heZ, h#£0
and
N
> Y (f(m) < o = > e, H) > e(hf(m))
N<m<2N h€Z, h#0 N<m<2N
<2 e Y 6(hf(m))',
h=1 N<m<2N
hence
A3) D Y(f(m _2H+2Z|chH > e(hf(m))|.
N<m<2N N<m<2N

3. Since we also have (z) > ¢ (z +t) — t, we get in the same way

> Y (f(m) >——+ > c(h,H) ) e(=hf(m))
N<m<2N h€Z, h#0 N<m<2N
N o0
> o2 3 c(h, H) M%;me(—hf (m))'
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>___2Zyc (h, H)|

and sincee (—hf (m)) = e (hf (m)), we obtain

Y. el=hf (m))',

N<m<2N

A4 > W(f(m)
———2Zyc (h, H)|

The inequalitiesA.3) and (A.4) give

Explicit Upper Bounds for the
E e (hf (m)) . Average Order of d,, (m) and
N<m<2N Application to Class Number

Olivier Bordellés

Title Page
N<;2N¢ (f( a 2H . Z |C h H N<;2Ne (hf (m))‘ Contents
il < (13
:_+%Zw Y el(hf(m)
h=1 N<m<2N < >
Go Back
+ ;H c(h M;me (hf (m))'} : Close
Quit
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