Journal of Inequalities in Pure and
Applied Mathematics

SOME INEQUALITIES FOR A CLASS OF GENERALIZED MEANS

volume 5, issue 3, article 69,

KAI-ZHONG GUAN 2004.
Department of Mathematics and Physics Received 03 March, 2004;
Nanhua University, Hengyang, Hunan 421001 accepted 30 March, 2004.

The Peoples’ Republic of China

; . Communicated by: D. Stefanescu
EMail: kaizhongguan@yahoo.com.cn

Abstract

Contents

44
4

Home Page
Go Back

Close

(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit
054-04


Please quote this number (054-04) in correspondence regarding this paper with the Editorial Office.

mailto:stef@fpcm5.fizica.unibuc.ro
http://jipam.vu.edu.au/
mailto:kaizhongguan@yahoo.com.cn
http://www.vu.edu.au/

Abstract

In this paper, we define a symmetric function, show its properties, and establish
several analytic inequalities, some of which are "Ky Fan" type inequalities. The
harmonic-geometric mean inequality is refined.

2000 Mathematics Subject Classification: 05E05, 26D20.
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Letx = (z1,29,...,x,) be ann-tuple of positive numbers. The un-weighted
arithmetic, geometric and harmonic meanszofdenoted byA, (z) , G, (),
H,(x), respectively, are defined as follows

Ap(x) = %sz, Gn(z) = (Hmz> ” , H,(z)= #

i=1 z;

) . Some Inequalities for a Class of
Assumethad < z; < 1,1 <i<nanddefind —z = (1—xz;,1—x9,...,1— Generalized Means

x,,). Throughout the sequel the symbealg(1 — ), G,,(1 — z), H,(1 — z) will
stand for the un-weighted arithmetic, geometric, harmonic means-of.
A remarkable new counterpart of the inequality < A,, has been published

Kai-Zhong Guan

in [1]. Title Page
Theorem 1.1.1f 0 < z; < 3, foralli = 1,2,...,n, then CRMENE
44 44
' Go(1—z) = A,(1—x) < 4
with equality if and only if all the; are equal. GoBack
This result, commonly referred to as the Ky Fan inequality, has stimulated Close
the interest of many researchers. New proofs, improvements and generaliza- Quit
tions of the inequalityX.1) have been found. For more details, interested read- Page 3 of 20

ers can see’], [3] and [4].
W.-L. Wang and P.-F. Wang] have established a counterpart of the classical T rue s et vam 5 Are o0, 2004
inequalityH,, < G,, < A,,. Their result reads as follows. http://jipam.vu.edu.au
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Theorem 1.2.1f 0 < z; < 1, foralli =1,2,...,n, then

H,(z) < Gn(x) < A, (z)
H,(1-2) = Gu(1—2) ~ A,(1—2)

All kinds of means about numbers and their inequalities have stimulated the
interest of many researchers. Here we define a new mean, that is:

(1.2)

Definition 1.1. Letz € R} = {z|x = (x1, 22, ..., 2,)]x; > 0,i=1,2,...,n},
we define the symmetric function as follows

1

Some Inequalities for a Class of

(%) :
r Generalized Means
H;(ZL‘) = H;({L’l,ﬁgj...,{&ﬁ = [ | | (—r 1)] .

1<i1<-ip<n i=1 "1 Kai-Zhong Guan

Clearly H}(z) = Hy,(z), H}(x) = Gu(z), where(") = =

The Schur-convex function was introduced by I. Schur in 1923l{s defi- Ve PagE
nition is as follows: Contents
Definition 1.2. f : I — R(n > 1) is called Schur-convex if < y, then <« >
(1.3) f) < fy) < >
forall x,y € I" = I xIx---x1I (n copies)ltis called strictly Schur-convex if Go Back
the inequality is strict;f is called Schur-concave (resp. strictly Schur-concave)
if the inequality (.3) is reversed. For more details, interested readers can see Close
[6], [7]and [5]. Quit

The paper is organized as follows. A refinement of harmonic-geometric Page 4 of 20

mean inequality is obtained in SectiBnin Sectiord, we investigate the Schur-
convexity of the symmetric function. Several “Ky Fan” type inequalitieS are ;T pue s ao vt 52 At o6, 2004
obtained in Sectiob. http://jipam.vu.edu.au
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In this section, we give the following lemmas for the proofs of our main results.

Lemma 2.1. ([5]) If 0 < z; < %, foralli=1,2,.

1
< ] or
Hz’: T

Y
Lemma2.2.1f 0 < z; < i, foralli=1,2,...

Z?Jrll 1—z; 1 then
n - T
Z?:f (Sn+1 - 1_1%) < H?:f (SnH o 1—1x1> '
Z?;l (Sn+1 - x%) B H?;l (S”+1 o w%)

Proof. Inequality @.2) is equivalent to the following

_ n+l (&

Ser 1, [ (S = 5)
nln < n ntlig 1

Sn_|_1 n+1 Hi:l ( n+1l = x_>

1, andl — z; > w;, it follows that

.,n, then

H,(z) Gy(z)
Hl—2) = Gu(l—a)

(2.1)

n+1,andS, . =S L

i=1 x;°

Sn—i—l

(2.2)

Sincel < z; <

q 1 1 1 1 1
Sn+1 1-z; 1—x1 + + 1-z; 1 + 1-x41 + + 1—Zn+t1
1 - 1 1 1 1
Sni1 = 5 TR i i SRR S
1 LIS 1 1 DY 1
> 1—:1)1 1—:1)]'_1 1—$j+1 1—zn+1
= D S

1 Tj—1 Tj+1 Tn41
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By the above inequality and Lemnial, we have
1 S 1 1 1\1"
1 —T> 1 -
ntl ng Spp1—+ “n+l ng {(1—95)/(;5)]

-l ()/ ()]

1 1
1—;121 + + 1_$n+1
>nln— T ,
a bt

or

]

Lemma 2.3. [6, p. 259]. Letf(z) = f(x1,22,...,2,) be symmetric and
have continuous partial derivatives drt, where! is an open interval. Then
f I — Ris Schur-convex if and only if

23) i) (555 ) 20

on I". It is strictly Schur-convex ifA.3) is a strict inequality forz; # =z,
1<i,j<n.
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Sincef(x) is symmetric, Schur’s condition can be reduced/ap| 57]

and f is strictly Schur-convex ifZ.4) is a strict inequality forr; # x5. The
Schur condition that guarantees a symmetric function being Schur-concave is
the same as2(3) or (2.4) except the direction of the inequality.

In Schur’s condition, the domain of(z) does not have to be a Cartesian S —
product/”. Lemmaz2.3remains true if we replacg’ by a setd C R"™ with the Generalized Means
following properties (I, p. 57]):

Kai-Zhong Guan

(i) Ais convex and has a nonempty interior;
Title Page

(ii) A is symmetric in the sense thate A implies Px € A foranyn x n
permutation matrixP. Contents
44 44
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The goal of this section is to obtain the basic inequality#ii«), and give a
refinement of the Harmonic-Geometric mean inequality.

Theorem 3.1.Letx € R} = {z|z = (21,22, ...,2,)|x; > 0,4 =1,2,...,n},
then

r r Some Inequalities for a Class of
(3.1) Hn—H(x) < Hn(x)v r=12...,n—1L Generalized Means
Proof. By the arithmetic-geometric mean inequality and the monotonicity of Kai-Zhong Guan
the functiony = In z, we have
Title Page
n r+1
(r 4 1) In H™ () Contents
r+1
- T mih “| _»
. / >l
1<i1 < <ipp1<n J=1"14; | | 2
_ (r+1)r Go Back
- Z In 1 r+1 -1 r+1 _—1
1<ig < <ipp1<n (r + ) k=1Ti, zj:l Li Close
r Quit
- Z n +1 11 1 f
1<iy <vr<ir1<n [Zj:l < K1 Ty — T, )]/(T +1) Page 8 of 20
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r
< E In .
1<i1 < <ipa1 < r+1 r+1 -1 _ -1 r+1
<iy irp1<n I (szl k=1 Ti, Ty
r _1
r+1 41
] T
B Z 1 I I r+1 ZE_I . .%'_1
1<i1 < <ipgr1<n Lj=1 k=1 "1 i
r4+1
1

:T+1 Z Zln r+1 -1
j=1

1<iy <-<ipy1<n D k1 T, -y

]

n T
:7«+1Z )S S Y

j=1 1<i1<<ir<n

Let

7:17""/L'T7éj

.
Si= > =, i=1,2,...,n.
J Z?};:lxi_kl j

1<) < <ir<n

We can easily get

;Sj =(n—-r) > haf%1 —(n—r) (:f) In H' (z).

1<in1 < <ir<n

(1)) < 2 (i = (7 mico
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or
H™(z) < H(x), r=12...,n—1.

O

Corollary 3.2. Letz € R} = {z|z = (z1,22,...,2n)|z; > 0,i=1,2,...,n},
then

(3.2) Hy,(z) < Hy Mx) < -+ < Hl(2) < Hp(x) = Gp().

Remark 3.1. The corollary refines the harmonic-geometric mean inequality.
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In this section, we investigate the Schur-convexity of the functijiz), and
establish several analytic inequalities by use of the theory of majorization.

Theorem 4.1.LetR"} = {z|z = (z1,22,...,2,)|z; > 0,i=1,2,...,n}, then
the functionH (x) is Schur-concave iR’} .

Proof. Itis clear thatH (z) is symmetric and has continuous partial derivatives
onR’. By Lemma2.3, we only need to prove

OH!(x) OH](x)
— — <0.
<x1 x2) ( 8(131 81’2 - 0
As matter of fact, we can easily derive

1 T
IHH;;(.CE) = TN Z lnr—_l + Z ln
(r ) 2<i1 < <ip<n Zj:l Ly 2<i < <ip_1<n L Z] 1 95
Differentiatingln H (x) with respect tar;, we have
- n — r—1 T2
0 (7") 2<i1 < <ip—1<n 1 L Zj:l ot
Hy(z) 1 1
= (n) ’ F Z -1 + erl
r 1 3<ip<-<ip_1<n j=1

+ ) =

scin<Thacn (07 423t + )
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Similar to the above, we can also obtain

- -1 -1 2
O (TTL) 2<iy << 1<) + 22:1 L2
H(z) 1 |
- (nn ) 22 Z
T 2 3<iy < <ip_1<n Ty t+ Z
Some Inequalities for a Class of
+ Z 1 Generalized Means
3<i1 < <ip_o<n ( + x5y —|— Zj 17 > Kai-Zhong Guan
Thus Title Page
(21 — 2) oM, (x) _ OH,(x) Contents
6.731 81’2
44 44
H(z 1 1
SRR ol [ Y e <>
T 9<iy <r<ip_1<n ¥ L+ Z] 1 x 1 T BEEk
_ Z 1 ) l Close
2
9<iy < <ip_1<n ¥ L Z; 1%, L2 Quit
Page 12 of 20
1 1 1
> ey )
3<ii<<ip_o<n ( + x5 + Z] 17, > 1 2 J. Ineq. Pure and Appl. Math. 5(3) Art. 69, 2004
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(.Tl + xg)

2
—(r1 =
R e

Z 1

3<iy < <ip_a<n T

1+($1+ZE2)Z§ }{B

R TR 11‘

>

2<i1 < <ip_1<n wlxg (

Corollary 4.2. Letx; > 0,i = 1,2,...

then

et (2t + ey

;n,n > 2and>

Hr N
(4.1) Mz("—CH)W, r=1,2,..
S

H ()

wherec +x = (¢ + x1, ¢+ 2o, . ..

Proof. By [9], we have

c+x c+ 1
nc—+s

Using Theoremt.1, we obtain

i (

nc+s’

,C+ Ty).

c+x

nc-+ s

c+x T
, - <(—,...,
nc—+ s S

)= ()

‘7n7

]

r; =S8, ¢ >0,
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Or

H!(c+ x) ne )
Il 5 (R4 )
Hr(x) > (5 +1)

[

Corollary 4.3. Letz; > 0,i = 1,2,...,n,n > 2,and> " x; = s, ¢ > s,
then

H'(c—x) nc ™
(4'2) Hr (x) = ? —1 , r=12,...,n, Some Inequalities for a Class of
n Generalized Means
wherec — z = (¢ — x1,¢ — 29, ..., c — xy). Kai-Zhong Guan

Proof. By [9], we have

Title Page
c=r _ C_xlj,_wc_x” .<<ﬂ7”,7x_”>:£ Contents
nc—s nc—s nc—s s s s
44 44
Using Theorem.1, we obtain p >
HT(C_$>>H7‘<§> Go Back
"\nc—s/) — "\s/’
Close
or .
H;(C—x) > (TLC 1)(%) QUIt
Hr(z) — \s ' Page 14 of 20
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Remark 4.1. Letc = s = 1, we can obtain

In particular,

[
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In this section, some “Ky Fan” type inequalities are established, the Ky Fan
inequality is generalized.

Theorem 5.1. Assume that < z; < %, i=1,2,...,n,then

HI+ () Hi(z) 17
A n < L =1,2,...,n—1.
60 i < () e

Some Inequalities for a Class of
Proof. Set Generalized Means

Kai-Zhong Guan

, DA koo
o Hn(‘r) o H J=1 L—zi;
P = TN T 1 ‘ i
Hr(1-—x) Vi) St <n ijl zi; Title Page
.. . Contents
By LemmaZ2.2 and the monotonicity of the functian= In = , we have
" 44 44
T 1
(r + 1) o= ), Iyt
1<iy<-<iry1<n Zj:l @i, Go Back
r+1 r+1 1 1
Z | Z ( k=1T—z; 1_%) Close
_— n )
r—+1 r+1 1 QUlt
1Sh<e<inngn 2501 \ Xk m, T a
Ty Page 16 of 20
r+1 1 1 r(r+1)
1y I—z;, 1=
< ¥ o
= n H r4+1 1 J. Ineq. Pure and Appl. Math. 5(3) Art. 69, 2004
1<iy < <ipp1<n j=1 Zk 1 i, %j http://jipam.vu.edu.au
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Similar to TheorenB.1, we can derive

n 1 n 1 n
<T+1> I Grin < r(r—i—l)(n_r) (r) In ¢ = r <T+1) oy

Thus 1
(er); Z ¢r+17
or
H " (x) Hi(x) 7
n < n =1,2. ... — 1.
Hi(l—a) [H:;m—m} T Eet

Remark 5.1. By Theorend.1, we can obtain

Hie) _ Hyw) _ Gua) _ Aua)
B TGRS Il 12vc e ey s s Ry g g &

This is a generalization of the “Ky Fan” inequality.
By Lemma2.1and the proof of Theorerd.1, we have the following
Theorem5.2.1f 0 <z; <1,i=1,2,...,n,then

[Tii@)  _ Hil@) _ Galo)
G 0w SHO-o G-
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The inequality §.3) generalizes the inequality ).

Theorem 5.3. If0<9:1§ ,1=1,2,...,n,then
H,(z) H,(v)
4 n < n
(5.4) H(l—z) = HY1-—1x)
Gn(x) A, (x)
Gill—2) S A(—a) “Hoon
Proof. Set
Hy () Yo Ty |

G | S /e

1<ip<--<ir<n j=1 2y
By Lemma2.1and the monotonicity of the functian= In = , we have

(o= ¥ witte

1<i1 < <ipgp1<n

> thr—lj

1<t < <trg 15N j=1 Ti;

IN

T

- Y Yw

1<i1 << <n j=1 l"z

J
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By knowledge of combinations, we can easily find

n (721)
(1)mer = [ [17
=1 T

1 /n—-1 n
= — 1 g
r(r—l)n[g xl]

7

=1 (o) = (man

Thus
¢7‘ S ¢17 r = 27 , 1,
or
H}(z) Gn(7)
) < —
(5-5) Hl—2) SGil—z) 2"

The inequality §.5) generalizes the “Ky Fan” inequality.
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