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ABSTRACT. In the present paper, we obtain Stechkin-Marchaud-type inequalities for some ap-
proximation operators, more precisely for Lupaş-Durrmeyer operators defined as in (1.1).
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1. I NTRODUCTION

Lupaş proposed a family of linear positive operators mappingC [0,∞) into C [0,∞), the
class of all bounded and continuous functions on[0,∞), namely,

Vn(f, x) =
∞∑

k=0

pn,k(x)f

(
k

n

)
, x ∈ [0,∞),

wherepn,k(x) =
(

n+k−1
k

)
xk (1 + x)−n−k.

Motivated by Derriennic [1], Sahai and Prasad [5] proposed modified Lupaş operators de-
fined, for functions integrable on[0,∞), by

(1.1) Bn(f, x) = (n− 1)
∞∑

k=0

pn,k(x)

∫ ∞

0

pn,k(t)f(t)dt.

Wicken discussed Stechkin-Marchaud-type inequalities in [2] for Bernstein polynomials and
obtained the following results:

w2
φ

(
f,

1√
n

)
≤ Cn−1

n∑
k=1

∥∥φ−α(Bkf − f)
∥∥
∞.

The main object of this paper is to give Stechkin-Marchaud-type inequalities for Lupaş-Durrmeyer
operators. In the end of this section we introduce some definitions and notations.
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Definition 1.1. For0 ≤ λ ≤ 1, 0 < α < 2r, 0 ≤ β ≤ 2r, 0 ≤ α(1− λ) + β ≤ 2r

(1.2) ‖f‖0 = ‖f‖0,α,β,λ = sup
x∈I

{∣∣φα(λ−1)−β(x)f(x)
∣∣} ,

(1.3) C0
α,β,λ = {f ∈ CB(I), ‖f‖0 < ∞} ,

(1.4) ‖f‖r = ‖f‖r,α,β,λ = sup
x∈I

{∣∣φ2r+α(λ−1)−β(x)f (2r)(x)
∣∣}

and

(1.5) Cr
α,β,λ =

{
f ∈ CB(I), f (2r−1) ∈ ACloc, ‖f‖r < ∞

}
,

whereφ(x) =
√

x(1 + x) andr = 0, 1, 2, . . . .

Definition 1.2. Peetre’sK-functional is defined as

(1.6) w2r
φλ(f, t)α,β = sup

0<h≤t
sup

x±rhφλ(x)∈I

{∣∣φα(λ−1)−β(x)∆2r
hφλf(x)

∣∣}
and

(1.7) Kφλ(f, t2r)α,β = inf
g(2r−1)∈ACloc

{
‖f − g‖0 + t2r ‖g‖r

}
,

whereACloc is the space of real valued absolute continuous and integrable functions on[0, 1].

In second section of the paper, we will give some basic results, which will be useful in proving
the main theorems; while in Section 3 the main results are given.

2. AUXILIARY RESULTS

Some basic results are given here.

Lemma 2.1. Suppose that for nonnegative sequences{σn} , {τn} with σ1 = 0 the inequality
σ ≤

(
k
n

)p
σk + τk, (1 ≤ k ≤ n), is satisfied forn ∈ N, p > 0. Then one has

(2.1) σn ≤ Bpn
−p

n∑
k=1

kp−1τk.

Lemma 2.2. For f (2s) ∈ C0
α,β,λ, s ∈ N0, the following inequalities hold

(2.2)
∥∥B(2s)

n f
∥∥

r
≤ C1n

r
∥∥f (2s)

∥∥
0
,

and

(2.3)
∥∥B(2s)

n f
∥∥

r
≤ C2n

r+
α(1−λ)

2
+β

2

∥∥f (2s)
∥∥
∞ .

Lemma 2.3. For f (2s) ∈ Cr
α,β,λ, s ∈ N0, the following inequality holds

(2.4)
∥∥B(2s)

n f
∥∥

r
≤
∥∥f (2s)

∥∥
r
.

Lemma 2.4. Let us suppose thatf (2s) ∈ C0
α,β,λ, s ∈ N0, 0 ≤ α(1− λ) + β ≤ 2, then

(2.5)
∥∥B(2s)

n f
∥∥

r
≤ C

(
n∑

k=1

kr−1
∥∥(Bkf − f)(2s)

∥∥
0
+
∥∥f (2s)

∥∥
∞

)
.
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Lemma 2.5. Suppose thatr ∈ N, x± rt ∈ I, 0 ≤ β ≤ 2r, 0 ≤ t ≤ 1
16r

, then

(2.6)
∫ t

2r

− t
2r

· · ·
∫ t

2r

− t
2r

φ−β

(
x +

2r∑
j=1

uj

)
du1 · · · du2r ≤ C(β)t2rφ−β(x).

3. M AIN RESULTS

We are now ready to prove the main results of this paper.

Theorem 3.1.For the modulus of smoothness andK-functional

(3.1) Kφλ

(
f (2s),

1

nr

)
α,β

≤ Cn−r

(
n∑

k=1

kr−1
∥∥(Bkf − f)(2s)

∥∥
0
+
∥∥f (2s)

∥∥
∞

)
,

(3.2) w2r
φλ

(
f (2s),

1√
n

)
α,β

≤ Cn−
r

2−λ


[
n

1
2−λ

]∑
k=1

k−
r−1
2−λ

∥∥(Bkf − f)(2s)
∥∥

0
+
∥∥f (2s)

∥∥
∞

 ,

where‖·‖∞denotes the supremum norm.

Proof of (3.1).Taking n
2
≤ m ≤ n such that

∥∥(Bmf − f)(2s)
∥∥

0
≤
∥∥(Bkf − f)(2s)

∥∥
0
,

(n
2

< k ≤ n), we have

Kφλ

(
f (2s),

1

nr

)
α,β

≤
∥∥(Bmf − f)(2s)

∥∥
0
+ n−r

∥∥∥f (2s)

m

∥∥∥
r

≤ 2r

nr

n∑
k=n

2

kr−1
∥∥(Bkf − f)(2s)

∥∥
0

+ Cn−r

(
m∑

k=1

kr−1
∥∥(Bkf − f)(2s)

∥∥
0
+
∥∥f (2s)

∥∥
∞

)

≤ Cn−r

(
n∑

k=1

kr−1
∥∥(Bkf − f)(2s)

∥∥
0
+
∥∥f (2s)

∥∥
∞

)
.

�

Proof of (3.2).By definition ofK-functional there existsg ∈ Cr

α,β,λ
such that

(3.3)
∥∥f (2s) − g

∥∥
0
+ n−

r
2−λ ‖g‖r ≤ Kφλ

(
f, n−

r
2−λ

)
α,β

and

(3.4)
∣∣∣∆2r

hφλ(x)f
(2s)(x)

∣∣∣ ≤ Cφα(1−λ)+β(x)
∥∥f (2s)

∥∥
0

by Lemma 2.5 for aboveg, 0 < hφλ(x) < 1
16r

, x± rhφλ(x) ∈ I,

(3.5)
∣∣∣∆2r

hφλ(x)g(x)
∣∣∣ ≤ Ch2rφ(−2r+α)(1−λ)+β(x) ‖g‖r .

Using (3.4) and (3.5), again for0 < hφλ(x) < 1
16r

, x± rhφλ(x) ∈ I, we get

(3.6)
∣∣∣∆2r

hφλ(x)f
(2s)(x)

∣∣∣ ≤ Cφα(1−λ)+β(x)
{∥∥f (2s) − g

∥∥
0
+ h2rφ2r(λ−1)(x) ‖g‖r

}
.
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Forx± rhφλ(x) ∈ I , we obtain

(3.7) h2φ2(λ−1)(x) ≤
[
1

2
n

1
2−λ

]−1

.

From (3.6) and (3.7) we have∣∣∣∆2r
hφλ(x)f

(2s)(x)
∣∣∣(3.8)

≤ Cφα(1−λ)+β(x)Kφλ

(
f (2s),

[
1

2
n

1
2−λ

]−1
)

α,β

≤ Cφα(1−λ)+β(x)n−
r

2−λ


[
n

r
2−λ

]∑
k=1

k−
r−1
2−λ

∥∥(Bkf − f)(2s)
∥∥

0
+
∥∥f (2s)

∥∥
∞

 .

�

Corollary 3.2. If 0 < α < 2, f ∈ CB(I), then

|(Bnf)(x)− f(x)| = O
(
(n−1/2φ1−λ(x))α

)
⇒ w2

φλ(f, t) = O(tα),

where
w2

φλ(f, t) = sup
0<h≤t

sup
x±hφλ(x)∈I

{∣∣∆2
hφλf(x)

∣∣} .

This is the inverse part in [3].
In (1.4) and (1.5), forδn(x) = φ(x) + 1√

n
, φ(x) replaced byδn(x), (3.1) also holds.

Corollary 3.3. If 0 < α < 2r, f ∈ CB(I), then

|(Mnf)(x)− f(x)| = O
(
(n−1/2φ1−λ(x))α

)
⇒ w2r

φλ(f, t) = O(tα),

where(Mnf)(x) is linear combination of(Bnf)(x).

This is the inverse parts in [4].

Remark 3.4. We also propose some other modifications of Lupaş operators as

Mn(f, x) = n

∞∑
k=0

pn,k(x)

∫ ∞

0

sn,k(t)f(t)dt

wheresn,k(t) = e−nt (nt)k

k!
andpn,k(x)is defined in (1.1) for these operatorsMn.
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