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Abstract

We consider the family P(1,b), b > 0, consisting of functions p analytic in the
open unit disc U with the normalization p(0) = 1 which have the disc formula-
tion [p — 1| < b in U. Applying the subordination properties to certain choices
of p using the functions f,(z) = 2+ Y 0., axz", n = 1,2, ..., we obtain inclu-
sion relations, sufficient starlikeness and convexity conditions, and coefficient
bounds for functions in these classes. In some cases our results improve the Starlikeness and Convexity

corresponding results appeared in print. Conditions for Classes of
Functions Defined by
Subordination
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Let A denote the class of functions that are analytic in the open unitldisc
{z € C: |z| < 1} and letA4,, be the subclass o4 consisting of functiong,, of
the form

(1.2) fulz) =2+ Z az®, n=1,2,3,....

The functionp € A and normalized by(0) = 1 is said to be irP (1, b) if
(1.2) Ip(z) = 1| < b, b>0, zeU.

The classP(1, b) which is defined using the disc formulatioh ) was studied
by Janowski §] and has an alternative characterization in terms of subordination
(see p] or [14]), that is, forz € U, we have

(1.3) peP(Lb) < p(z)<1+bz.

For the functionsy and in A, we say that the is subordinate ta) in U,
denoted byy < v, if there exists a functiom(z) in A with w(0) = 0 and
lw(z)| < 1, such thatp(z) = ¥ (w(z)) in U. For further references see Duren
[3].

The family P(1,b) contains many interesting classes of functions which
have close inter-relations with different well-known classes of analytic univa-
lent functions. For example, fof, € A, if

(Zfl) ceP(l,1-a), 0<ac<l,
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then f,, is starlike of ordery in U and if

Zf”
(H- f,n)EP(l,l—oz), 0<a<l,
thenf,, is convex of ordery in U.

For0 < a < 1 we letS*(«) be the class of functiong, € A,, which are
starlike of ordery in U, that is,

z f / Starlikeness and Convexity
S(a)=<fa€ Ay R >, |zl <1y, Conditions for Classes of
f n Functions Defined by
Subordination

and letIC(«) be the class of functiong, € A,, which are convex of order in R Aghalary, Jay M. Jahangiri and

U, that iS, S.R. Kulkarni
i
Kl@)=<fne A, R 1+ 7 >a, |z <1p. Title Page
' Contents
Alexander [] showed thatf, is convex inU if and only if z f/ is starlike inU.

In this paper we investigate inclusion relations, starlikeness, convexity, and « dd
coefficient conditions orf,, and its related classes for two choiceg06f,,) in | >
P(1,b). In some cases, we improve the related known results appeared in the P——
literature. 0 Bac

Define F(1,b) be the subclass dP(1,b) consisting of functiong(f,) so Close
that Quit

zf1(2) zf1(2) Page 4 of 25
(1.4) p(f1(2)) = 1+
R =7 U R
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wheref; € A, is given by (L.1).
For fixedv > —1, n > 1, and for\ > 0, defineM}(1, b) be the subclass of
P(1,b) consisting of functiong( f,,) so that

D" fa(2)

z

(1.5) p(fa(2)) = (1 = A)

+ )‘(van(z))/

wheref, € A, andD"f is thev-th order Ruscheweyh derivative(].
Thev-th order Ruscheweyh derivative” of a functionf, in A, is defined
by

z

(1.6) DY fu(z) = A=

* fo(2) =2 + Z By (v)ag2",

k=14n

where
1+v)2+v)---(v+k—1)
(k—1)!
and the operatot « ” stands for the convolution or Hadamard product of two
power series

By(v) =

f(z) = iaizi and g(z) = ibizi
i=1 i=1

defined by
(f x9)(2) = f(2) x g(2) = Zabz
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The classF(1, b) for certain values of yields a sufficient starlikeness condition
for the functionsf; € A,;.

Theorem 2.1.1f 0 < b < 2 andp(f;) € F(1,b) then
zh 67?(1,—3_ '9_4b).
S 2
We need the following lemma, which is due to Jagk |

Lemma 2.2. Letw(z) be analytic inU with w(0) = 0. If |w| attains its maxi-
mum value on the circle| = r at a pointszy, we can writezqw’(z) = kw(zo)
for somereak, k > 1.

Proof of Theoren2.1. Forb, = ngjb write Zf{{(f)) =1+ byw(z). Obviously,
w is analytic inU andw(0) = 0. The proof is complete if we can show that
lw| < 1in U. On the contrary, suppose that there existse U such that
|lw(zo)| = 1. Then, by Lemm&.2, we must haveyuw’(z,) = kw(z,) for some

realk, k > 1 which yields

20f1(%) ( Zof{/(zo)) ‘ 2 )
14+ ——= | —1| = |(1 + bhw(z + bizow'(z9) — 1
f1(20) f1(2o0) }( 1w(20)) 120w’ (20) |
= [bg + 2by + bPw(z)]
>3b; — b% =b.
This contradicts the hypothesis, and so the proof is complete. ]
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Corollary 2.3. For0 < b < 2letp(f,) € F(1,b). Thenf; € S* <—71+\2/m> .
Corollary 2.4. If p(f,) € F(1,b) and0 < b < 2, then

ar 2f1(2) 3—\/9—4b)
RAE) 2 .

It is not known if the above corollaries can be extended to the case when

b> 2.
L(2) N: Starlikeness and Convexity
Nz 1 * [ =1+v5 Conditions for Classes of
Corollary 2.5 1If §R(Zfl +Z2f”(z)> - 2 thenfl €8 ( 2 ) ' Functions Defined by
Subordination

< arcsin (

Remark 2.1. For 0 < b < 2, Theorem2.1is an improvement to Theorem 1
obtained by Obradovi¢, Joshi, and Jovanovi. [ s e, Ja AL el Al

Corollary 2.6. If p(f1) € F(1,b) thenf; is convex inJ for 0 < b < 0.935449. S
Proof. Forp(f;) € F(1,b) we can write| arg p(f;)| < arcsin b. Therefore, UILERERS
arg (1 + ”(Z)> < arcsin b + arcsin <3_—9_4b> ) e
AiG) 2 Wl »
Now the proof is complete upon noting that the right hand side of the above . .
inequality is less thaf for b = 0.935449 . ] Go Back
Remark 2.2. It is not known if the above Corollarg.6 is sharp but it is an Close
improvement to Corollary 2 obtained by Obradovic, Joshi, and Jovanéyic [ Quit
Corollary 2.7. If p(f1) € F(1,b) thenf; is convex in the disfz| < 293244 for Page 7 of 25

0.935449 < b < 1.
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Proof. We writep( f;) = 1+ bw(z) wherew is a Schwarz function. Lét| < p.
Then|w(z)| < p and so|p(f1) — 1] < bp for |z| < p. Upon choosingp =
0.935449 it follows from the above Corollarg.6that| arg(1 + zf]/ f])| < 7/2
for |z| < p =0.935449/b . Therefore the proof is complete. O

In the following example we show that there exist functighghich are
not necessarily starlike or univalentlinfor p(f1) € F(1,b) if b is sufficiently
large.

Example 2.1. For the spirallike functiony(z) = z/(1 — z)*** we have

e 0) - 5 (1) o o

20'(2) _ tiz \we obtain
1—2

9(2)
*(5)

for z = re. Thusg(z) is not starlike for|z| < t

Since

1 —r7r(cosf +sinb)
1—2rcosf +r?

, f < t < 1. This means that

f(z) = @ is not starlike inU. Now set

h(z) = /OZ %d( =i((1—2)""=1)

120.996 . Thereforeh(zy) = h(—z) and soh is not univalent
(Zoz) is not univalent inU for sufficiently large

and letzy = 5 +1
in U. Consequentlyf(z) =
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values obh. On the other handy(g) € F(1,b) for sufficiemtly large, since,

14 3z z

() 11 = [+ 1| <o

for sufficiemtly large.

The following theorem is the converse of Theor2rfor a special case.

Theorem 2.8. If Zf—’} e P (1,3‘2ﬁ) thenp(fi) € F(1,1) for |z| < rp =
0.7851 .

To prove our theorem, we need the following lemma due to Dieudofjné |

Corollary 2.9. Let zy and w, be given points inJ, with z, # 0. Then for
all functions f analytic and satisfyingf(z)| < 1 in U, with f(0) = 0 and
f(2z0) = wo, the region of values of’(z) is the closed disc

|Zo|2 - |w0|2

5
2l (1= |z0f*)

20

Proof of Theoren2.8. Write

iR (3235

wherew is a Schwarz function. We need to find the largest disc< p for
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which

[1 + (3 _2\/3) w(z)] + (3 _2\@) zw'(z) — 1

_ (3 ;ﬁ) w?(z2) + (3 — VB)w(z) + (3 _2ﬁ> 2w'(2)| < 1.

For fixedr = |z| andR = |w(z)| we haveR < r. Therefore, by Lemma.9,
we obtain
‘w'(z)’<5 + ﬂ
—r r(l—r?)
and so
2f1(2) 21 (?)
o -11=| 75 (1 ) 1‘

_ (3 — ﬁ) w?(2) + (3 — VB)w(z) + (3 — \/5> zuw'(z)

2 2

2 P2

<R 3ty B
1—1r2

- u®)

1 =2 ’

where
Y(R) = R*(t—tr* —1) +3R(1 —r*) +r* and t = 5 _2\/5.
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3(1—r2)

We note that)(R) attains its maximum afy = ; 7- So the theorem

(1+tr2—t
follows for r9=0.7851 which is the root of the equatiop’ 5 (R,) = 1.
Letting zo andw, in Lemma2.9 be so thatz,| = ro and|wg| = Qg(it—;@t)
0
we conclude that the bound given by Theor2rais sharp. O
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We begin with stating and proving some properties of the famvity/(1, b).
Theorem 3.1.1f p(f,) € M5 (1,b) then

D" fu(2)

z

€ P(1

’1—1—)\n)‘

We need the following lemma, which is due to Miller and Mocan [

Lemma 3.2. Letq(z) = 14+ ¢,2" +--- (n > 1) be analytic inU and leth(z) be
convex univalent i/ with 2(0) = 1. If ¢(2) + 1z¢(z) < h(z) for ¢ > 0, then

g(z) < Szl / h(t)tn—dt.
n 0

Proof of Theoren8.1 Forp(f,) € M3(1,b) setq(z) = 222 Then we can
write ¢(z) + A\z¢'(z) < 1 + bz. Now, applying Lemm&s.2, we obtain

q(z) < +1+

1+)\nz'

Substituting back fog(z) and choosingu(z) to be analytic inJ with |w(z)| <
|z|™, by the definition of subordination we have

DU{:(Z) _ l+ﬁw(z).
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Now the theorem follows using the necessary and sufficient conditiGn The
estimates in Theore® 1 are sharp fop( f,,) wheref, is given by

DY f.(2) B b "
. —1+—(1+)\n)z.

Corollary 3.3. If p(f,,) € M}(1,b) then
'D”fn(z)

z

<1
- +1+)\n

2"

Corollary 3.4. If |f](z) + Azf)/(z) — 1| < bthen

!
1 .
falz) <1+ 1+)\nz

Corollary 3.5. If |(1 — A2 L \f7(2) — 1| < bthen

AN e e——
z DR 1+)\nz

In the next two theorems we investigate the inclusion relations for classes of

M.

Theorem 3.6.For0 < \; < Aandv > 0, letb; = %b. Then

MS(1,) € M, (L,by).
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Proof. The case for\; = 0 is trivial. For A\; # 0 suppose thap(f,) €
M3 (1,0). Therefore, we can write

(1— Al)DU"Zl(Z) (DY f(2))

=3 v o]+ (1-3) (22,

Now, by definition,p(f,) € M3 (1,b1) and so the proof is complete. O

Theorem 3.7.Letv > 0 andb; = z(jf:i Then

MKJA(L b) - MK(L bl)
Proof. For f,, € A, suppose that, (f,) € M3 (1,b) where
Dl—i—vfn(z)
<

pi(fn(2)) = (1= A) + D" fu(2))

Set e
palfae) = (1= NIy

An elementary differentiation yields

D1+v (2 ) ,
pifa(2) = (1= N2 )
= pa(fu(2)) + 5 Hzp’z(fn(Z))-
From this and Lemma&.2, we conclude that, (f,,) € M3(1,b,). O
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Corollary 3.8.
fn(2)

z

fo(2) F Azfl(z) € P(1,0) = (1 —A) +Afu(2) €P (1, 1 j n) :

Theorem 3.9.Forv > 0andX > 0letb < 1+ An. If p(f,) € M5(1,b) then
(D fa(2))" 1’ _ b(2 4 An)

Dv fo(2) A1+ An) —b]
Proof. First note that, we can write
'(1 B )\)van(z) + )\(van(z))/ . 1‘ <b: 'va;(z) . 1‘ < v
Forb, = % we definew(z) by
_ =D fa(2))]
1+ blUJ(Z) = m

One can easily verify that(z) is analytic inU andw(0) = 0. To conclude the
proof, it suffices to show thatv(z)| < 1 in U. If this is not the case, then by
Lemmaz2.2, there exists a pointy € U such thafw(zy)| = 1 andzow'(zy) =
kw(zo). Therefore

) = 1= |- 0 2Lz ey
[Pt
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g e (250

> by (1 —

b ) b
14+ nA 1+ nA
This is a contradiction to the hypothesis anqqs()z)\ <linU. O
i) If f1(2) € P(1, 52) thean
i) If £1,(2) + 2f2(2) € P(1,
Theorem 3.11.Letp(f,) € M;’(l, b) for some\ > 0. If
(n—3)+vn>+2n+9

Corollary 3.10. L e P(1,1).

)thenzf n2) 677(1 1).

A1+ An)

— 0<A<
D R CEA sAs on
B oA —1 —3) +Vn?+2
(14 An) A ;(n 3)+ n%—n+9§A§1
A2n2 +2X(1 +n) 2n
then

Dv-i—lfn(z) v
3?< D f.(2) ) ~ 1+v

We need the following lemma, which is due to Ponnusamy and Si¥jgh [

Lemma 3.12.Let0 < A\ < A < 1 and let@ be analytic inU satisfying
Q(z) < 1+ Az, andQ(0) = 1. If ¢(z) is analytic inU, ¢(0) = 1 and satisfies

Q(2)[c+ (1 —e)q(2)] < 1+ Az,
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where

1—X
O< A+ <1
T+ A tAS
€= 2 2
L— (A% +7) 9 2
_ -7 <1<

thenRe{q(z)} >0, z € U.

Proof of Theoren3.11 From TheorenB8.1andthefach) < b <1 < 1+ An
we conclude that

M <b< 1.
z

1+5b 0< b =
<Lt 0z, L

On the other hand, we may write

Qﬁiﬁkl_m+A(ﬂgi£@?}<1+m.

z Dvf,(2)
Letting Q(z) = 226 g(z) = 2T ande = 1 - ), we see that all
conditions in Lemma&.12 are satisfied. This implies th&e ¢(z) > 0 and so
the proof is complete. m

Corollary 3.13. Letp(f,) € M5(1,b) for some\ > 0. ThenD" f,, is starlike
in the disc
A1 +nA)

2+ An—1)b if 0<A<A andb <b<1

2] <

(14 An) 20 —1 :
f M<A<landbh <b<l1
b V2t oa(lin) LSS 2EPS S
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where

(n—=3)+vnt+2n+9 ;

A =

on ’

1=

20 —1

by = (1 +)\n)\/

) If fleP (1, Q4

14+(14n

ﬂ) then f, is convex inl.

A2n? 4+ 2X(1+4n)

)2) thenf,, is starlike inU.

i) If fl +zf) eP(l,\/m

If we let A = 1 andv = 0,1 in Corollary3.13 then we obtain

Corollary 3.14. Let —)

v/ 1+(14n)2 —
i) If f, € P(1,0) thenf is starlike for|z| < ~—=——— vl
- / " ; _ 14n
i)y If £ +zf" € P(1,b) thenf is convex forz| < e e

<b<landf, € A,.

A1+ nA)
24+ A(n—1)]

and
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Sulfficient coefficient conditions faF (1, b) and M3 (1, b) are given next.

Theorem 4.1. Letp(f,) be given by1.4) for f; asin (L.1). If

(4.1) > (B +b— Dax] <,
k=2
thenp(f1) € F(1,0) Pl
Proof. We need to show that ifi(1) then|p(f,(z)) — 1| < b. Forp(f,) we can =il
write
R. Aghalary, Jay M. Jahangiri and
Zf/ // S.R. Kulkarni
) -1l = |2 (1428 -
fi fi
S, (k% = 1)agzk Title Page
- Z4 D> a2t Contents
D g (k? — D)fa][2]* « NS
S VT —1—
S Dy S
1= >0 lal oBac
Close

The above right hand inequality is less tHaby (4.1) and sop(f;) € F(1,b). _
[] Quit
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Theorem 4.2. Letp(f,) be given by 1.5) for f, asin (L.2). If

o0

(4.2) > (k= A+ 1)Bi(v)|ax| < b,
k=1+4n

thenp(f,) € M5(1,0).

Proof. Apply the Ruscheweyh derivativé @) to the functionf,,(z) and substi-
tute in (L.5) to obtain

D f.(z2)
z

p(a(2)) — 1] = '(1 Y

> (Ak = A+ 1)Bg(v)apz*!

k=14n

< f: (M — A+ 1) Bi(v)aw.

k=1+n

+ AND fo(2)) — 1‘

Now this latter inequality is less tharby (4.2) and sop(f,,) € M§(1,b). O

Next, by judiciously varying the arguments of the coefficients of the func-
tions f,, given by (L.1), we shall show that the sufficient coefficient conditions
(4.1) and @.2) are also necessary for their respective classes with varying argu-

ments.

A function f,, given by (L.1) is said to be inV(6y) if arg(ax) = 0, for all k.
If, further, there exists a real numbg@rsuch that, + (k — 1) = 7(mod 27)
then f,, is said to be inV(0; 5). The union ofV(6,; 5) taken over all possible
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{6, } and all possible reab is denoted by). For more details see Silverman

[13].

Some examples of functions nare

) 7T = V(m
with negative coefficients studied by Schildl] and Silverman 7).

i) Univalent functions of the form+> "7~ , |ax|e?* 2% are inV(0; 27 /k) C V
for0, =m —2(k — 1)n/k.

Note that the familyV is rotationally invariant sincg,, € V(6y; 3) implies
that

e fo(ze) € V(O + (k= 1)7; 8 — 7).

Finally, we let
VF(1,b) =V NF(1,b) and YVMS(1,b) =V N MS(1,b).

Theorem 4.3.
p(f1) €VF(,0) <= > (K +b—1)|ay| <b.
k=2

Proof. In light of Theorem4.1, we only need to prove theohly if” part of the
theorem. Supposg f1) € VF(1,b), then

Zk 2( )akzk !

<b
1+ Zk:2 agzk=1

Ip(f1) — 1] =

0) C V whereT is the class of analytic univalent functions
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or

(4.3) <b

i(k2 — 1)apz! 1+ i apz" .
k=2 k=2

The condition 4.3) must hold for all values ot in U. Therefore, forf; €
V(0; B) we setz = re'? in (4.3) and letr — 1~. Upon clearing the inequality
(4.3) we obtain the condition

> (K = 1)lag| < b (1 -y |ak|)
k= k=2

2

as required. n
Corollary 4.4. If 0 < b < 1 andp(f1) € VF(1,b) thenf, is convex in’.
Corollary 4.5. If 1 < b <3 andp(f1) € VF(1,b) thenf; is starlike inU.

The above two corollaries can be justifed using Theofe®and the follow-
ing lemma due to Silvermarn f].

Lemma 4.6. For f; of the form (.1) and univalent iU we have
i) If> 07, k*lag| < 1,thenf; is convexinl.
i) If >0, klag| < 1,thenf; is starlike inU.

Next, we show that the above sufficient coefficient conditidr®)(is also
necessary for functions MM5 (1, ).
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Theorem 4.7.

p(fn) € VML) <= > (M — A+ 1)Bi(v)|ax| < b.

k=14+n

Proof. Suppose that(f,,) € VM5(1,b). Then, by (.5), we have
van(z)
z

Ip(fa(2)) — 1] = ’(1 —A) + MDY fo(2)) = 1| <b.

On the other hand, fof,, € V(0; 5) we have
fu(z) =2+ Z |ag|e* 2.
k=14n

The condition required fop(f,,) € VM3(1,b) must hold for all values of in
U. Settingz = re' yields

> (k= X+ 1)By(v)|agr* ' < b.
k=1+n
The required coefficient condition follows upon letting— 1. O

From the above Theoreth7 and Lemmat.6.ii, we obtain

Corollary 4.8. If A > 2b — 1 andp(f,,) € VM (1,b) thenf is starlike inU.
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