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Abstract

The paper is devoted to the important section the Fourier analysis in one vari-
able (AMS subject classification 42A16). In this paper we introduce Leindler
space of Fourier - Haar coefficients, so we generalize [2, Theorem 7.a.12] and
application to the real method spaces.

2000 Mathematics Subject Classification: 26D15, 40A05, 42A16, 40A99, 46E30, Application Leindler Spaces to
47A30, 47A63. the Real Interpolation Method
Key words: Leindler sequence space of Fourier - Haar coefficients, Lorentz space,
Haar functions, real method spaces. Vadim Kuklin
Contents _
Title Page
1 Introduction. . ... ... 3
2 Problems. .. .. 6
3 Lemmasand Theorems. ........ ..., 9 44 44
Referen
ererences < >
Go Back
Close
Quit
Page 2 of 12

J. Ineq. Pure and Appl. Math. 5(3) Art. 68, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:craft_kiser@mail.ru
http://jipam.vu.edu.au/
http://www.ams.org/msc/

A Banach spacé[0, 1] is said to be aearrangement invarianspace (r.i) pro-
vided f*(t) < ¢*(¢t) foranyt € [0,1] andg € E implies thatf € E and
I fllz < llgllg, whereg*(t) is the rearrangement af(¢)|. Denote byyp

the fundamental function of (r.i) spadé such thatpr = ||k.(t)| (see, L,
p. 137]). Givenr > 0, the dilation operatoo, f(t) = f(%),t € [0,1] and
min(1,7) < |jo,||z_p < max(1, 7). Denote by

thUTHE—uE7 Bp = i 1HHUT’|E—>E

T—40 Int T—00 In7

the Boyd indices of. In general) < ap < B < 1.
The associated spacefbis the space of all measurable functigf{g) such
thatf0 g(t)dt < oo for everyg(t) € E endowed with the norm

5@ = sup /ft

lg@®)ll <1

For every (r.i) spacé’ space the embedding C E” is isometric. If an (r.i)
spaceF is separable, thefx*) is everywhere dense iA.

Denote by¥ the set of increasing concave functiang) > 0 on [0, 1] with
¥(0) = 0. Then each function)(t) € ¥ generates theorentzspaceA ()
endowed with the norm

MWMWZAfWW@<m
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For every (r.i) spacé’ space the embedding C E” is isometric.
Let be(2 the set of(n, k) such thatl < k < 2", n € NU{0}. Putyy = 1. If
(n, k) € Q,

k—1 2k—1
]_, o <t< ol )
Xt =4 -1, & <t< kX

0, foranyte [52 X].

The set of function§x’) is called theHaar functions normalized inZ.. [0, 1]
(see P, p. 15-18]). If an (r.i) spac# is separable, the(p(,’i) everywhere dense
in £. Given f(t) € L,. TheFourier-Haar coefficientsire given by

Cor(f) =2 / O (2.

Putg(t)= > caxxk foranyg e L,[0,1].
(n,k)eQ
A Banach sequence spaggeis said to be aearrangement invarianspace

(r.i) provided that| (a,)| < ||(a})] 5z ,wherea} the rearrangement of sequence
(an)neN ie.
ay, = inf{ sup |a;| : J C N, card(J) <n} :
ieN\J

It is maximal if the unit ballB is closed in the poinwise convergence topol-
ogy inducted by the spac of all real sequences. This condition is equivalent
to £% = E', where

E* = {(bn)neN Cc A: Z |a,bn| < 00, (an)nen C E}

n=1

Application Leindler Spaces to
the Real Interpolation Method

Vadim Kuklin

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 4 of 12

J. Ineq. Pure and Appl. Math. 5(3) Art. 68, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:craft_kiser@mail.ru
http://jipam.vu.edu.au/

is theKother dualof E. Clearly, E# is a maximal Banach space under the norm

[[(br)[| e = sup {Z |anbn| < 00 [[(an) g < 1} :

n=1

Denoting = (\,,)2, be a sequence of positive numbers. We shall use the
following notation (seed, pp. 517-518])):

o0 o0
_ Application Leindler Spaces to
g § : c .
An = E >\k: andAg) = )\kAk ) (Al < 00)7 the Real Interpolation Method
k:n k‘:’I’L
Vadim Kuklin

furthermore, forc > 0. By analogy with B, pp. 517-518] we definkeindler
sequence space of Fourier-Haar coefficiefds p > 0, ¢ > 0, with the norm:

Title Page
00 2" N Contents
H(Cn7k)$LO:1||)\(p7c) = (Z Ay <Z |Cnk] 2_n) > < 0. 44 44
n=1 k=1
< >
Why do we consider the sequengs, ;)>°,? The answer to this question Go Back
follows from [2, Theorem 7.a.3], i.eg € A(¢)) < sup 2 reu1(g) < oo. o=ac
0<t<1 Close
Here, as usualX — Y stands for the continuous embedding, that]ig},, < _
C'|lgllx for someC > 0 and everyge X. The sign= means that these spaces Quit
coincide to with within equivalence of norms. Page 5 of 12
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By [2, Theorem 7.a.12] fop = 2 we have

1

o0 2n 2

S o] - (zz—nzci,k) |
n=1

(n,k)eQ Lo k=1
If for || (ck)= ||MC we putp = 2,¢ =0, \, = 1, then
‘|(Cn,k)zo=1”>\(2,o) <M Z Cn,kaL
(n,k)eEQ Lo
Denote by

T Z Cn an (Cnk) (n,k)e-
(n,k)e2

Hence by [, Chapter 2, 85, Theorem 5.5] we have the operator bounded from
A() into A(2,0). In general we consider

Problem 1. Let0 < ¢ < 1,1 < p < oo. Whether there exists a operator
bounded from\(¢) into A(p, ¢)?

Let (Ey, E1) be a compatible pair of Banach spaces. We recall

K(t,g) = K(t, g, o, ) = in +t .
(t.g)=K(tg. B Br)= _  inf - (lgollg, +¢larlle,)
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Hereg € Eoy + E1,0 <t < 1.1f0 <0 < 1,1 < p < oo, then the spaces
(Eo, E4)g,, endowed with the norm

1 1
o dt\” .
||g||(E07E1)G,p - (/ (K(t,g)t 9)p7) < oo, Iff p < 0
0

and
_ —0 ; _
||g”(EQ7E1)97P - OS<Ltl£)1K(t7g)t < OO? Iff p - OO

are called real method spaces. Det oy < a; < 1, Yo(t) = £, ¢y (t) = t*,

Application Leindler Spaces to
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0<0<1,1<p<oo ()= ﬁ In[5, 82, p. 174] the problem was solved: Vadim Kuklin
when does the equivalence
~ ~ Title Page
(M), AWy, = (M) M(0)), . Comonts
holds? 44 44
We consider the embeddirid (v), A(¢1)),, — (M(wo),M(wl)>9 . Let < >
P
0<ap=a; < 1,¢t)=t*0<0<1,1<p<c. Go Back
Problem 2. Whether there exists< ¢ < 1,1 < p < oo such that Close
T: (A(¢)a A(w))e,p - ()‘(pa C)? )‘(p7 C))G,p ? Quit
Page 7 of 12

In this article we consider Leindler sequence space of Fourier-Haar coeffi-
cientsA(p, c).
To prove our theorems we need the following Theote(gee []).
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Theorem 1.1f p > 1,0 < ¢ < 1, then

0o n p
Soa (L) < (
n=1 k=1

The constant is best possible.

p

1 —

)

p ©0

1-pAp—c p
E A, PAP=Cal .

n=1
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Lemma 3.1.Letl < p < 00,0 < ¢ < 1and sup 2" 7¢,1(g) < co. Then the

0<t<1

operatorT is bounded from\(¢)) into A(p, ¢).

Proof. By [2, Theorem 4.a.1] fot < p < co we have
|

oo 2"
dtg/ DI
=l k=
wheren <[ < oo.

On the other hand,

p

1
dt§ 2”/ Z Cn,kaL dt,
0

(n,k)eQ

A

Z TLan

k=

1| 27 p 1 2n 2m
k _ -n p __o—n p
/ E Cr kX, dt—/ 2 E leni|” dt =2 E ekl -
O k=1 L, 0 k=1 k=1

Therefore,

RS

2n
(=3 oat) < 2ba,,
k=1
From the above and [ Chapter 2, 85, Theorem 5.5] we get

1
() nzt llrgp,e) < 2 ( MW) 190 A )
n=1

Hence the operatdf is bounded from\ () into A(p, ¢). This proves the asser-
tion. O
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Remark 3.1. In the Lemma3.1 the condition0 < ¢ < 1,1 < p < o0 IS
necessary for the operatar.

We shall formulate the sufficient condition of boundedness of the opéfator
from A(¢)) into A(p, ¢).
Theorem 3.2.Let0 < ¢ < 1, sup 2‘?cn,1(g) < oo. For of boundedness the
0<t<L1
operator? bounded from\(¢) into A(p, ¢) is sufficient thak < p < co.

Proof. By Theoreml and Holder’s inequality we have

Z |Cn7k‘p 2

(n,k)eQ

lenr) oy < —2=S A2 AN 7
Cn,k)n=1 Ap,c) = 1—c n n
n=1

Now using P, Theorem 7.a.12 (c. 2)] and,[Chapter 2, 85, Theorem 5.5] we
obtain that

eni)ze llage <

D o 1 9 q1-¢
ANOA T Cn,
n= (n,k)e2 A()

This finishes the proof. ]

Remark 3.2.1f 1 < p < 2,0 < ¢ < 1, then by P, Theorem 7.a.12 (c. 1)]
T:A(Y) = Ap, o).

Theorem 3.3.Let0 < ¢ < 1,2 < p < 00, sup 2 rcny(g) < co. Then
0<t<1

T - (M), AW))y, — (AP. ) Ap. )
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Proof. Clearly, by Holder’s inequality the estimate

an o Hzg

1 1
H (Cn,k)zo:1 H)\(p,c 1— CZ/\p n

holds. It is known that the operat@r is bounded froml, into /5. Then from
the above and! Chapter 2, 85, Theorem 5.5] we obtain

K (L, (Cnp)nZes A, ©), Ap, €)) < K (L, g, AM@), A(¥)).

2 (M), A@))g,, —

HenceT
O]

(A(p,c), A(p, c))a,p- This completes the proof.
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