journal of inequalities in pure and l\"'
applied mathematics

http://jipam.vu.edu-au
issn: 1L443-575k

Volume 8 (2007), Issue 1, Article 7, 8 pp. © 2007 Victoria University. All ights reserved.

INCLUSION AND NEIGHBORHOOD PROPERTIES FOR CERTAIN CLASSES OF
MULTIVALENTLY ANALYTIC FUNCTIONS ASSOCIATED WITH THE
CONVOLUTION STRUCTURE

J. K. PRAJAPAT, R. K. RAINA, AND H.M. SRIVASTAVA

DEPARTMENT OFMATHEMATICS
SOBHASARIA ENGINEERING COLLEGE
NH-11 GOKULPURA, SIKAR 332001
RAJASTHAN, INDIA

jKp 0007 @rediffmail.com

10/11 GANPATI VIHAR, OPPOSITESECTORDS
UDAIPUR 313002, RJASTHAN, INDIA

rainark /@hotmail.com

DEPARTMENT OFMATHEMATICS AND STATISTICS
UNIVERSITY OF VICTORIA
VICTORIA, BRITISH COLUMBIA V8W 3P4
CANADA

harimsri@math.uvic.ca

Received 03 March, 2007; accepted 04 March, 2007
Communicated by Th.M. Rassias

ABSTRACT. Making use of the familiar convolution structure of analytic functions, in this paper
we introduce and investigate two new subclasses of multivalently analytic functions of complex
order. Among the various results obtained here for each of these function classes, we derive
the coefficient bounds and coefficient inequalities, and inclusion and neighborhood properties,
involving multivalently analytic functions belonging to the function classes introduced here.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES
Let.4,(n) denote the class of functions of the form:

(1.2) f(z):zp—i—Zakzk (p<mn;npeN:={1,23,...}),
k=n
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which are analytic ang-valent in the open unit disk
U={z: zeC and |z| <1}
If f € A,(n)is given by[(1.1) and € A,(n) is given by

z) =2V + ibkzk,
then the Hadamard product (or convolutigin gk:?f andg is defined (as usual) by
(1.2) (f*g)(z _Zp+zakbkz (g% f)(2).
We denote byZ,,(n) the subclass a#,(n ) consrstlng of functions of the form:
(1.3) Fe =2 - mt (<m0 (kZn); mpeN),

which arep-valent inU.
For a given functiory(z) € A,(n) defined by

(1.4) g(z) =27+ ¥ (p<ni b 20 (kZn); n,peN),

we introduce here a new class(p, n, b, m) of functions belonging to the subclassBf(n),
which consists of functiong(z) of the form [1.3) satisfying the following inequality:

1 (m+1)
! (Z(f*g) (=) _(p_m))‘ .
b\ (fxg)m(z)
(zeU; peN; meNy; p>m; be C\{0}).
We note that there are several interesting new or known subclasses of our function class
S,(p,n, b, m). For example, if we set
m=0 and b=p(l—a) peN;0Sa<l)

in (1.5), thenS, (p, n, b, m) reduces to the class studied very recently byealal. [I]. On the
other hand, if the coefficients. in (1.4) are chosen as follows:

bk—(/\+k ) (A > —p),

and n is replaced byn + p in ( !) and |(1.3), then we obtain the clad& , (A b) of
p-valently analytic functions (involving the tamiliar Ruscheweyh derivative operator), which
was investigated by Raina and Srivastava [9]. Further, upon settiag andn = 2 in (1.2)

and [1.3), if we choose the coefficiemisin (1.4) as follows:

b, = K (l € No),

then the classS,(1,2,1 — «,0) would reduce to the function classS; (a) (involving the
familiar Salagean derivative operator [11]), which was studied in [1]. Moreover, when

(1.5)

p (1)k—p - (ag)r—p k
(16) B Z ﬁl : (ﬁs)kfp(k - p)' N
(j €C (j = ,...,q); ﬁje(:\{o,—l,—z,...} (j=1,...,9)),

with the parameters
ay,...,ap and By, ..., 05
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being so chosen that the coefficiehtsn (1.4) satisfy the following condition:

o (1)r—p - (Qg)r—p
o= B By —pt =0

then the class, (p, n, b, m) transforms into a (presumably) new cla@sgp, n, b, m) defined by

(L.7) S (prnsbym) = {f f € T(n) and ’% (<(Z[§]]J;3;Z)()()) (- m)) ‘ < 1}

(z€U; g<s+1; mqseNy; peN; be C\{0}).

The operator
(H{[au]f) (z) == Hi(an, ..., 0q; By, .- Bs) f(2),

involved in the definition[(1]7), is the Dziok-Srivastava linear operator (see, for deftails, [4]; see
also [B] and [[6]), which contains such well-known operators as the Hohlov linear
operator, Saitoh’s generalized linear operator, the Carlson-Shaffer linear operator, the
Ruscheweyh derivative operator as well as its generalized version, the Bernardi-Libera-
Livingston operator, and the Srivastava-Owa fractional derivative operator. One may refer to
the paperd [4] ta [6] for further details and references for these operators. The Dziok-Srivastava
linear operator defined in [4] was further extended by Dziok and Raina [2] (se€_also [3] and
[81).

Following a recent investigation by Frasin and Dafus [7},(f) € 7,(n) andd = 0, then we
define the(q, 0)-neighborhood of the functiofi(z) by

(1.8) as(f) = {h h € 7,(n) = —chzk and qu“\ak—ck\ <6}
It follows from the definition|[(1.B) that, if

(1.9) e(z) =2  (peN),

then

(1.10) asle) = {h h € T,(n) = —chzk and qu+1|c | < 5}

We observe that
25(f) = N5(f)
and
25(f) = Ms(f),
whereN;(f) andM;(f) denote, respectively, theneighborhoods of the function

(1.11) f(z)=2z— iakzk (ar, 2 0; z € 1),

as defined by Ruscheweyh [10] and Silvermian [12].
Finally, for a given function

g(2) ="+ bF e A(n) (>0 (k=n)),

k=n
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let P,(p, n, b, m; 1) denote the subclass @f(n) consisting of functiong (z) of the form [1.3)
which satisfy the following inequality:

. o))\ ™)
% [p(l — 1) (M> +p(f %) (2) = (0 - m)]

z

(1.12) <p-m

(z€U; meNy; peN;p>m; be C\{0}; u=0).
Our object in the present paper is to investigate the various properties and characteristics of
functions belonging to the above-defined subclasses

Sy(p,n,b,m) and Py(p,n, b, m; p)

of p-valently analytic functions ifJ. Apart from deriving coefficient bounds and coefficient
inequalities for each of these function classes, we establish several inclusion relationships
involving the(n, §)-neighborhoods of functions belonging to these subclasses.

2. COEFFICIENT BOUNDS AND COEFFICIENT INEQUALITIES

We begin by proving a necessary and sufficient condition for the fungtione 7,(n) to be
in each of the classes
Sy(p,n,b,m) and P,(p,n,b,m;p).

Theorem 1. Let f(z) € 7,(n) be given by(1.3)). Thenf(z) is in the classS,(p, n, b, m) if and
only if

2.1) ii%m“FﬂHWW<Z)§w(2>

k=n

Proof. Assume thaff (z) € S,(p,n,b,m). Then, in view of [(1.B) to[(1]5), we obtain

2(f % ) (2) — (p—m)(f * g)™(z
0 (UG D)y (e

which yields
> arbk(p — k‘)(fl)zk*p
(2.2) M| = > b (ze€l).
(m) = 2 axbi () 257
k=n
Puttingz = r (0 < r < 1) in (2.2), the expression in the denominator on the left-hand side
of (2.9) remains positive for = 0 and also for all- € (0,1). Hence, by letting: — 1—, the

inequality [2.2) leads us to the desired asserfior] (2.1) of Thelorem 1.
Conversely, by applying the hypothegis {2.1) of Thedrém 1, and sétfing 1, we find that

ki apbr(k — p) (:1) Zk—m

(2)2pm — 3 aghi (1) 2
k=n

A ra)™0E)
Frome P )“

1| (2) ~ 5 abe()
(2) = X ()
= o).

A
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Hence, by themaximum modulus principlewe infer that f(z) € S,(p,n,b,m), which
completes the proof of Theorgm 1. O

Remark 1. In the special case when

A+k—1
(2.3) bk:( Z ) (A>-p; k2n;npeN; n—n+p),
—p

TheoreniI] corresponds to the result given recently by Raina and Srivastava [9, p. 3, Theorem
1]. Furthermore, if we set

(2.4) m=0 and b=p(l—a) peN; 0=a<l),

Theorenil]yields a recently established result due toétlal. [1, p. 181, Theorem 1].

The following result involving the function clasg,(p, n, b, m; 1) can be proved on similar
lines as detailed above for Theoréim 1.

Theorem 2. Let f(z) € T,(n) be given by(1.3). Thenf(z) is in the classP,(p, n, b, m; ) if
and only if

[e.9]

es  Yanbte-pa( ) so-m |2t (7)),

k=n

Remark 2. Making use of the same substitutions as mentioned abaf2edn Theorenf]yields
thecorrectedversion of another known result due to Raina and Srivastava [9, p. 4, Theorem 2].

3. INCLUSION PROPERTIES
We now establish some inclusion relationships for each of the function classes
Sy(p,n,b,m) and Py(p,n,b,m;p)
involving the(n, §)-neighborhood defined b (1.8).

Theorem 3. If

nlb(;)
3.1 bp=b, (k=n d 0= m bl),
( ) k= ( ) an (n—p+|b|)(;)bn (p>’ |)
then
(3.2) Sy(p,n,b,m) C ./\f,?ﬁ(e).

Proof. Let f(z) € S,(p,n,b,m). Then, in view of the assertiof (2.1) of Theorgin 1, and the
given condition that

we get

= (1 )on S o= S anit -+ (1) <1o(2).

k=n k=n
which implies that

33) S s — 1l
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Applying the assertiorj (2.1) of Theorgm 1 again, in conjunction Witf (3.3), we obtain

(Z)%g}wévwﬁ) v~ wr() 53%

g|m(§)-%@*-MU<Z>@wn—pE“é%cDm

_ )
n—p+ b’
Hence
N nlbl(;,)
(3.4) kax < =0 (> o)),
which, by virtue of (1.1D), establishes the inclusion relatjon]|(3.2) of Thepfem 3. O

In an analogous manner, by applying the assertion (2.5) of Thédrem 2, instead of the assertion
(2.7) of Theorenji[1, to the functions in the claBgp, n, b, m; 1), we can prove the following
inclusion relationship.

Theorem 4. If
nlp—m) [M2+ (2)]
~p(n=p) + (") bn

(3.5) b =2 b, (k=n) and (u>1),

then
(36) Pg(p7n7ba ma lu) CNT?,(S(G)

Remark 3. Applying the parametric substitutions listed (.3), Theoren(3| yields a known
result of Raina and Srivastava [9, p. 4, Theorem 3], while The@ieruld yield thecorrected
form of another known result [9, p. 5, Theorem 4].

4. NEIGHBORHOOD PROPERTIES

In this concluding section, we determine the neighborhood properties for each of the function

classes
Sg(a) (p,n,b,m) and 7750‘) (p,n, b, m; 1),

which are defined as follows.

A function f(z) € 7,(n) is said to be in the class® (p,n,b,m) if there exists a function
h(z) € Sy(p,n,b,m) such that
f(z)
h(z)
Analogously, a functiorf(z) € 7,(n) is said to be in the cIang(a) (p,n,b,m; p) if there exists
a functionh(z) € P,(p, n, b, m; ) such that the inequalit.l) holds true.

Theorem 5. If h(2) € S,(p,n,b,m) and
g (n—p+[b) (1) br

(4.1) 1

<p—u« (zeU; 0= a<p).

(42) a=p—= : n N
nitt (n—p+ |b|)(m)bn — [0] (m)

then

(4.3) 9 5(h) € 8 (p,m,b,m).
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Proof. Suppose thaf (z) € ! ;(h). We then find from[(1]8) that

D kM ay — el 26,
k=n
which readily implies that
> 5
(4.4) }:mk—%pgmﬂ (n € N).

k=n

Next, sinceh(z) € Sy(p,n, b, m), we find from [3.8) that

- 18l ()
4.5 cp = - ;
(4.5) = —p+ b)) () b

so that

~
I\
S~—
|
A
i
S

) 1
netl ()
(n—p+10])([2)bn
5 (n—p+ ()b
=0t (= p+ B ()b — 01 (3)
=D q,
provided thaty is given by ). Thus, by the above definitighge Sé“) (p,n,b,m), wherea
is given by [(4.2). This evidently proves Theorgmn 5. OJ

The proof of Theorerp|6 below is similar to that of Theolfgm 5 above. We, therefore, omit the
details involved.

A

Theorem 6. If h(z) € P,(p,n,b,m; 1) and
J [u(n —p) +p] (") bn

(4.6) a=p——5 - ,
= p) + 2 (0o~ 0= m) (M ()]

then

(4.7) 25(h) € PS(p,n, b,m; p).

Remark 4. Applying the parametric substitutions listed(ih3)), Theorem$|and6|would yield
the corresponding results of Raina and Srivastava [9, p. 6, Theorem 5 ambithetedform
of) Theorem 6].
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