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Functions ofp—bounded variationp—bounded variatiorpy — A—bounded vari-
ation and ofp — A—bounded variation, Walsh Fourier coefficients, Integral mod-
ulus continuity of ordep.

In this note, the order of magnitude of Walsh Fourier coefficients for functions
of the classeBBV® (p > 1), BV, ABV® (p > 1) andpABYV is studied.

For the classe3V® and ¢BV, Taibleson-like technique for Walsh Fourier
coefficients is developed.

However, for the classeABV ®) and ¢ABV this technique seems to be not
working and hence classical technique is applied. In the cade3df, it is also
shown that the result is best possible in a certain sense.
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1. Introduction

It appears that while the study of the order of magnitude of the trigonometric Fourier
coefficients for the functions of various classes of generalized variations such as
BV® (p > 1) [9], BV [2], ABV [8], ABV® (p > 1) [5], pABV [4], etc.

has been carried out, such a study for the Walsh Fourier coefficients has not yet
been done. The only result available is due to N.J. FipewWho proves, using the
second mean value theorem thatf iE BV[0, 1] then its Walsh Fourier coefficients
f(n) = O(2). In this note we carry out this study. Interestingly, here, no use of
the second mean value theorem is made. We also prove that for the\@a&sour

result is best possible in a certain sense.

Definition 1.1. Let I = [a,b], p > 1 be a real number{\;}, k: € N, be a se-
guence of non-decreasing positive real numbers suchZD?t dlverges and

¢ : [0,00) — R, be a strictly increasing function. We say that:

1. f € BV®)(I) (thatis, f is of p—bounded variation over) if

V(fap7 = sup <Z |f bk: | ) < 00,

{Ik} k

2. f € BV (I) (thatis, f is of p— bounded variation ovef) if

VI(f.¢,1I)= Sup {Z o(| f(be) — f(ak)l)} < 00,
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3. f € ABV®)(]) (thatis, f is of p — A— bounded variation ovef) if

1

RPN [ ARV,
k

{Ix}

4. f € pABV(I) (that s, f is of  — A— bounded variation ovef) if

Valh 6.) _Sup{zwfbkkk fa >|>}<oo’

{Ix}

in which{ I, = [ax, bx]} is a sequence of non-overlapping subinterval$.of

In (2) and (4), it is customary to considgra convex function such that

¢(x) o)

o0)=0, 20 @—0) 2o @)

on).
Let {¢,} (n = 0,1,2,3,...) denote the complete orthonormal Walsh system
[7], where the subscript denotes the number of zeros (that is, sign-changes) in the

interior of the interval0, 1]. For a 1-periodicf in L|0, 1] its Walsh Fourier series is

T T

such a function is necessarily continuous and strictly increasing,

given by
f(x) ~ Y f(n)ea(@),

where then™ Walsh Fourier coefficienf (n) is given by

:/0 F@)pa()ds  (n=0,1,2,3,...).
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The Walsh system can be realizeld &s the full set of characters of the dyadic
groupG = Z$°, in which Z, = {0, 1} is the group under addition moduio We
denote the operation @f by +. (G, +) is identified with([0, 1], +) under the usual
convention for the binary expansion of element$ot | [1].
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2. Results

We prove the following theorems. In Theorenbit is shown that Theorers. 3with
p = 1is best possible in a certain sense.

Theorem 2.1.1f f € BV®)[0,1] thenf(n) = O (1 /(n%>> :
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Proof of Theoren?.1. Letn € N. Letk € NU {0} be such tha2* < n < 2¥! and
puta; = (i/2%) fori = 0,1,2,3,...,2%. Sincey, takes the valué on one half of
each of the interval&s;_1, a;) and the value-1 on the other half, we have

/ on(z)de =0, foralli=1,2,3,... 2"
aj—1

Define a step functiop by g(z) = f(a;_1) onfa;_1, a;),i =1,2,3,...,2% Then Walsh Fourter Coeflicients
) ok J.R. Patadia
/ g(l‘)g&n(l‘)dl‘ _ Z f(a,-_l) / Q0n<l’>dl’ _ 0 vol. 9, iss. 2, art. 44, 2008
0 i=1 ai-1
Therefore, Ui g
A 1 Contents
! <« >
(2.1) < / F(z) - g(a)|da
0 Page 7 of 15
< |If = gllplI1llq
1 Go Back
Z/ al 1)’pd$ Full Screen
Close
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Hence,
|p<z [ 156 - st pas
<2/ V(S fais, i) de
—z (ool ()

g(%)ﬂ“ﬁnmﬂmp
< (2)vun oy,

which completes the proof of Theoreinl. O

Proof of Theoren2.2. Let ¢ > 0. Using Jensen’s inequality and proceeding as in

Theorem?2.1, we get

¢(géﬁﬂm—guwm)g/QMdﬂw—g@mm:

—2/¢w Fai-1))da
<Z/ V(cf, ¢, a1, a;])dz
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- i‘/(cf, o losa) (5)
< (2)viers. 0.

Sinceg is convex and)(0) = 0, for sufficiently smallc € (0,1), V(cf, ¢,[0,1]) <
1/2.

This completes the proof of Theoren? in view of (2.1). O
Remarkl. If ¢(z) = 2P, p > 1, then the clas® BV coincides with the clasBV )
and Theorenz.2with Theorem2. 1.

Remark?2. Note that in the proof of Theorenis1and2.2, we have used the fact that
ifa=ay<a; <---<a,=0>,then

S V(S plai-r al))P < (V(f,p, [a, b))

=1
and

D_V(f.b lanw]) < V(f.6.[a.b),

foranyn > 2 (see B, 1.17, p. 15]). Such inequalities for functions of the class
ABV® (p > 1) (resp.$ABV), which containBV® (resp.,¢BV) properly, do not
hold true.

In fact, the following proposition shows that the validity of such inequalities for
the class\ BV ) (resp.,pABV) virtually reduces the class BV ® (resp.,pBV).
Hence we prove Theorem3and Theoren?.4 applying a technique different from
the Taibleson-like techniqué&][which we have applied in proving Theoreinl and
Theorem2.2.
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Proposition 2.6. Let f € pABV [a, b]. If there is a constant’ such that

EZWG¢WW4AMSCWMﬁ¢mmm,

for any sequence of pointsy;}, witha = ap < a; < --- < a, = b, then
f € ¢BV|a,b].

Proof. For any partitiomn = 2o < 1 < - -+ < x, = b of [a, b], we have

Zcb(]f(mi)— (zic1)]) =M Z¢ |f (i (xz D)

< /\1 Z VA(fv ¢7 [xi—lv Jfl])
=1
< A161‘//\(.107 ¢) [a7 b]))
which shows thaf € ¢ BV [a, b)]. O

Remark3. ¢(z) = 2P (p > 1) in this proposition will give an analogous result for
ABV (@)

To prove Theorem2.3and Theoren?.4, we need the following lemma.

Lemma 2.7. For anyn € N, |f(n)| < w,(1/n; f), wherew,(5; f) (6 > 0, p > 1)
denotes the integral modulus of continuity of orgesf f given by

w, |ﬁg</|fx+h ()Vm)
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Proof. The inequality L, Theorem IV, p. 382]f(n)| < wi(1/n; f) and the fact that
wi(1/n; f) < w,(1/n; f) for p > 1 immediately proves the lemma. N

Proof of Theoren?.3. For anyn € N, putd,, = 7, 1/);. Let f € ABV®[0,1].
For0 < h < 1/n,putk = [1/h]. Then for a giverx € R, all the pointse + jh, j =
0,1,...,klie in the interval[z, x 4+ 1] of length1 and

/\f x+h\pd:z:—/ |fi(x)Pdx, j=12,..k

wheref;(z) = f(x + (j — 1)h) — f(x + jh), forall j = 1,2,..., k. Since the left
hand side of this equation is independentj pMmultiplying both sides byl /(\;65)
and summing ovef = 1,2, ..., k, we get

/ f(x) = f(x+ h)]Pdz < (elk) /;JZZ(W) dx

(VA(f7p7 [07 1]))[)
O,
< (VA<f7p7 [07 1]))])
— en )
because{)\;} is non-decreasing antl < » < 1/n. The case-1/n < h < 0is
similar and we get using Lemmnia’,

<

Fm)P < (w1 /ms gy < AL IDN

This proves Theorer. 3. O
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Proof of Theoren?.4. Let f € pABV[0, 1]. Then forh, k and f;(z) as in the proof
of Theorem2.3and forc > 0 by Jensen’s inequality,

(/|f flx+h)|) dm) /¢c\f f(x + h)|)dz

_/0 el fy(@))dr, j=1,2,... k.
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Proof of Theoren2.5. Itis known [3] that if ' BV containsA BV properly with[" =
{7} thend,, # O(p,), wherep, = > 7| % for eachn. Also, if ¢ = 0, ¢, 1 = 1
andc; < ¢ < --- < ¢, denote all thex points of (0, 1) where the functionp,,
changes its sign if0, 1), ng € Nis such thap,, > 3 forall n > nyandE = {n
N :n > nyg is ever}, then for eachn € E, for the function

extended 1-periodically oR,

n+1 n
|fn Clc fn Cl— 1)‘ 1 1 1
Ve(f, 0,1)) §j =3 ==
k=1 Tk 2pn 2

because )

Sulenia) = fu(1) = [n(0) = I, = fn(cn)

asy, = 1 onjc,c). Hence||f.|| = 4%” + 1 < 1for eachn € E in the Banach
spacd BV [0, 1] with || f|| = | f(0)| + Vr(f, [0, 1]). Observe that foff € T'BV[0, 1]

11l < / (M;lfmvl+|f<o>|)dxsc||f||, C = max{1,m}.

and hence, for each € N the linear magy,, : 'BV[0,1] — R defined byT,,(f) =
0,.f(n) is bounded as

(T(f) = 6l F(0)] < 6ullfIh < 0.C11fIl,  Vf € TBV[0,1].

..\
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Next, for eacm € E sincef, - ©, = ﬁ on|0,1), we see that

On)

— | #£0(1
() #ow

sup{||T5|| : n € N} > sup{||T,.|| : n € E} > sup{|T..(fn)| : n € E} = 0.

o |

To(f) = Onfu(n) = 0, /0 £ () on()dz =

and hence

Therefore, an application of the Banach-Steinhaus theorem givésanBV |0, 1]

such thasup{|T,(f)| : n € N} = oo. It follows that#, f(n) = T,(f) # O(1) and
hence the theorem is proved. O
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