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ABSTRACT. In this paper, we treat the value distributiongof”—! f(*), wheref is a transcen-
dental meromorphic functior; is a meromorphic function satisfyirif(r, ¢) = S(r, f), n and
k are positive integers. We generalize some results of Hiong and Yu.
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1. INTRODUCTION

Let f be a nonconstant meromorphic function in the whole complex plane. We use the
following standard notation of value distribution theory,

T(r, f),m(r, £), N(r, ), N(r. f), ..
(see Haymarf]1], Yang [4]). We denote Byr, f) any function satisfying

S(r, f) = o{T(r, )},

asr — +oo, possibly outside of a set with finite measure.
In 1956, Hiong[[3] proved the following inequality.

ISSN (electronic): 1443-5756

(© 2002 Victoria University. All rights reserved.

Supported by the National Nature Science Foundation of China (Grant No. 10071038) and “Qinglan Project’of the Educational Department
of Jiangsu Province.

079-02


http://jipam.vu.edu.au/
mailto:mlfang@pine.njnu.edu.cn
mailto:yangde@macs.biu.ac.il
http://www.ams.org/msc/
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Theorem 1.1. Let f be a non-constant meromorphic function; tetb and ¢ be three finite
complex numbers such that~ 0, ¢ # 0 andb # ¢; and letk be a positive integer. Then

1 1 1
1 (o )+ (i) o e )

1
- N (’I“, m) + S(T, f)

Recently, Yu[[5] extended Theorém 1.1 as follows.

Theorem 1.2. Let f be a non-constant meromorphic function; anddeind ¢ be two distinct
nonzero finite complex numbers; andet: be two positive integers. #( 0) is a meromor-
phic function satisfying’(r, ¢) = S(r, f),n =1 0orn > k + 3, then

1 1 1 1
(1) T(r, f) <N (7”7 ?> +- [N (7’7 W) +N <r’ o fr=1f®) —c)}
_%[N(r,f)ju]v(r, + S(r, f).

If 1 is entire, then[(1]1) is valid for all positive integer$+# 2).

In [5], the author expected théat (1.1) is also validfo= 2 if f is entire.
In this note, we prove thdt (1.1) is valid for all positive integemsven if f is meromorphic.

Theorem 1.3.Let f be a non-constant meromorphic function; anddeind ¢ be two distinct
nonzero finite complex numbers; anddet be two positive integers. #( 0) is a meromor-
phic function satisfying@’(r, ¢) = S(r, f), then

1 1 1 1
2 T fy <N (’”’ ?) T {N (7"’ ST b) A (7"’ o c”
—N(r,f)—% {(k—l)w(r,f)—l—]\f(r, + S(r, f).

In [6], the author proved
Theorem 1.4.Let f be a transcendental meromorphic function; andridde a positive integer.
Then eitherf” f" — a or " f’ + a has infinitely many zeros, whes¢=~ 0) is a meromorphic
function satisfying’(r,a) = S(r, f).

In this note, we will prove
Theorem 1.5. Let f be a transcendental meromorphic function; andridde a positive integer.
Then eitherf™ f" — a or f"f' — b has infinitely many zeros, whed¢£ 0) andb(# 0) are two
meromorphic functions satisfyif(r, a) = S(r, f) andT'(r,b) = S(r, f).

1
(¢f”‘1f("f“))’)}

1
(d)f”‘lf(’““))’ﬂ

2. PROOF OF THEOREMS

For the proofs of Theorefn 1.3 ahd]L.5, we require the following lemmas.

Lemma 2.1. [2]. If f is a transcendental meromorphic function alid> 1, then there exists a
setM (K) of upper logarithmic density at most

§(K) =min{(2e" " — 1)1 (1 + e(K — 1)) exp(e(1 — K))}
such that for every positive integgr

T
(2.1) lim sup M < 3eK.

r—oo,r¢ M(K) T(Ta f(k))
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Lemma 2.2. If f is a transcendental meromorphic function an@Z 0) is a meromorphic
function satisfying’(r, ¢) = S(r, f). Theng "~ f(*) = constant for every positive integer

Proof. Suppose that f»~' f*) = constant. Ifn = 1, then¢f*) = constant. Therefore,
T(r, f®) = S(r, f), which implies that

T(r,f)

limsup ———"~ =00
r—oo,r¢ M(K) T(T7 f(k))
This is contradiction to Lemnfa 2.1.
If n > 2, thenT'(r, f*~1f*)) = S(r, f). On the other hand,

nﬂnﬁsTWJ“VWHJ«fﬁ%)+ﬂhﬁ

L f(k)
< T(r, " ﬂU+TGr7>+5@ﬁ

(k)
T, fT) + S(r, f)

n#+Nmfﬂﬂ%+smﬁ

<2T(r, f*H fW) + T(r, f) + S(r, ).

éTmf“ﬂ%+N(

< T(r, [ W) + N(

HenceT (r, f) < 2T (r, f*~' f®) + S(r, f), Therefore,I'(r, f) = S(r, f), which is a con-
tradiction. Which completes the proof of this lemma. O

Lemma 2.3.[1]. If f is a meromorphic function, and , a-, a3 are distinct meromorphic func-
tions satisfying/'(r, a;) = S(r, f) for j = 1,2,3. Then

T(r, f) < Z;N (r, 7 _1 aj) +S(r, f).

Proof of Theorerfi 13By Lemma[ 2.2, we have f*~! f*) # constant ifn andk are positive
integers. By (4.17) of ]1], we have

1 1 1
22) n{nﬁ)+m@gﬁ:mr3>+mGﬂﬁiﬂtz)
1 £ 1
<o (eete) o (27 o ()
1
+m(T,W) +S(T7f)
1 1
< (rgprgm )+ (e )
1
o (1 )+ 500

1
< (7 Gy )+ 560
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1
@y

STm¢WfN»+Nmﬁ—N(n

< T (o 10)) - v )+ 500

1
a7+ 50

By (2.2), we have

T(r, f*) +T(r,0f" ' fV)

1 1 1
) o) )

+N(T,f)—N<T,W) +S(7’,f)

Therefore,

1 1 1
o) <0 (1 )+ (e =)+ (1 =)
—|—Nr,

( f)—N(ﬂW) — N(r, " f®) + S(r, f)
1

1 1
< (1 7) N (g ) N ()
_ 1
—nN(r, f)—(k—=1)N(r,f) = N (ﬁm) +S(r, f),
thus we get[(1]2). This completes the proof of Thedrerm 1.3.

Proof of Theorerh 1]5By Nevanlinna’s first fundamental theorem, we have

IT(r, ) =T (7’, a2 fi)
<T(r ffH+T (’r, %) + S(r, f)
<T(r,ffHY+T (7", J%) +S(r, f)
<T(r ffY+N (7", f%) + S(r, f)
—T(rff)+ N (r, %) LN )+ S f)
< T(r, £) + T f) + 5N ) + S0, )
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By Lemmd 2.8, we have

T(r, ffY<N(r, f)+N <r, ff/l_ a> + N (r, ! ) + S(r, 1)

< %N(r, ffH+N (r, ﬁ) + N (7‘, 1_ b) + S(r, f ).

Hence we get
1

re. <’ [w (r, m) LW (fr, ﬁ)] S0 £F).

Thus we know that eithef /' — a or f f' — b has infinitely many zeros. O
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