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Abstract

We analyze the relations of three coefficient conditions of different type implying
one by one the absolute convergence of the Haar series. Furthermore we
give a sharp condition which guaranties the equivalence of these coefficient
conditions.
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A known result of P.L. Ul'janov {] asserts that the condition

n
(1.1) o= —=<oo (a, >0)
n=3 \/ﬁ
implies the absolute convergence of the Haar series, i.e.
00 277L
> 2 [ @) —Zlam )| < oo
m=0 k=1

almost everywhere if0, 1). He also verified, among others, that if the sequence
{a,} is monotone then the conditiof.(l) is not only sufficient, but also neces-
sary to the absolute convergence of the Haar series.

In [1] we verified that if the condition

(1.2) lop) ::i{ Z ai} < 00

m=1 \(n=2"41

holds then the Haar series is absol(té o)-summable for anyx > 0, conse-

guently the condition(.2) also guarantees the absolute convergence of the Haar

series.
Recently, in ], we showed that if the sequenge,,} is only locally quasi
decreasingi.e. if

< Ka, for m<n<2m andforall m,
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and the Haar series is absoldté « > 0)-summable almost everywhere, then
(1.2) holds.

Here and in the sequely’ and K; will denote positive constants, not neces-
sarily the same at each occurrence. Furthermore we shall say that a sequence
{a,} is quasi decreasing

(0 <)an < Kap,

holds for anyn > m. This will be denoted bya,, } € QDS, and if the sequence On Relations of Coefficient
{a,} is a locally quasi decreasing, then we use the short ntigh € LQDS. Conditions

P.L. Ul'janov [5], implicitly, gave a further condition in the form

Laszl6 Leindler

(1.3) i T {Z a } Title Page

N
1ogm 2 Contents
which also implies the absolute convergence of the Haar series. pp b

These results propose the question: What is the relation among these condi- p >
tions?

We shall show that the conditiori.() claims more thani(2), and (..2) Go Back
demands more thari (I); and in general, they cannot be reversed. In order to Close
get an opposite implication, a certain monotonicity condition on the sequence
{a,} is required. Quit
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We establish the following theorem.

Theorem 2.1. Suppose that := {a,} is a sequence of nonnegative numbers.
Then the following assertions hold:

(2.1) 01 < K oy,
and ifa € LQ DS then
(2.2) o9 < K 0. On Relat(i;):sdci)tl;o(;c;eﬁicient
Slmllarly Laszl6 Leindler
(2.3) oy < K o3,
and if the sequencg4,,} defined by Title Page
—_— 1 Contents
Ap = { > ai} « »»
k=2m41 < >
belongs ta) DS then o Back
24) o3 < Koz Close
Finally o
(2.5) o1 < Ko, Page 5 of 14

and if the sequencgna?} € QDS then
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Corollary 2.2. If the sequencén a?} € QDS then the conditionsl(1), (1.2)
and (1.3) are equivalent.

Next we show that the assumpti¢na?} € QDS in a certain sense is sharp.
Namely if we claim only that the sequenée® a2} € QDS with o < 1, then
already the implication1(.1) = (1.3), in general, does not hold.

Proposition 2.3.1f (0 <) o < 1 then there exists a sequenfeg, } such that the
sequencén®a?} € QDS, furthermore

o1 <0 but 03 = OQ.

Finally we verify the following.
Proposition 2.4. The requirements
(2.7) {na2} € QDS
and the following two assumptions jointly
(2.8) {A,} e @DS and {a,} € LQDS

are equivalent.

Acknowledgement 1.1 would like to sincerest thanks to the referee for his
worthy suggestions, exceptionally for the remark that the inequality also
follows from @.2), (2.4) and Propositior?.4.
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We require the following lemma being a special case of a theorem provéd in [
Satz] appended with the inequalit$.?) which was also verified, in the same
paper, in the proof of the "Hilfssatz" (see p. 217).

Lemma 3.1. The inequality {.3) holds if and only if there exists a nondecreas-
ing sequencé.,, } of positive numbers with the properties

o0

(3.1) >

n
n=1 Hn

> 9 On Relations of Coefficient
< oo and E Q,, My < OQ. Conditions

n=1

Laszl6 Leindler
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1

- - Lo 1 Title Page
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(3.2) a? < K az i, Contents
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< >

also holds.
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Proof of Theoren2.1. The inequality 2.1) can be verified by then Hélder in-

equality. Namely
3 [ gml 3
} { | 1}
> ot <o
n:2m+ln

To prove the inequality4.2) we utilize the monotonicity assumption and thus
we get that

m=1n= 2m+l = n=2m-41

00 2m+1

0‘2<K22 /a2m+1<K1Z Z

m=1n= 27”+1

= K10'1.

=

The inequality 2.3) also comes via the Holder inequality. Ligf, := { > ai}
Then o

v=0 m=2¥ =2m41
1 1
[e's] 22D+1 2 00 [e's) 2
SIS IED SEC I DI
v=0 n=22"+1 v=0 n=22"+1
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v
22 00

<R3+KZ > ;)RZQVH gKlz—E

(logn)z = n(l

—92V~ 1

In order to prove2.4) first we define a nondecreasing sequefice as follows.

Let

= max Al for 2™ <n <2mt
1<k<m

furthermore lefu; = po = us. Itis clear by{A4,,} € QDS that

(41) A;nl < pom+1 < KA;HI (m > 1),
holds. Hence we obtain by (2) and @.1) that

00 2m+1

(4.2) Z Z a2 pi, < K oy < 00
m=1n=2"m+1
and
oo 1 o
oo 2mtl
=1
(4.3) <K, m; .

SKlem:K10'2<OO.

m=1
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Finally, using the inequality3(2), the estimations4(2) and @.3) clearly imply
the statement(4).

The assertion4.5) is an immediate consequence &fl) and @.3).

The proof of the declaratior2(6) is analogous to that o2(4). The assump-
tion {na2} € QDS enables us to define again a nondecreasing seqyenge
satisfying the inequalities in3(1). We can clearly assume that al} > 0,
otherwise p.6) is trivial if {na?2} € QDS. Letforn > 3

_ _ On Relations of Coefficient
an U1 = Mo = .
d 1 2 s Conditions

1
[y 1= max

1<k<n gk
The definition ofy,, and the assumptiofn a2} € QDS certainly imply that

Laszl6 Leindler

1 K Title Page
@4 a”\/ﬁ = = a”\/ﬁ Contents
is valid. The definition otr; given in (L.1) and ¢@.4) convey the estimations <« Y
iaiungKia—ngK01<oo : >
n=3 n—s V1 Go Back
and Close
i L gKOO L :Kia—n:K01<oo‘ Quit
1 VHn neg L Hn n_g V1 Page 10 of 14
These estimations and.@) verify (2.6).
Herewith the whole theorem is proved. O . Ined. PLre and Appl. Math. S(4) Art. 92,2004
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Proof of Corollary2.2. The inequalities4.1), (2.3) and @.6) proved in the the-
orem obviously deliver the assertion of the corollary. The proof is ready.]

Proof of Propositior2.3. Setting

2m m/2 acd
Fp— R - 2
VU i= 2%, €y =2 2t

and
2 . 2 —a H
a, =€, n it v, <n < v,
Then
o0 [e)e] Vm+41
an _ 14«
PRy D DL DR
n
n=3 m=0 n=vm+1

k=n
O3 = i ! R
n=3 n(logn)% !

N =0 n=vm+1 n(logn)%

m=0,1,...
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furthermore

V41 V41

3>22a—25k2k“

k=mn=vi+1 =m n=vi+1
1 — 1
—k —m
—E g2yl :—E 27 > =27,
= kVir1 K ¢ - K
=m

From the last two estimations we clearly get that= oo, as stated.
The proof is complete. O

Proof of Propositior2.4. First we prove that the assumptiah ) implies both
properties claimed in2.8). Namely by{na?} € QDS we get that ify > m
then

2m+1

a? 1 1
AL = Z 2 2m+12mKa2m4r12mJrl
n=2m+1
om+1
> > Y @
—2K2 T T 9K3 "
n=2++1
I
T 9K3 AL

i.e.{na’} € QDS = {A,} € QDS holds.
The implications{na?} € QDS = {a,} € QDS = {a,} € LQDS are
trivial.

On Relations of Coefficient
Conditions

Laszl6 Leindler

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 12 of 14

J. Ineq. Pure and Appl. Math. 5(4) Art. 92, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:leindler@math.u-szeged.hu
http://jipam.vu.edu.au/

To prove the implicationZ.8) = (2.7) we first prove by{a, } € LQDS that

if > m then
2m+1

2 m 2
E ap < K2™aym
k=2m 41

and
2#

1
2 —1 2
E oap =2t 702
k=2+r—141
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