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Abstract

A discrete analogue of the weighted Montgomery identity (i.e. Euler identity)
for finite sequences of vectors in normed linear space is given as well as a
discrete analogue of Ostrowski type inequalities and estimates of difference of
two arithmetic means.
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The following Ostrowski inequality is well known.[J]:

(o - =)’

(b—a)’

It holds for everyz € [a, b] wheneverf : [a,b] — R is continuous ofja, b] and
differentiable on(a, b) with derivativef’ : (a,b) — R bounded ora, b) i.e.

b
R RCLEEE

]w—@wmu.

. , A Discrete Euler Identity
1/l = sup [ (£)] < +oc.

te(a,b) A. Agli¢ Aljinovi¢ and J. Pecaric

Let f : [a,b] — R be differentiable orja, b, f’ : [a,b] — R integrable on

la,b] andw : [a,b] — [0,00) some probability density function, i.e. integrable Title Page
function satisfyingffw(t) dt = 1; defineW (t) = fatw(x) dx for t € [a,b], Contents
W(t)=0fort < aandW (t) = 1fort > b. The following identity, given by
Pe&aric in [11], is the weighted Montgomery identity 14 dd
b b < >
f(x) :/ w (t) f(t)dt +/ P, (x,t) f' (t) dt, Go Back
where the weighted Peano kernel is Close
W(t), a<t<ux, Quit
P, (x,t) = Page 3 of 38
Wt)—1 z<t<b.
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finite sequences of vectors in normed linear spaces and to use it to obtain some

new discrete Ostrowski type inequalities as well as estimates of differences be-
tween two (weighted) arithmetic means. In Sectipa discrete weighted Mont-
gomery (i.e. Euler) identity is presented. In Secti®rOstrowski's inequality

and its generalization are proved. These are the discrete analogues of some re-

sults from []. In Section4, estimates of differences between two (weighted)
arithmetic means are given and these are the discrete analogues of some resul
from [2], [3], [4], [] and [17].
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Let zq,z9,..., 2, be a finite sequence of vectors in the normed linear space
(X, ]|-])) andwy, wy, ..., w, finite sequence of positive real numbers. If, for

1<k <n,
k n
:Zwia Wk: Zwi:Wn_ka
=1 i=k+1
then we have, seé],

i=1
k—1 1
= 2. W, —i—ZW — Tiy1) ZW Tig1— 1), 1<k<n.

The difference operataA is defined by

So using formulaZ.1), we get the discrete analogue of weighted Mont-
gomery identity

n n—1
1 .
(23) T = Wn i:E 1 wW;T; + i:E 1 Dw (k,’l) A.’L’i,
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where the discrete Peano kernel is defined by

(2.4) Dy (ki) = — -

1 {Lm, 1<i<k-1,
(-Wi), k<i<n.

If we takew; = 1, i = 1,...,n, thenW; = i andW, = n — i, and @.3)
reduces to the discrete Montgomery identity

n n—1
1
(2.5) T = — g T; + g D, (k,1) Ax;,
n
i—1 i=1

where ,
i 1<i<k-1,
Dn (k> 2') =

L1, k<i<n.
If n € N, A" is inductively defined by

An.flj'i == An_l (A.Z'l) .

It is then easy to prove, by induction or directly using the elementary theory of
operators,see’], that

Atz = i (Z) (=) Zi.

k=0

In the next theorem we give the generalization of the iden#ity)(
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Theorem 2.1.Let (X, ||-||) be a normed linear space;, z», . . ., x, a finite se-
guence of vectors iX, wq, wo, . . . , w, finite sequence of positive real numbers.
Thenforallm € {2,3,...,n— 1} andk € {1,2,...,n} the following identity

is valid:

(2.6) z = —waﬁ—zn_r (ZAWJ

=1
n—1 n—2 n—r
(Z Z Z D, k Zl (@17 22) : Dn—r+1 (ir—h Zr)) A Discrete Euler Identity
i1=112=1 ir=1
T - A. Agli¢ Aljinovi¢ and J. Pecaric
+ 3N > Dy (kyiy) Dyoy (iv,d2) -+ Dy (i i) A7,
i1=14da=1 im=1 Title Page
Proof. We prove our assertion by induction with respectrito Form = 2 we Contents
have to prove the identity
. - <44 44
g omens  (San) (S0 w) <
i=1 i=1
1 n2 Go Back
+ )0 Dy (ki) Doy (i, §) A%, Close
=1t Quit
Applying the identity £.5) for the finite sequence of vectafsr;, i = 1,2,...,n—
PPyIng ye9) d ! " Page 7 of 38
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S0, again usingA.3), we have

n n—1 n—1 n—2
1 ) 1 o
T = W E Wiy + E Dy, (k, i) (n 1 § Az; + § D1 (i, 7) Azxj)
" oi=1 i=1 i=1 Jj=1

Hence the identity4.6) holds form = 2.

Now, we assume that it holds for a natural numberc {2,3,...,n —2}.

Applying the identity 2.5) for the A™x;

1 n—m n—m-—1
. . 1
A"z, = —— E AMx; + E Do (i Tg1) AT Ti o
i=1 img1=1

and using the induction hypothesis, we get

1 n m—1 1 n—r )
xk:anlwle+Zln—T (ZA J/’Z>

=1
n—1 n—2 n—r
% (Z Z e Z Dw (k, 7,1> Dn—l (il, 22) ce Dn—r+1 (ir—lv Zr))
i1=112=1 ir=1
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n—1 n—2 n—m
< Z Dw k Zl (217 22) : Dn—m+1 (im—lyim)
1 1

i1=119= im=1
n—m—1
m m+1
X —m § A xi + E -DTL m Zmazm—i-l)A L1
im+1=1

1 n m .
NS (zMz)
r= i=1 A Discrete Euler Identity
n—1 n—2
(Z Z Z Dw k, 21 (21 12) Dy (ir—l %)) A. Agli¢ Aljinovi¢ and J. Pegarié
i1=112=1 ir=1
n-ln-2  n-(mtl) Title Page
+ Dy (k,i11) Dy (i1,42) - - - Dy (i i1 ) Ay
523 30 Dulhi) Dt i (1) A" S
We see that4.6) is valid form + 1 and our assertion is proved. O S Al
< >
Remark 2.1. For m = n — 1 (2.6) becomes
Go Back
k Wn : iU n—r ' 7 .
i=1 r=1 i=1 Quit
n—1 n—2 n—r
X <Z Z T Z Dw (k7 Z‘1) Dn—l (ib i2) U Dn—?‘-l-l (7;7“—17 Zr)) Pagedords
i1=1142=1 ir=1
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n—1 n—2

+ZZ Z Dy (kyi1) Dyt (i1,72) -+ Dy (in-—2,in-1) A", .

i1=112=1 in—1=1

Corollary 2.2. Let(X, ||-||) be a normed linear space;, z, . . ., z,, afinite se-
quence of vectorsiX. Thenforallm € {2,3,... ,n—1}andk € {1,2,...,n}
the following identity is valid:

= - Z T; + Z R <Z Ara%) A Discrete Euler Identity

i=1 A. Aglic Aljinovié and J. Pecaric
n—1 n—2
(z S S D, (k) Dt (112 Do <>)
i1=1143=1 ir=1 Title Page
n—1 n—2 n—m
. . m Contents
+ Z Z Z D k’ Zl (ll, 12) Dn—m+1 (Zm—h Zm) A [Eim.
i1=1149=1 im=1 44 42
Proof. Apply Theorem2.1withw; = 1,7 =1,...,n. O 4 >
Remark 2.2. If we apply @.6) withn = 20 — 1 andk = [ we get Go Back
Close

20—1 20—1—r
e Wlezwmz—{—ZZl—l—r(ZArx’) Quit

Page 10 of 38
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20-22]-3 2l-1-m

+3 > YT Dy (lin) Dy (i, ia) -+

i11=114=1 im=1

D217m (imfb Zm) Amxim .

We may regard this identity as a generalized midpoint identity sincexfer 1
it reduces to

20—1 20—2
2.7 T w;x; + Dy, (1,1) Ax;
@7 L= IZ 2
and further forw;, = 1,1 =1,2,...,2l — 1to

201-1 -1

1 1 _
m Z T; + m Z 1 (A.ﬁEl — Aﬂfgl_l_i) .
i=1 =1

Similarly, if we apply 2.6) with £ = 1 and then withk = n, then sum these two
equalities and divide them 2y we get

(2.9) 351”" - —szx,—i—zn_r (ZA%Z)

=1
1 n—r y
(1
(Z Z Zl (n’ Zl)Dn—l (/Ll7 22) “ e Dn—’f‘+1 (iT_l, 7/7-)>
=1 ir:
+Z Z 1 = Dn—l (ila Z2) e Dn—m+l (im—l’ Zm) Amxim'
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We may regard this identity as a generalized trapezoid identity since ferl

it reduces to

Dy (n.i) 5

(210) o + il = 15 szxz + Z
and further forw, = 1,1 =1,2,...,nto
(2.11) x1+x” :—le Z(

(2.8) and (2.11) were obtained by Dragomir in/].
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The Bernoullinumber®;, i > 0, are defined by the implicit recurrence relation

m 1 1, if m=0,
> (mf )Bi - { |
P ( 0, 1if m#DO0.
If, for n € N andm € R ,we write

Sm(n)=1"+2"4+3" 4+ ...+ (n—1)",

it is well known, see], thatif m € N

1 m+1 i
Sm(n) m——|—1 ( i )an +1 .

Theorem 3.1.Let (X, ||-||) be a normed linear space;, z», . .., x, a finite se-

guence of vectors iX, wq, ws, . . ., w, finite sequence of positive real numbers.

Let also(p, ¢q) be a pair of conjugate exponehtsn € {2,3,...,n — 1} and
k €{1,2,...,n} the following inequality holds:

1 n m—1 )
(3.1) xk—m;wixi Zn—r <ZZIA xz>
n—1 n—2 n—r
(Z Z Z D, k 11 (11, Z2) “Dp_ri1 (ir—17 Zr)) "
i1=119=1 ir=1

Thatis:1 < p,q < 00, stg=1

1
q
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n—1 n—2 n—m+1

< ZZ Z Dy (kyi1) Dn-1 (i1,42) <= Dot (im-1,-)|| |A™ 2],

i1=142=1 im—1=1
q
where )
- (z ||Amg;i||p>p, if 1 < p < oo,
|amall, = \ = |
(Jnax [|ATz| - if p = co.
Proof. By using the 2.6) and the Holder inequality. m

Corollary 3.2. Let (X, ||-||) be a normed linear space;, =, ..., z, a finite
sequence of vectors IX, wy,ws,...,w, a finite sequence of positive real
numbers. Let als@p, q) be a pair of conjugate exponents. Then for/ale
{1,2,...,n} the following inequalities hold:

( 1 n
i (S = ilw) - el

< 1 (k=1 [ i T n a\ 3
Tl ol ] | 2w Az,
n \ =1 \j=1 i=k \ j=i+1

1
Jp max Weo1, W, = Wi} - [|Az ||,

\ n

1 n
xk——g W;T;
n )

Z i=

Proof. By using the discrete analogue of the weighted Montgomery identity
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(2.3) and applying the Holder inequality we get

1 n
$k——§ w;T;
Wy = o

1=

< |1Dw (k) [[AZ]],,-

We have

1D (k) = (err+2\—W!>
1 k— A Discrete Euler Identity
- W, Z (k — ) w; + z_; {Whti A. Aglié Aljinovié and J. Pecari¢

=1

R~ ,
- an|k_l|wi Title Page
i—1

and the first inequality is proved. Contents

Since PP >

1 k—1 n—1 i % 4 }
Do (R, )lly = 77 (Wil" + > |-Wi )
oW (; Z:‘ ‘ Go Back

1 k—1 i n—1 n q % Close
w5 (%) & (E))

the second inequality is proved. Page 15 of 38
Finally, for the third
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which completes the proof. O

The first and the third inequality from CorollaB¢2 and also the following
corollary was proved by Dragomir in[.

Corollary 3.3. Let (X, ||-||) be a normed linear space;, -, ..., z, a finite
sequence of vectors ilf, wy, ws, ..., w, finite sequence of positive real num-
bers, and also letp, ¢) be a pair of conjugate exponents. Then for falke
{1,2,...,n} the following inequalities hold:

L(ZE (k- 2% Al
<9 2(Sy (k) + 8, (n—k+1)

lmax{k— 1,n—k}- ||A$||1 Title Page

n

A Discrete Euler Identity

A. Agli¢ Aljinovi¢ and J. Pecaric

(3.2)

Q=

n
1
T — — E ZT;
n <
=1

Proof. If we apply Corollary3.2with w; = 1,7 = 1,2, ..., n, or use the discrete Contents

Montgomery identity 2.5), we have <44 44

. — < >
1
Tp—— ) || = D, (k,7) Ax;
' "; ; (0 Go Back
n—1 @ /n-1 : Close
< (o) (Sianr) i
i=1 i=1
Since forg = 1 Page 16 of 38
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the first inequality follows.
For the second let < ¢ < oo

n—1 1 k—1 n—1
n -

=1

the second inequality follows.
Finally for ¢ = oo and

max {|D (k,i)|} = %max{k —1,n—k}

1<i<n—1
implies the last inequality. O

Corollary 3.4. Assume that all assumptions from Theort@mhold. Then the
following inequality holds

1 2[—1 m—1 21—-1—r
e W 1szxz ZQ[—l—r ( Z ATx’)

201-221-3 20—1—r
X <ZZ Z Dw (l,h) D2l72 (Z'l,l-z)"'DZlfr (irb?:r))H

11=1142=1 ir=1
21-2 213 2l—m
Z Z o Z Dy (1,i1) Dyr—o (i1,92) - - - Dot (im—1,) ”Ampr;
i1=11is=1 tm—1=1

q
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it may be regarded as a generalized midpoint inequality sincenfoe 1
reduces to

1 20—1
X — W;T;
: WQl—liz:;
( 1 21—-1 A
[ —ilw; ) - ||Az], ,
W(zw | )u ||
< 1 -1 i T 99 f n 7\
N (S S ) S 2w | gaal,,
20—-1 =1 \ j=1 i=l Jj=i+1
1
W maX{VVl—h Woy—1 — VVl} : ||A$||1 ;
\ 20—1
if in additionw; = 1,7 = 1,2,...,2[ — 1 it further reduces to
(1(1-1)
51 [Az||
(3.3) L s L 25, ()7 - |A
. n o1 | < o @S0 Al
l—1
\ m'”ﬁxﬂy

Proof. Apply (3.1) withn = 2] — 1 andk = [ to get the first inequality.
For the second, taking. = 1, or applying Hélder’s inequality to(7), gives

21-1 212
1 .

v = g 3o wia|| = |- D (0,) Al < 1D (1], 1Ael,
=l i=1

it
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Now

10 (1.9l = (Z\W\fi}—w) Wml(mzlu—u )

=1
1 20—-1 o
I = q _
1D (1), WZH(;IW +2_| Wl)
i 4 -2 / g a\ 3
:W2l 1 (Z <ij> +Z(Z wi) ) 7
i=l \j=i+1
||Dw (la )||oo = mmax{m/l—17w25—1 - I/Vl}

and the second inequality is proved.
Now if we takew; = 1,7 = 1,2,...,20 — 1, or apply inequality 8.2) with
n =2l—1andk =,

21—1 )
Do (1, )], = Zu—u—
20—1 1 )
[ Dar—1 (1,7)], = <Z|Z—Z|q> =5 =1 (25 ()7,
1Daics (1) (-to-1-n="1"1
21—1 1H1&X o 1

and thus the third mequallty is proved. O
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Corollary 3.5. Let all the assumptions from Theorei hold. Then the fol-
lowing inequality holds:

T, 1 n m—1 1 n—r )
X1 21‘ _szixi_zn—r <ZA l‘,)

r=1 i=1
]_ 21 + D (TL 21) .. . .
(Z Z 9 = 7 Dn—l (217 22) T Dn—r+1 (ZT—lu Zr)
i1=1 =1
n— m+1 ( ) A Discrete Euler Identity
1 Zl D n il .. .
Z Z Dy (i1,02) Dyt (i1, +) A. Agli¢ Aljinovié and J. Pegaric
i1=1 im—1=1 q
x [[A™zl],; Title Page
this may regarded as a generalized trapezoid inequality sincerfor 1 it Contents
reduces to
) « »»
-1|lw 1
i |t~ a| - 1Azl < >
n
1+ T 1 N Go Back
— = wiz; || < [ LAY I I
2 W 121 T <ZZ:1 Woo2 ) 18], Close
| max {[ i~ 4. [ - 4]} - el Qui
and if in addition,w; = 1,7 = 1,2, ..., n it further reduces to Page 20 of 38
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2 n;
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(2 (n=1-13]) (15)) - 1Az], .
(25, (1))

1 (Sq<n71> 28, ("T_l)> " |Az|,, ifnisodd,

n 2q—1

Q=

-[JAz]l,, if n is even,

IN

| 52 1Az,

Proof. To obtain the first inequality take (9 and apply Holder’s inequality.

For the second we take = 1 or apply Holder’s inequality to4.10),

T+ xp 1 —
TR IL

=1

"Z‘l Du (L) + Dulmi) ,,

=1
Dy, (1,-) 4+ Dy (n, -
gH LA Pol)| yng,
q
Now
Dy (1,7) + Dy (n, ) _”Z‘i Wi—Wi| W 1
2 =, | &, 2)]
Dy(1,)+ Dy ()| _ (=W 17"
2 q_ i=1 Wn 2 7
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and the second inequality is proved.

Now if we takew; = 1,7 = 1,2,...,n, or use 2.11) and apply Holder’s in-

equality, we get

Forg=1

F (Bt 25, (45)"

1

i)

Wo_1 1
W, _5‘}
W, 1
1)

if nis even,

if nis odd;
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and forg =

]

Remark 3.1. The first inequality from3.3) was obtained by Dragomir in/]
and also an incorrect version of the first inequality frodnd), viz.:

x1+xn_lix. =2k
2 n < ’

Az

<

2 -
Aot Az, ifn=2k+1.

The second coeﬁicieﬁ% should bem’:% since

e (@ -2 ) (%) o
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In this section we will give the estimates of the differences between two weighted
arithmetic means using the discrete weighted Montgomery (Euler) identity. We
supposd, m,n € N. The first method is by subtracting two weighted Mont-

gomery identities. The second is by summing the discrete weighted Mont-

gomery identity. Both methods are possible for both the ¢asel < m < n,
i.e.[l,m] C[l,n]andthecase <[ <n <m,i.e.[l,n]N[l,m] =[l,n].

Theorem 4.1.Let(X, ||-||) be a normed linear space;, x2, . . ., Tmax{m,n} a fi-
nite sequence of vectorsi, [, m,n € N, wy, ws, ..., w, anduy, uj11, . . ., Up,
two finite sequences of positive real numbers. Let &85c= >  w;, U =
>, u;and fork € N

k
th 1§k§n7
=1

Wi =
W, k> n,
0, k<,
k
(4.1) Ue=94 Su 1<k<m,
i=l
U, k> m.

If [1,n]N[l, m] # 0, then, for both case$, m| C [1,n] and[1, n]N[l,m] = [, n],
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the next formula is valid

max{m,n}

1 & 1 &
i=1 i=l i=1
where Uoow
K(z’):Ui—Wi, 1 <i<max{m,n}.

Proof. Fork € ([1,n] N [l,m]) N N, we subtract the identities

n n—1
=1 i=1
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and . Contents
1 m m— »
=7 Z w; s + Z D, (k,i) Ax;. < 33
=l =l < >
Then put
K (k,i) = Dy (k,i) = Dy (k1) Go Back
As K (k,i) does not depend dnwe write simply K (7): Clese
Quit
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(4.4) K(i)=

Theorem 4.2. Let all assumptions from Theorefnl hold and(p, ¢) be a pair
of conjugate exponents. Then we have

1 < 1 «

1=l

< [[K]l, [[Az], -

The constanf K[|, is sharp forl < p < cc.

Proof. We use the identity4.2) and apply the Hdlder inequality to obtain

1 — 1 &
W;wzxz U;Uz% =

max{m,n}

Y K()An| <K, |Az],.

=1

For the proof of the sharpness of the constakit| , we will find z, a finite
sequence of vectors i such that

1
max{m,n} max{m,n} a

Yo K@Azi=| Y K@

i=1 =1

[Az], .
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Forl < p < oo takex to be such that

1

Ax; =sgn K (i) - |K (i)]»—T .

Forp = oo take
Ax; =sgn K (7).

Forp = 1 we will find a finite sequence of vectorssuch that

max{m,n} masc{m.n)
; K@) Az = max = |K () ; Az

Suppose thgtk (:)| attains its maximum at € ([1,n] U [l,m]) N N. First we
assume thak’ (ig) > 0. Definex such thatAz;, = 1 andAx; = 0, i # i, i.€.

07 ]-SZSZO?
xT; =
1, jp+1<i<max{m,n}.

Then,
max{m,n} max{m,n}
K (i) Az = |K (iy)] = K (i Azl |,
S K@an| =<K=, max KO Y Al

and the statement follows. In the caS€i,) < 0, we takexr such thatAz;, =
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—1andAx; = 0,1 # ig, i.e.

L,
xTr; =

0, io+1<i<max{m,n},

1<q

S iOa

and the rest of proof is the same as above.

Corollary 4.3. Assume all assumptions from the Theorehhold and addi-

tionally assuméd <[ < m < n. Then we have

IN

Wi

71_

Wm+1
w

n

W; Wi
i +‘Z L=l 1Al
i=m-+1
1
w7 = wil*| "
i +‘Z =371 | 1Az,
i=m-+1
Ui W,
“iem | U W } Iazlly
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andforl <l<n<m

1 — 1 &
W;wlxz U;ulscl

m

-1 n .
ZW‘+Z’7_W Jﬁz ﬁ—l‘ Az,
Li=1 i=l i=n+1
[1—1 n . m 3
< Wl 1 Ui Wl e Ul a1
= — — - — — -1 A
2wl "2 lT W]t 2 o] el
max Wi 1— Unta max @ — m || Azl
\ W’ U i<isn|U W v
Proof. Directly from the Theorem.2. O

Remark 4.1. If we suppose: = m in both of the case$ <[ < m < n and
1 <1 < n < m,then the analogous results coincides.

Remark 4.2. By settingl = m = k andu, = 1 in the first inequality from
Corollary 4.3we get the weighted Ostrowski inequality from Coroll&r§.

Corollary 4.4. If all assumptions from Theorem?2 hold and, in addition, as-

A Discrete Euler Identity

A. Agli¢ Aljinovi¢ and J. Pecaric

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 29 of 38

J. Ineq. Pure and Appl. Math. 5(3) Art. 58, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:andrea@zpm.fer.hr
mailto:
mailto:pecaric@mahazu.hazu.hr
http://jipam.vu.edu.au/

sumel < k < m, then we have

1 « 1 &
i=1 i=k

( [k—1 m
I/Vi Uk Wk; Ui
— - - = — =1/ ]|A
S|l [ - e+ (5 -| ral.
Li=1 i=k+1 A Discrete Euler Identity
k1 . . m ‘ 1 A. Aglic Aljinovi¢ and J. Pecaric
< Wi U Wy Ui !
2wl T w2 r | 1A
| i=1 i=k+1 Title Page
a {Wk—l . Upr U Wy }HA:UH Contents
X A= == = = .
L 44 v\ w ! Py >
Proof. By settingn = | = k in the second inequality from the Corollady3. < >
- Go Back
The second method of giving an estimate of the difference between the two Close
weighted arithmetic means is by summing the weighted Montgomery identity. _
In this way we also get formulad(?). For the casd < | < m < n let Quit
je{l,l+1,...,m}, from (2.3) we have Page 30 of 38
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SO

i=1 j=l i=l j=i+1
m—1 i n—1 m
1 W; 1 Wi
+E;j:lu]'(w— )Al’l—F—;n;U](W—l)Axl
-1 m—1
=N CiAg, 1— 24} 2 Ag,
W T+ ( U) W x
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This identity is equivalent to4(2) with (4.3).

Forcasel <! <n<m,letje{l,l+1,...,n}, and again from%.3) we

have B
ujr; = uj% Z W;T; + U Z Dy (4,7) A,
=1 =1
S0 n n 1 n n n—1
Z U;T; = Z ujW Z wW;T; + Z Uj Z Dw (]7 Z) AZL‘Z
Jj=l j=l i=1 j=l i—1
and
1 — 1 <«
ﬁ ZUJ‘IJ‘ — ﬁ Z UjJ]j
J=l Jj=n+1
1 — 1< 1 & 1 <
j=l i=1 j=n+1 i=1
n n—1
+ (% Zu]> Z Dy, (j, 1) Ax;
j=l 1=1
Thus
1 — 1 <
i 2 UjT; W ;wzxz
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Sinceforj € {n+1,n+2,...,m}
1 n 7—1 1 n
j—1 n—1
= ZA%‘ + Z D, (n,i) Az,
i=n i=1

we have
1 m 1 n 1 n n—1
j=l i=1 j=l i=1
+— Z uj (ZD n,i) Ax; + ZA@) )
j =n+1
By interchange of the order of summation we get
1 & 1 <
ﬁ U;T; W Z W; L
j=l i=1
1 n 7j—1 W 1 n n—1 W
=ﬁzu]zwm+gzujz(w—l) A
j=l 1=1 j=l i=J
m n—1
1
+ﬁ Z u; D, (n,i) Az; + Z u]ZAxZ
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-1 n n—1 n n—1 ¢
1 W; 1 W; 1 W
ki UJWAZL‘Z—F ZZuJWAxi—f—UZZuj (W—l)AxZ
i=1 5=l i=l j=i+1 =l j=l
1 n—1 m 1 m—1 m
+ﬁ Z u; Dy, (n,17) Ami+ﬁ Z Z u; Ax;
i=1 j=n+1 i=n+1 j=i+1
-1 n—1 n—1
= 2nNT A, on T} DA, Zi (2 1) Axy
UZ:1Wx+;<U U)Wgc ;U(W )””
Un n—1 WZ m—1 Uz
1—-n i A 1— 24 Az
(-%)Zwenr X (1-7)

I
M
=|=
>
8
_|_

3
VRS
S| =

|
<&
N——
>
8
_l’_
gD
~
|
<&
N——
>
&

-
Il
—_
-
o~

This identity is equivalent to4(2) with (4.4)

The next theorem is the generalization of Theorefh
Theorem 4.5. Let (X, ||-||) be a normed linear space,, 2, . . ., Tmax{mn} &
finite sequence of vectors i, wy, ws, ..., w, and u;, w1, ..., u, finite se-
qguences of positive real numbers gpdg) a pair of conjugate exponents. Then
forall s € {2,3,....,n — 1} andk € ([1,n] N [l,m]) "N the following inequal-
ity Is valid

Z w;r; — Z W; T4
s—1 n—r o n—1
+Z Zn _Ar (Z Z Dy k 7'1 (7'17 Z2) Dn—r—H (ir—lv Zr))
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— m—-r
<Z Z D k 21
1=l ir=l
where

n—1 n—2 n—s+1

K (kin)=Y_ Y -+ > Dy(ki)D

i1=1142=1 1s—1=1
m—1m—2 m—s+1
=22 2 Dulki)D
1=l i2=l is—1=1

and we suppose that

—1 n—2 n—s+1
1

n—1
i1=1

=1149= lg—1= 1
and
m—1m—2 m—s+1
SN N Du(kyiy) Do (i) -+
i1=l o=l is—1=1

(Zla ZZ) Dmfl7r+2 (irlair))

. Z D k’ll (11722)"'

\

< [IK(
(Zla Z2) Dn—s+1 (is—lu Zs)

(ZI; Z2) Dm—l—s+2 (is—la Zs)

Dn—s+1 (Z.S—ly Zs) = 07

foris ¢ [1,n]NN

Dmflfs+2 (7;3717 Zs) = 07

foris ¢ [I,m] N N.

ko)l 1A%, ,
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The constanfK (k, -)||, is sharp forl < p < oo

Proof. As in Theorem4.2, we subtract two weighted Montgomery identities,
one for the intervall,n| N N and the other fofl, m] N N. After that, our in-
equality follows by applying Holder’s inequality. The proof for the sharpness
of the constanfK (%, -) |, is similar to the proof of Theorem.2 (with K (;, -)
instead ofK’ and Az instead ofAx). O
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