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1. I NTRODUCTION AND DEFINITIONS

LetA denote the class of functionsf(z) of the form

(1.1) f (z) = z +
∞∑

j=2

ajz
j

which are analytic in the open discU = {z : |z| < 1}. LetS be the subclass ofA consisting of
analytic and univalent functionsf(z) in U. We denote byS∗(α) andK(α) the class of starlike
functions of orderα and the class of convex functions of orderα, respectively, that is,

S∗(α) =

{
f ∈ A : Re

(
zf ′(z)

f(z)

)
> α, 0 5 α < 1, z ∈ U

}
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and

K(α) =

{
f ∈ A : Re

(
1 +

zf ′′(z)

f ′(z)

)
> α, 0 5 α < 1, z ∈ U

}
.

For f(z) ∈ A, Sălăgean [1] introduced the following operator which is called the Sălăgean
operator:

D0f(z) = f(z)

D1f(z) = Df(z) = zf ′(z)

Dnf(z) = D(Dn−1f(z)) (n ∈ N = 1, 2, 3, ...).

We note that,

Dnf (z) = z +
∞∑

j=2

jnajz
j (n ∈ N0 = N ∪ {0}).

LetNm,n(α, β) denote the subclass ofA consisting of functionsf(z) which satisfy the inequal-
ity

Re

{
Dmf (z)

Dnf (z)

}
> β

∣∣∣∣Dmf (z)

Dnf (z)
− 1

∣∣∣∣ + α

for some0 5 α < 1, β ≥ 0, m ∈ N, n ∈ N0 and allz ∈ U. Also letMs
m,n(α, β) (s =

0, 1, 2, . . . ) be the subclass ofA consisting of functionsf(z) which satisfy the condition:

f(z) ∈Ms
m,n(α, β) ⇔ Dsf(z) ∈ Nm,n(α, β).

It is easy to see that ifs = 0, thenM0
m,n(α, β) ≡ Nm,n(α, β). Furthermore, special cases of

our classes are the following:

(i) N1,0(α, 0) = S∗(α) andN2,1(α, 0) = K(α) which were studied by Silverman [2].
(ii) N1,0(α, β) = SD(α, β) andM1

1,0(α, β) = KD(α, β) which were studied by Shams at
all [3].

(iii) Nm,n(α, 0) = Km,n(α) andMs
m,n(α, 0) = Ms

m,n(α) which were studied by Eker and
Owa [4].

Therefore, our present paper is a generalization of these papers. In view of the coefficient
inequalities forf(z) to be in the classesNm,n(α, β) andMs

m,n(α, β), we introduce two sub-

classesÑm,n(α, β) andM̃s
m,n(α, β). Some distortion inequalities forf(z) and some integral

means inequalities for fractional calculus off(z) in the above classes are discussed in this paper.

2. COEFFICIENT I NEQUALITIES FOR CLASSES Nm,n(α, β) AND Ms
m,n(α, β)

Theorem 2.1. If f(z) ∈ A satisfies

(2.1)
∞∑

j=2

Ψ(m, n, j, α, β) |aj| 5 2(1− α)

where

(2.2) Ψ(m,n, j, α, β) = |jm − jn − αjn|+ (jm + jn − αjn) + 2β |jm − jn|
for someα(0 5 α < 1), β ≥ 0, m ∈ N andn ∈ N0 ,thenf(z) ∈ Nm,n(α, β).

Proof. Suppose that (2.1) is true forα(0 5 α < 1), β ≥ 0, m ∈ N , n ∈ N0. Forf(z) ∈ A, let
us define the functionF (z) by

F (z) =
Dmf(z)

Dnf(z)
− β

∣∣∣∣Dmf(z)

Dnf(z)
− 1

∣∣∣∣− α.
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It suffices to show that ∣∣∣∣F (z)− 1

F (z) + 1

∣∣∣∣ < 1 (z ∈ U).

We note that∣∣∣∣F (z)− 1

F (z) + 1

∣∣∣∣ =

∣∣∣∣Dmf(z)− βeiθ |Dmf(z)−Dnf(z)| − αDnf(z)−Dnf(z)

Dmf(z)− βeiθ |Dmf(z)−Dnf(z)| − αDnf(z) + Dnf(z)

∣∣∣∣
=

∣∣∣∣∣ −α +
∑∞

j=2(j
m − jn − αjn)ajz

j−1 − βeiθ|
∑∞

j=2(j
m − jn)ajz

j−1|
(2− α) +

∑∞
j=2(j

m + jn − αjn)ajzj−1 − βeiθ|
∑∞

j=2(j
m − jn)ajzj−1|

∣∣∣∣∣
5

α +
∑∞

j=2 |jm − jn − αjn| |aj||z|j−1 + β|e|iθ
∑∞

j=2 |jm − jn||aj||z|j−1

(2− α)−
∑∞

j=2 (jm + jn − αjn) |aj||z|j−1 − β|e|iθ
∑∞

j=2 |jm − jn||aj||z|j−1

5
α +

∑∞
j=2 |jm − jn − αjn| |aj|+ β

∑∞
j=2 |jm − jn||aj|

(2− α)−
∑∞

j=2 (jm + jn − αjn) |aj| − β
∑∞

j=2 |jm − jn||aj|
.

The last expression is bounded above by1, if

α +
∞∑

j=2

|jm − jn − αjn| |aj|+ β
∞∑

j=2

|jm − jn||aj|

5 (2− α)−
∞∑

j=2

(jm + jn − αjn) |aj| − β
∞∑

j=2

|jm − jn||aj|

which is equivalent to our condition (2.1). This completes the proof of our theorem. �

By using Theorem 2.1, we have:

Theorem 2.2. If f(z) ∈ A satisfies

∞∑
j=2

jsΨ(m, n, j, α, β) |aj| 5 2(1− α),

whereΨ(m, n, j, α, β) is defined by (2.2) for someα(0 5 α < 1), β ≥ 0, m ∈ N andn ∈ N0,
thenf(z) ∈Ms

m,n(α, β).

Proof. From

f(z) ∈Ms
m,n(α, β) ⇔ Dsf(z) ∈ Nm,n(α, β),

replacingaj by jsaj in Theorem 2.1, we have the theorem. �

Example 2.1.The functionf(z) given by

f(z) = z +
∞∑

j=2

2(2 + δ)(1− α)εj

(j + δ)(j + 1 + δ)Ψ(m, n, j, α, β)
zj = z +

∞∑
j=2

Ajz
j

with

Aj =
2(2 + δ)(1− α)εj

(j + δ)(j + 1 + δ)Ψ(m, n, j, α, β)
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belongs to the classNm,n(α, β) for δ > −2, 0 5 α < 1, β ≥ 0, εj ∈ C and|εj| = 1. Because,
we know that

∞∑
j=2

Ψ(m, n, j, α, β) |Aj| 5
∞∑

j=2

2(2 + δ)(1− α)

(j + δ)(j + 1 + δ)

=
∞∑

j=2

2(2 + δ)(1− α)
∞∑

j=2

(
1

j + δ
− 1

j + 1 + δ

)
= 2(1− α).

Example 2.2.The functionf(z) given by

f(z) = z +
∞∑

j=2

2(2 + δ)(1− α)εj

js(j + δ)(j + 1 + δ)Ψ(m, n, j, α, β)
zj = z +

∞∑
j=2

Bjz
j

with

Bj =
2(2 + δ)(1− α)εj

js(j + δ)(j + 1 + δ)Ψ(m, n, j, α, β)

belongs to the classMs
m,n(α, β) for δ > −2, 0 5 α < 1, β ≥ 0, εj ∈ C and|εj| = 1. Because,

the functionf(z) gives us that
∞∑

j=2

jsΨ(m, n, j, α, β) |Bj| 5
∞∑

j=2

2(2 + δ)(1− α)

(j + δ)(j + 1 + δ)
= 2(1− α).

3. RELATION FOR Ñm,n(α, β) AND M̃s
m,n(α, β)

In view of Theorem 2.1 and Theorem 2.2, we now introduce the subclasses

Ñm,n(α, β) ⊂ Nm,n(α, β) and M̃s
m,n(α, β) ⊂Ms

m,n(α, β)

which consist of functions

(3.1) f (z) = z +
∞∑

j=2

ajz
j (aj ≥ 0)

whose Taylor-Maclaurin coefficients satisfy the inequalities (2.1) and (2.2), respectively. By the
coefficient inequalities for the classes̃Nm,n(α, β) andM̃s

m,n(α, β), we see:

Theorem 3.1.
Ñm,n(α, β2) ⊂ Ñm,n(α, β1)

for someβ1 andβ2, 0 5 β1 5 β2.

Proof. For0 5 β1 5 β2 we obtain
∞∑

j=2

Ψ(m, n, j, α, β1)aj 5
∞∑

j=2

Ψ(m, n, j, α, β2)aj.

Therefore, iff(z) ∈ Ñm,n(α, β2), thenf(z) ∈ Ñm,n(α, β1). Hence we get the required result.
�

By using Theorem 3.1, we also have

Corollary 3.2.
M̃s

m,n(α, β2) ⊂ M̃s
m,n(α, β1)

for someβ1 andβ2, 0 5 β1 5 β2.
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4. DISTORTION I NEQUALITIES

Lemma 4.1. If f(z) ∈ Ñm,n(α, β), then we have

∞∑
j=p+1

aj 5
2(1− α)−

∑p
j=2 Ψ(m, n, j, α, β)aj

Ψ(m, n, p + 1, α, β)
.

Proof. In view of Theorem 2.1, we can write

(4.1)
∞∑

j=p+1

Ψ(m,n, j, α, β)aj 5 2(1− α)−
p∑

j=2

Ψ(m, n, j, α, β)aj.

ClearlyΨ(m,n, j, α, β) is an increasing function forj. Then from (2.2) and (4.1), we have

Ψ(m, n, p + 1, α, β)
∞∑

j=p+1

aj 5 2(1− α)−
p∑

j=2

Ψ(m,n, j, α, β)aj.

Thus, we obtain

∞∑
j=p+1

aj 5
2(1− α)−

∑p
j=2 Ψ(m, n, j, α, β)aj

Ψ(m, n, p + 1, α, β)
= Aj.

�

Lemma 4.2. If f(z) ∈ Ñm,n(α, β), then

∞∑
j=p+1

jaj 5
2(1− α)−

∑p
j=2 Ψ(m, n, j, α, β)aj

Ψ(m− 1, n− 1, p + 1, α, β)
= Bj.

Corollary 4.3. If f(z) ∈ M̃ s
m,n(α), then

∞∑
j=p+1

aj 5
2(1− α)−

∑p
j=2 jsΨ(m, n, j, α, β)aj

(p + 1)sΨ(m,n, p + 1, α, β)
= Cj

and
∞∑

j=p+1

jaj 5
2(1− α)−

∑p
j=2 jsΨ(m, n, j, α, β)aj

(p + 1)sΨ(m− 1, n− 1, p + 1, α, β)
= Dj.

Theorem 4.4.Letf(z) ∈ Ñm,n(α, β). Then for|z| = r < 1

r −
p∑

j=2

aj |z|j − Ajr
p+1 5 |f(z)| 5 r +

p∑
j=2

aj |z|j + Ajr
p+1

and

1−
p∑

j=2

jaj |z|j−1 −Bjr
p 5 |f ′(z)| 5 1 +

p∑
j=2

jaj |z|j + Bjr
p

whereAj andBj are given by Lemma 4.1 and Lemma 4.2.
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Proof. Let f (z) given by (1.1). For|z| = r < 1,using Lemma 4.1, we have

|f (z)| 5 |z|+
p∑

j=2

aj |z|j +
∞∑

j=p+1

aj |z|j

5 |z|+
p∑

j=2

aj |z|j + |z|p+1
∞∑

j=p+1

aj

5 r +

p∑
j=2

aj |z|j + Ajr
p+1

and

|f (z)| ≥ |z| −
p∑

j=2

aj |z|j −
∞∑

j=p+1

aj |z|j

≥ |z| −
p∑

j=2

aj |z|j − |z|p+1
∞∑

j=p+1

aj

≥ r −
p∑

j=2

aj |z|j − Ajr
p+1.

Furthermore, for|z| = r < 1 using Lemma 4.2, we obtain

|f ′ (z)| 5 1 +

p∑
j=2

jaj |z|j−1 +
∞∑

j=p+1

jaj |z|j−1

5 1 +

p∑
j=2

jaj |z|j−1 + |z|p
∞∑

j=p+1

jaj

5 1 +

p∑
j=2

jaj |z|j−1 + Bjr
p

and

|f ′ (z)| ≥ 1−
p∑

j=2

jaj |z|j−1 −
∞∑

j=p+1

jaj |z|j−1

≥ 1−
p∑

j=2

jaj |z|j−1 − |z|p
∞∑

j=p+1

jaj

≥ 1−
p∑

j=2

jaj |z|j−1 −Bjr
p.

This completes the assertion of Theorem 4.4. �

Theorem 4.5.Letf(z) ∈ M̃s
m,n(α, β). Then

r −
p∑

j=2

aj |z|j − Cjr
p+1 5 |f(z)| 5 r +

p∑
j=2

aj |z|j + Cjr
p+1
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and

1−
p∑

j=2

jaj |z|j−1 −Djr
p 5 |f ′(z)| 5 1 +

p∑
j=2

jaj |z|j + Djr
p

whereCj andDj are given by Corollary 4.3.

Proof. Using a similar method to that in the proof of Theorem 4.4 and making use Corollary
4.3, we get our result. �

Takingp = 1 in Theorem 4.4 and Theorem 4.5, we have:

Corollary 4.6. Letf(z) ∈ Ñm,n(α, β). Then for|z| = r < 1

r − 2(1− α)

Ψ(m, n, 2, α, β)
r2 5 |f(z)| 5 r +

2(1− α)

Ψ(m,n, 2, α, β)
r2

and

1− 2(1− α)

Ψ(m− 1, n− 1, 2, α, β)
r 5 |f ′(z)| 5 1 +

2(1− α)

Ψ(m− 1, n− 1, 2, α, β)
r.

Corollary 4.7. Letf(z) ∈ M̃s
m,n(α, β). Then for|z| = r < 1

r − 2(1− α)

2sΨ(m, n, 2, α, β)
r2 5 |f(z)| 5 r +

2(1− α)

2sΨ(m,n, 2, α, β)
r2

and

1− 2(1− α)

2sΨ(m− 1, n− 1, 2, α, β)
r 5 |f ′(z)| 5 1 +

2(1− α)

2sΨ(m− 1, n− 1, 2, α, β)
r.

5. EXTREME POINTS

The determination of the extreme points of a familyF of univalent functions enables us
to solve many extremal problems forF . Now, let us determine extreme points of the classes
Ñm,n(α, β) andM̃s

m,n(α, β).

Theorem 5.1.Letf1(z) = z and

fj(z) = z +
2(1− α)

Ψ(m, n, j, α, β)
zj (j = 2, 3, ...).

whereΨ(m, n, j, α, β) is defined by (2.2). Thenf ∈ Ñm,n(α, β) if and only if it can be expressed
in the form

f(z) =
∞∑

j=1

λjfj(z),

whereλj > 0 and
∑∞

j=1 λj = 1.

Proof. Suppose that

f(z) =
∞∑

j=1

λjfj(z) = z +
∞∑

j=2

λj
2(1− α)

Ψ(m, n, j, α, β)
zj.
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Then
∞∑

j=2

Ψ(m, n, j, α, β)
2(1− α)

Ψ(m,n, j, α, β)
λj =

∞∑
j=2

2(1− α)λj

= 2(1− α)
∞∑

j=2

λj

= 2(1− α)(1− λ1)

< 2(1− α)

Thus,f(z) ∈ Ñm,n(α, β) from the definition of the class of̃Nm,n(α, β).
Conversely, suppose thatf ∈ Ñm,n(α, β). Since

aj 5
2(1− α)

Ψ(m, n, j, α, β)
(j = 2, 3, ...),

we may set

λj =
Ψ(m, n, j, α, β)

2(1− α)
aj

and

λ1 = 1−
∞∑

j=2

λj.

Then,

f(z) =
∞∑

j=1

λjfj(z).

This completes the proof of the theorem. �

Corollary 5.2. Letg1(z) = z and

gj(z) = z +
2(1− α)

jsΨ(m, n, j, α, β)
zj (j = 2, 3, ...).

Theng ∈ M̃s
m,n(α, β) if and only if it can be expressed in the form

g(z) =
∞∑

j=1

λjgj(z),

whereλj > 0 and
∑∞

j=1 λj = 1.

Corollary 5.3. The extreme points of̃Nm,n(α, β) are the functionsf1(z) = z and

fj(z) = z +
2(1− α)

Ψ(m, n, j, α, β)
zj (j = 2, 3, ...).

Corollary 5.4. The extreme points of̃Ms
m,n(α, β) are given byg1(z) = z and

gj(z) = z +
2(1− α)

jsΨ(m, n, j, α, β)
zj (j = 2, 3, ...).
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6. I NTEGRAL M EANS I NEQUALITIES

We shall use the following definitions for fractional derivatives by Owa [6] (also Srivastava
and Owa [7]).

Definition 6.1. The fractional derivative of orderλ is defined, for a functionf(z), by

(6.1) Dλ
z f(z) =

1

Γ(1− λ)

d

dz

∫ z

0

f(ξ)

(z − ξ)λ
dξ (0 5 λ < 1),

where the functionf(z) is analytic in a simply-connected region of the complexz-plane con-
taining the origin, and the multiplicity of(z − ξ)−λ is removed by requiringlog(z − ξ) to be
real when(z − ξ) > 0.

Definition 6.2. Under the hypotheses of Definition 6.1, the fractional derivative of order(p+λ)
is defined, for a functionf(z), by

Dp+λ
z f(z) =

dp

dzp
Dλ

z f(z)

where0 5 λ < 1 andp ∈ N0 = N ∪ {0}.

It readily follows from (6.1) in Definition 6.1 that

(6.2) Dλ
z zk =

Γ(k + 1)

Γ(k − λ + 1)
zk−λ (0 5 λ < 1).

Further, we need the concept of subordination between analytic functions and a subordination
theorem by Littlewood [5] in our investigation.

Let us consider two functionsf(z) andg(z), which are analytic inU. The functionf(z) is
said to besubordinateto g(z) in U if there exists a functionw(z) analytic inU with

w(0) = 0 and |w(z)| < 1 (z ∈ U),

such that

f(z) = g(w(z)) (z ∈ U).

We denote this subordination by

f(z) ≺ g(z).

Theorem 6.1(Littlewood [5]). If f (z) andg (z) are analytic inU with f (z) ≺ g(z), then for
µ > 0 andz = reiθ (0 < r < 1)∫ 2π

0

|f(z)|µ dθ 5
∫ 2π

0

|g (z)|µ dθ.

Theorem 6.2.Letf(z) ∈ A given by (3.1) be in the class̃Nm,n(α, β) and suppose that

∞∑
j=2

(j − p)p+1aj 5
2(1− α)Γ(k + 1)Γ(3− λ− p)

Ψ(m, n, k, α, β)Γ(k + 1− λ− p)Γ(2− p)

for some0 5 p 5 2, 0 5 λ < 1 where(j − p)p+1 denotes the Pochhammer symbol defined by
(j − p)p+1 = (j − p)(j − p + 1) · · · j. Also given is the functionfk(z) by

(6.3) fk (z) = z +
2(1− α)

Ψ(m, n, k, α, β)
zk (k ≥ 2).
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If there exists an analytic functionw(z) given by

{w(z)}k−1 =
Ψ(m, n, k, α, β)Γ(k + 1− λ− p)

2(1− α)Γ(k + 1)

×
∞∑

j=2

(j − p)p+1
Γ(j − p)

Γ(j + 1− λ− p)
ajz

j−1,

then forz = reiθ (0 < r < 1) andµ > 0,∫ 2π

0

∣∣Dp+λ
z f(z)

∣∣µ dθ 5
∫ 2π

0

∣∣Dp+λ
z fk(z)

∣∣µ dθ.

Proof. By virtue of the fractional derivative formula (6.2) and Definition 6.2, we find from (1.1)
that

Dp+λ
z f(z) =

z1−λ−p

Γ(2− λ− p)

{
1 +

∞∑
j=2

Γ(2− λ− p)Γ(j + 1)

Γ(j + 1− λ− p)
ajz

j−1

}

=
z1−λ−p

Γ(2− λ− p)

{
1 +

∞∑
j=2

Γ(2− λ− p)(j − p)p+1Φ(j)ajz
j−1

}

where

Φ(j) =
Γ(j − p)

Γ(j + 1− λ− p)
.

SinceΦ(j) is a decreasing function ofj, we have

0 < Φ(j) 5 Φ(2) =
Γ(2− p)

Γ(3− λ− p)
(0 5 λ < 1 ; 0 5 p 5 2 5 j).

Similarly, from (6.2), (6.3) and Definition 6.2, we obtain

Dp+λ
z fk(z) =

z1−λ−p

Γ(2− λ− p)

{
1 +

2(1− α)Γ(2− λ− p)Γ(k + 1)

Ψ(m, n, k, α, β)Γ(k + 1− λ− p)
zk−1

}
.

For z = reiθ, 0 < r < 1, we must show that∫ 2π

0

∣∣∣∣∣1 +
∞∑

j=2

Γ(2− λ− p)(j − p)p+1Φ(j)ajz
j−1

∣∣∣∣∣
µ

dθ

5
∫ 2π

0

∣∣∣∣1 +
2(1− α)Γ(2− λ− p)Γ(k + 1)

Ψ(m,n, k, α, β)Γ(k + 1− λ− p)
zk−1

∣∣∣∣µ dθ (µ > 0).

Thus by applying Littlewood’s subordination theorem, it would suffice to show that

(6.4) 1 +
∞∑

j=2

Γ(2− λ− p)(j − p)p+1Φ(j)ajz
j−1

≺ 1 +
2(1− α)Γ(2− λ− p)Γ(k + 1)

Ψ(m,n, k, α, β)Γ(k + 1− λ− p)
zk−1.
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By setting

1 +
∞∑

j=2

Γ(2− λ− p)(j − p)p+1Φ(j)ajz
j−1

= 1 +
2(1− α)Γ(2− λ− p)Γ(k + 1)

Ψ(m, n, k, α, β)Γ(k + 1− λ− p)
{w(z)}k−1

we find that

{w(z)}k−1 =
Ψ(m, n, k, α, β)Γ(k + 1− λ− p)

2(1− α)Γ(k + 1)

∞∑
j=2

(j − p)p+1Φ(j)ajz
j−1

which readily yieldsw(0) = 0.
Therefore, we have

|w(z)|k−1 =

∣∣∣∣∣Ψ(m, n, k, α, β)Γ(k + 1− λ− p)

2(1− α)Γ(k + 1)

∞∑
j=2

(j − p)p+1Φ(j)ajz
j−1

∣∣∣∣∣
5

Ψ(m, n, k, α, β)Γ(k + 1− λ− p)

2(1− α)Γ(k + 1)

∞∑
j=2

(j − p)p+1Φ(j)aj |z|j−1

5 |z|Ψ(m, n, k, α, β)Γ(k + 1− λ− p)

2(1− α)Γ(k + 1)
Φ(2)

∞∑
j=2

(j − p)p+1aj

= |z|Ψ(m, n, k, α, β)Γ(k + 1− λ− p)

2(1− α)Γ(k + 1)

Γ(2− p)

Γ(3− λ− p)

∞∑
j=2

(j − p)p+1aj

5 |z| < 1

by means of the hypothesis of Theorem 6.2. �

For the special casep = 0, Theorem 6.2 readily yields the following result.

Corollary 6.3. Letf(z) ∈ A given by (3.1) be in the class̃Nm,n(α, β) and suppose that
∞∑

j=2

jaj 5
2(1− α)Γ(k + 1)Γ(3− λ)

Ψ(m, n, k, α, β)Γ(k + 1− λ)

for 0 5 λ < 1. Also let the functionfk(z) be given by (6.3). If there exists an analytic function
w(z) given by

{w(z)}k−1 =
Ψ(m,n, k, α, β)Γ(k + 1− λ)

2(1− α)Γ(k + 1)

∞∑
j=2

Γ(j + 1)

Γ(j + 1− λ)
ajz

j−1,

then forz = reiθ and0 < r < 1,∫ 2π

0

∣∣Dλ
z f(z)

∣∣µ dθ 5
∫ 2π

0

∣∣Dλ
z fk(z)

∣∣µ dθ (0 5 λ < 1, µ > 0).

Corollary 6.4. Letf(z) ∈ A given by (3.1) be in the class̃Ms
m,n(α, β) and suppose that

∞∑
j=2

(j − p)p+1aj 5
2(1− α)Γ(k + 1)Γ(3− λ− p)

ksΨ(m,n, k, α, β)Γ(k + 1− λ− p)Γ(2− p)
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for some0 5 p 5 2, 0 5 λ < 1. Also let the function

(6.5) gk (z) = z +
2(1− α)

ksΨ(m,n, k, α, β)
zk, (k ≥ 2).

If there exists an analytic functionw(z) given by

{w(z)}k−1 =
ksΨ(m, n, k, α, β)Γ(k + 1− λ− p)

2(1− α)Γ(k + 1)

×
∞∑

j=2

(j − p)p+1
Γ(j − p)

Γ(j + 1− λ− p)
ajz

j−1,

then forz = reiθ (0 < r < 1) andµ > 0,∫ 2π

0

∣∣Dp+λ
z f(z)

∣∣µ dθ 5
∫ 2π

0

∣∣Dp+λ
z gk(z)

∣∣µ dθ.

For the special casep = 0, Corollary 6.4 readily yields,

Corollary 6.5. Letf(z) ∈ A given by (3.1) be in the class̃Ms
m,n(α, β) and suppose that

∞∑
j=2

jaj 5
2(1− α)Γ(k + 1)Γ(3− λ)

ksΨ(m, n, k, α, β)Γ(k + 1− λ)

for 0 5 λ < 1. Also let the functiongk(z) be given by (6.5). If there exists an analytic function
w(z) given by

{w(z)}k−1 =
ksΨ(m, n, k, α, β)Γ(k + 1− λ)

2(1− α)Γ(k + 1)

∞∑
j=2

Γ(j + 1)

Γ(j + 1− λ)
ajz

j−1,

then forz = reiθ (0 < r < 1) andµ > 0,∫ 2π

0

∣∣Dλ
z f(z)

∣∣µ dθ 5
∫ 2π

0

∣∣Dλ
z gk(z)

∣∣µ dθ.
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