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Abstract

An approximate procedure for solving equilibrium problems is proposed and its
convergence is established under natural conditions. The result obtained in this
paper includes, as a special case, some known results in convex minimization
and monotone inclusion fields.
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Equilibrium problems theory has emerged as an interesting branch of appli-
cable mathematics. This theory has become a rich source of inspiration and
motivation for the study of a large number of problems arising in economics,
optimization, and operations research in a general and unified way. There are a
substantial number of papers on existence results for solving equilibrium prob-
lems based on different relaxed monotonicity notions and various compactness
assumptions. But up to now only few iterative methods to solve such problems

Second-order Differential

have been done. Inspired by numerical methods developed by A. S. Antipin Proximal Methods for
for optimization and monotone inclusion, and motivated by its research in the Equilibrium Problems
continuous case, we consider a class of equilibrium problems which includes A. Moudafi

variational inequalities as well as complementarity problems, convex optimisa-
tion, saddle point-problems, problems of finding a zero of a maximal monotone

I . Title Page
operator and Nash equilibria problems as special cases. Then, we propose and J
investigate iterative methods for solving such problems. Contents
To begin with, letH{ be a real Hilbert space and | the norm generated by < SY
the scalar produgt, -). We will focus our attention on the following problem p N
(EP) findz € C suchthat F(z,z) >0 VzeC, Go Back
whereC' is a nonempty, convex, and closed setbbndF : C x C' — Ris a Close
given bifunction satisfying"(z,z) = 0 forall z € C. Quit
This problem has potential and useful applications in nonlinear analysis
Page 3 of 17

and mathematical economics. For example, if we detr,y) = ¢(y) —
p(z) Vz,y € C, ¢ : C — R areal-valued function, thert °) reduces to
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the followingminimization problensubject to implicit constraints
(CO) findz € C suchthat ¢(7) < ¢(x) VreC.

The basic case ahonotone inclusionorresponds té'(, y) = sup.cp, (¢, ¥ — )
with B : C' — X a set-valued maximal monotone operator. Actually, the equi-
librium problem € P) is nothing but

(MI) findz € C suchthat 0 € B(7).

Second-order Differential
Moreover, if B = T + N, then inclusion (1 7) reduces to the classicahria- Proximal Methods for

. . . Equilibrium Problems
tional inequality

A. Moudafi
(Vi) findz € C suchthat(T(z),z —z) >0 VzeC,
T being a univoque operator aid: standing for the normal cone . Title Page
In particular if C' is a closed convex cone, then the inequality \ can be Contents
(cP) findze C T(z)e C*and(T'(z),z) =0, < 4
whereC* = {x € X; (z,y) > 0Vy € C} is the polar cone t@'. Go Back
The problem of finding such@ is an important instance of the well-known Close
complementarity problemf mathematical programming. Quit
Now, letP : C' — C be a given mapping, if we sét(x, y) = (x— Pz, y—x),
then € P) is nothing but theroblem of finding fixed points @P. On the other Page 4 of 17
hand, monotonicity of’ is equivalent to sayingPr — Py,z — y) < |z — y|
which is clearly satisfied wheR is nonexpansive. - Ineq. Pure and Appl. Math. 4(1) Art. 18, 2003
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Another example corresponds Mash equilibriain noncooperative games.
Let I (the set of players) be a finite index set. For everg I let C; (the
strategy set of the-th player) be a given sef; (the loss function of theé-th
player, depending on the strategies of all player§) — R a given function
with € := [[,; Ci. Forz = (2;),., € C, we definer’ := (z;).., ., The
pointz = (7;),., € C'is called a Nash equilibrium if and only if for alle 1 the
following inequalities hold true:

NVE) fi(@) < fi@,y;) forally; € C;,

(i.e. no player can reduce his loss by varying his strategy alone).
Let us defineF : C' x C' — R by

F(z,y) = Z (file',y:) = ful)) -

il

Thenz € C'is a Nash equilibrium if, and only if; solves € P).
Finally, the problem of finding theaddle pointof a convex-concave func-
tion, namely, the pointz, p) that satisfies the inequalities

(SP) L(z,p) < L(z,p) < L(z,p),

forall z € Q andp € P, whereP and( are two closed and convex sets,
can also be stated asf). Indeed, let us introduce the normalized function
F(w,v) = L(z,p) — L(x,y), wherew = (z,y) andv = (x,p) and setC =

Q@ x P, it follows that (S P) is equivalent to{ ) and that their sets of solutions

coincide.
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It is worth mentioning that the properfy(x, ) = 0 for all x € C'is trivially

satisfied for all the above examples. Furthermore, this reflects the name of the

class of games ot persons with zero sum.
The following definitions will be needed in the sequel (see for examip)e [

Definition 1.1. Let F' : C' x C' — R be a real valued bifunction.
(i) F'is said to be monotone, if

F(x,y)+ F(y,z) <0, foreach z,yeC.

(i) F'is said to be strictly monotone if

F(z,y)+ F(y,x) <0, foreach z,y € C, withz #y.

(i) F'is upper-hemicontinuous, if for all, y, z € C

lim sup F(tz+ (1 —t)x,y) < F(x,y).

t—0t

One approach to solving (°) is the proximal method (se€][or [7]), which

generates the next iterateg, ; by solving the subproblem
(1.2) F(xpy, ) + )\]:1<£L'k+1 — T, t — Tpp1) >0 Ve el

In the light of Antipin’s research, we propose the following iterative method
which works as follows. Giveny_,,z; € C and two parameters; € [0,1]
and)\, > 0, find xy,; € C such that

(12) F(a:kﬂ,a:)—l—)\k*l(xkﬂ—xk—ak(xk—xk_l),a:—ka) 2 0 Vzxecdl.
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It is well known that the proximal iteration may be interpreted as a first order
implicit discretisation of differential inclusion

du
whereTx = ¢R(C — z) is the tangent cone af' atz € C and the operator
Pk stands for the orthogonal projection onto a closed conveX’sat/hile the
inspiration for (1.2) comes from the implicit discretization of the differential

system of the second-order in time, namely Second-order Differential
Proximal Methods for
d2u du Equilibrium Problems
(1.4) o (t) + VE(t) € Pr (—0F (u(t), )u(t), A Moudafi

wherey > 0 is a damping or a friction parameter.

Under appropriate conditions en. and )\, we prove that if the solution set
S is nonempty, then for every sequerieg.} generated by our algorithm, there Contents
exists ant € S such that{z; } converges ta weakly inH ask — oc.

C : : - <4 >

Now, for developing implementable computational techniques, it is of par-
ticular importance to treat the case whér?J is solved approximately. To this < 4
end, we propose an approximate method based on a notion which is inspired by

Title Page

the approximate subdifferential and more generally by:temlargement of a Go Back
monotone operator (see for examplé]). This allows an extra degree of free- Close

dom, which is very useful in various applications. On the other hand, by setting Quit

er = 0, the exact method can also be treated. More precisely, we consider the

following scheme: find z;,; € C such that Page 7 of 17

(15) F<xk’+la x) + >\k71<37k+1 — Y, T — 37k+1> Z —€k v$ c C, J. Ineq. Pure and Appl. Math. 4(1) Art. 18, 2003
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whereyy, := zy, + oy (xy — z1_1), Mk, i, £ @re nonnegative real numbers.
We will impose the following tolerance criteria on the tergwhich is stan-
dard in the literature:

“+oo

(1.6) > er < +oo,

k=1

and which is typically needed to establish global convergence.
The remainder of the paper is organized as follows: In Sec&jove present Second-order Differential

a weak convergence result for the sequence generatetd ®yader criterion E&?f.f.?ﬁmeé?é’ﬁiéfé

(1.6). In Sectior3, we present an application to convex minimization and mono-

tone inclusion cases. A Moudaf
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Theorem 2.1. Let{z;} C C be a sequence generated Hy5) under criterion
(1.6), whereF' is monotone, upper hemicontinuous such that, -) is convex
and lower semicontinuous for eache C. Assume that the solution set 6f/()

is nonempty and the parameterg, A\, ande,, satisfy:

1. 3\ > O such thatvk € N*, A\, > .
2. Jda € [0, 1] such thatvk € N* 0 < a4, < «.
3. Zzz ApEp < +00.

If the following condition holds

+oo
(2.1) Zak’xk — x| < +o0,
k=1

then, there exist$ which solves{ P) and such thafz; } weakly converges to
T ask — +oo.

Proof. Let z be a solution of{ P). By settingr = x. in (£ P) and taking into
account the monotonicity of, we get—F'(xy41, ) > 0. This combined with

(1.5 gives

(Tp1 — 2 — ap(@r — Tp—1), Trg1 — T) < Apék.
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Define the auxiliary real sequengg := §|xk — 7|2 Itis direct to check that
(Th1 — 2 — ap(@, — Tp—1), T — T)
1 ) _
= QPk+1 — Pk + §|l‘k+1 — xp]” — ap(Tp — Tho1, Tpgr — T),
and since

<$k — T—1, Tk+1 — 5> = (xk — Tg—1, Tk — f> + <$k — Tk—1, T+1 — 13k>

1 2
=Pk — Pk-1 T §|$k — T |+ (Tp — o1, T — Tk),

it follows that

1
Ore1 — Pr — ar(or — 1) < _§|xk+1 — 2k + Ty — Ty, T — k)
)
+ 7k|$k — Tp_1|? + e
1 (67 +042
= —§|Ik+1 — el + Tk|xk — Tp_1]? + M.

Hence
1 2 2
(2.2) Yr+1—or — ar(or — pr-1) < —§|$k+1 —Yk|” + aglrr — zE_1|* + Mgk

Settingl := @5, — @1 andédy, := ay |z, — 251 |* + iy, we obtain

Ori1 < agby + O < aglbk]s + Or,
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wherelt]; := maz(t,0), and consequently
[Orr1]+ < albi]s + 0k,

with o € [0, 1 given by (2).
The latter inequality yields

k—1

Orsrls < F[0r]4 + > 'y,

=0

and therefore

o0

S Bl (0 + > ),

k=1
which is finite thanks to (3) and®(1). Consider the sequence definedtpy=
or — S8 6] Sincep, > 0andY.F [0;], < +oo, it follows thatt, is
bounded from below. But

k k
tit1 = ©ht1 — [Ops1]+ — Z[ez’h < Okt1 — Pkl + Ok — Z[eih = 1y,

i=1 i=1

so that{t, } is nonincreasing. We thus deduce tfigt} is convergent and so is
{¢x}. On the other hand, fron2(2) we obtain the estimate

1
§|$kz+1 —ul? < or — @ry1 + affk] 4 + O

Second-order Differential
Proximal Methods for
Equilibrium Problems

A. Moudafi

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 17

J. Ineq. Pure and Appl. Math. 4(1) Art. 18, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:abdellatif.moudafi@martinique.univ-ag.fr
http://jipam.vu.edu.au/

Passing to the limit in the latter inequality and taking into account {hat
converges|d,] . andd, go to zero ag tends to+oo, we obtain

kEIEoo(ka —4i) = 0.
On the other hand, froniL(5) and monotonicity off’ we derive
(Tha1 — Ypy © — Th1) + Mo > F(x,2801) Vz e C.

Now let z be a weak cluster point dfx;}. There exists a subsequenge, }
which converges weakly td and satisfies

(Tyy1 — Yoo — Tyy1) + Noey, > Fz,2,41) YVa e Cl

Passing to the limit, a8 — +o0o, taking into account the lower semicontinuity
of F', we obtain) > F(z,z) VYx € C.Now,letx; =tzx+(1—1t)z, 0 <t <1,
from the properties of follows then for allt

0= F(xy,z) <tF(zy,x) + (1 —t)F (2, ) < tF(ay, x).

Dividing by ¢ and lettingt | 0, we getr;, — % which together with the upper
hemicontinuity ofF’ yields

F(z,z) >0 Vzel,

that is, any weak limit point is solution to the problem&(P). The uniqueness
of such a limit point is standard (see for examplg,[Theorem 1]). O

Remark 2.1. Under assumptions of Theoretrl and in view of its proof, it is
clear that{z;} is boundedif, and only if, there exists at least one solution to
(EP).
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To begin with, let us recall the following concept (see for exampi@)[ The
e-enlargement of a monotone operaigrsay7=(x), is defined as

(3.1) T°(x) :={veH;(u—v,y—x) > - Vy,uecT(y)}

wheres > (. SinceT is assumed to be maximal monotofi&(z) = T'(z), for
anyzx. Furthermore, directly from the definition it follows that

0<e; <ey=T"x) CT(x).

ThusT* is an enlargement df. The use of elements ifi° instead ofl" allows
an extra degree of freedom, which is very useful in various applications.

An interesting case is obtained by takingz,y) = ¢(y) — ¢(x), ¢ a proper
convex lower-semicontinuous functigh: X — R. In this case { P) reduces
to the one of finding a minimizer of the functigh:= ¢ + i¢, ic denoting the
indicator function ofC' and (L.5) takes the following form

(32) /\k(af)ak ($k+1) + Tp4+1 — T — ozk(xk — 17]4;—1) > O.

Since the enlargement of the subdifferential is larger than the approximate sub-

differential, i.e.0.f C (0f)°, we can writed,, f(xx4+1) C (0f)* (zx+1), Which
leads to the fact that the approximate method

(3.3) NeOep f(@t1) + T — o — (T — 23—1) 2 0,
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whered,, f is the approximate subdifferential ¢f is a special case of our al-
gorithm. In the further case wherg, = 0 for all £ € N, our method reduces

to the proximal method by Martinet and we recover the corresponding conver-
gence result (see)]).

First, letus recall that by taking (z, y) = sup¢c g, (€, ¥y — ) Yy, v € C, where
B : C=™H is a maximal monotone operatof, /) is nothing but the problem
of finding a zero of the operatd?. On the other hand’ is maximal monotone
according to Blum’s-Oetlli definition, namely, for evefy, z) € H x C

Fly,z) <(-Cy—2z) VyelC = 0<F(z,y)+(—(y—z) VyeCl.

It should be noticed that a monotone function which is convex in the second
argument and upper hemi-continuous in the first one is maximal monotone.
Moreover, taking” = 'H, F'(x,y) = supgep, (§,¥ — 1), leads to

Trr1 € (I + MNeB™)  (an, — ag(an, — 21-1)),

which reduces in turn, whef), = 0 anda, = 0 for all £ € N, to the well-
known Rockafellar’'s proximal point algorithm and we recover its convergence
result (P, Theorem 1]).

It is worth mentioning that the proposed algorithm leads to new methods for
finding fixed-points, Nash-equilibria as well as solving variational inequalities.
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