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ABSTRACT. We deal with anisotropic integral functionals
∫
Ω

f(x, Du(x))dx defined on vector
valued mappingsu : Ω ⊂ Rn → RN . We show that a suitable "monotonicity" inequality, on the
densityf , guarantees global pointwise bounds for minimizersu.
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1. I NTRODUCTION

We consider the integral functional

(1.1) F(u) =

∫
Ω

f(x, Du(x))dx

whereu : Ω ⊂ Rn → RN andΩ is a bounded open set. WhenN = 1 we are dealing with
scalar functionsu : Ω → R; on the contrary, vector valued mappingsu : Ω → RN appear when
N ≥ 2. Local and global pointwise bounds for scalar minimizers of (1.1) have been proved in
[2], [7], [5], [4]. A model functional for these results is

(1.2)
∫

Ω

(
n∑

i,j=1

aij(x)Dju(x)Diu(x)

) p
2

dx,
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2 FRANCESCOLEONETTI AND PIER V INCENZO PETRICCA

where coefficientsaij are measurable, bounded and elliptic. Previous results for scalar minimiz-
ers are no longer true in the vector valued caseN ≥ 2 as De Giorgi’s counterexample shows,
[3]. Some years later, attention has been paid to anisotropic functionals whose model is

(1.3)
∫

Ω

(|D1u(x)|p1 + |D2u(x)|p2 + · · ·+ |Dnu(x)|pn) dx,

where each componentDiu of the gradientDu = (D1u, D2u, . . . , Dnu) may have a (possibly)
different exponentpi: this seems useful when dealing with some reinforced materials, [9]; see
also [6, Example 1.7.1, page 169]. In the framework of anisotropic functionals, global point-
wise bounds have been proved for scalar minimizers in [1] and [8]. If no additional conditions
are assumed, these bounds are false in the vectorial case, as the above mentioned counterex-
ample shows, [3]. The aim of this paper is to present a “monotonicity” assumption ensuring
boundedness of vector valued minimizers. In order to do that, we recall thatu : Ω ⊂ Rn → RN

thusDu(x) is a matrix withN rows andn columns; the densityf(x, A) in (1.1) is assumed to
be measurable with respect tox, continuous with respect toA andf : Ω × RN×n → [0, +∞).
Every matrixA = {Aα

i } ∈ RN×n will haveN rowsA1, . . . , AN andn columnsA1, . . . , An. In
this paper we will show that the following “monotonicity” inequality guarantees global point-
wise bounds for vector valued minimizers of (1.1):

(1.4) f(x, Ã) + µ
n∑

i=1

∣∣∣Ãi − Ai

∣∣∣pi

≤ f(x, A) + M(x)

for every pair of matrices̃A, A ∈ RN×n such that there exists a rowβ with Ãβ = 0 and for
every remaining rowα 6= β we haveÃα = Aα. In (1.4)µ, p1, . . . , pn are positive constants with
pi > 1 andM : Ω → [0, +∞) with M ∈ Lr(Ω), r ≥ 1. If we keep in mind thatA = Du(x),
then the left hand side of (1.4) shows

∑n
i=1 |Ãi − Diu(x)|pi, thus each componentDiu of the

gradientDu may have a possibly different exponentpi, so we are in the anisotropic framework:

u ∈ W 1,1(Ω, RN) with Diu ∈ Lpi(Ω, RN). In this case the harmonic meanp =
(

1
n

∑n
i=1

1
pi

)−1

comes into play. In Section 2 we will prove the following

Theorem 1.1.We consider the functional (1.1) under the “monotonicity” inequality (1.4) with

(1.5)
p∗

p

(
1− 1

r

)
> 1

wherep∗ is the Sobolev exponent ofp < n. We consideru = (u1, . . . , uN) ∈ W 1,1(Ω, RN),
with Diu ∈ Lpi(Ω, RN) ∀i ∈ {1, . . . , n}, such that

F(u) < +∞
and

(1.6) F(u) ≤ F(v)

for everyv ∈ u + W 1,1
0 (Ω, RN) with Div ∈ Lpi(Ω, RN) ∀i ∈ {1, . . . , n}. Then, for every

componentuβ, we have

(1.7) inf
∂Ω

uβ − c∗ ≤ uβ(x) ≤ sup
∂Ω

uβ + c∗

for almost everyx ∈ Ω, where

c∗ = c

(
‖M‖Lr(Ω)

µ

) 1
p

|Ω|
[
(1− 1

r )
p∗
p
−1

]
1

p∗ 2(1− 1
r )

p∗
p

[
(1− 1

r )
p∗
p
−1

]−1

,

c = c(n, p1, . . . , pn) > 0 and|Ω| is the Lebesgue measure ofΩ.
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M INIMIZERS OF ANISOTROPICFUNCTIONALS 3

A model densityf for the “monotonicity” inequality (1.4) is given in the following.

Lemma 1.2. For everyi = 1, . . . , n, let us considerpi ∈ [2, +∞) andai ∈ (0, +∞); we take
m : Ω → [0, +∞) andh : R → R with −∞ < infR h. Let us considerf : Ω × Rn×n → R
defined as follows:

(1.8) f(x, A) =
n∑

i=1

ai|Ai|pi + m(x)h(det A).

Then the “monotonicity” inequality (1.4) holds true withµ = minj aj andM(x) = m(x)[h(0)−
infR h]. Moreover, ifh ≥ 0, thenf ≥ 0 too.

2. PROOFS

In order to prove Theorem 1.1, we need the following

Lemma 2.1. Let us consider the functional (1.1) under the “monotonicity” assumption (1.4).
Then, for everyv = (v1, . . . , vN) ∈ W 1,1(Ω, RN) with Div ∈ Lpi(Ω, RN) ∀i ∈ {1, . . . , n}, for
anyβ ∈ {1, . . . , N}, for all t ∈ R, it results that

(2.1) F(Iβ,t(v)) + µ
n∑

i=1

∫
Ω

|Di(Iβ,t(v(x)))−Div(x)|pidx ≤ F(v) +

∫
{vβ>t}

M(x)dx

whereIβ,t : RN → RN is defined as follows:

∀y = (y1, . . . , yN) ∈ RN , Iβ,t(y) = (I1
β,t(y), . . . , IN

β,t(y))

with

(2.2) Iα
β,t(y) =

{
yα if α 6= β

yβ ∧ t = min {yβ, t} if α = β.

Proof. For everyv ∈ W 1,1(Ω, RN), with Div ∈ Lpi(Ω, RN) ∀i ∈ {1, . . . , n}, it results that
Iβ,t(v) ∈ W 1,1(Ω, RN); moreover

(2.3) Di(I
α
β,t(v)) =

{
Div

α if α 6= β

1{vβ≤t}Div
β if α = β,

where1B is the characteristic function of the setB, that is,1B(x) = 1 if x ∈ B and1B(x) = 0 if
x /∈ B. ThereforeDi(Iβ,t(v)) ∈ Lpi(Ω, RN) ∀i ∈ {1, . . . , n}. On{x ∈ Ω : vβ(x) > t}we have
D(Iβ

β,t(v)) = 0 and, forα 6= β, D(Iα
β,t(v)) = Dvα; so we can apply (1.4) with̃A = D(Iβ,t(v))

andA = Dv; we obtain

(2.4) f(x, D(Iβ,t(v(x)))) + µ
n∑

i=1

|Di(Iβ,t(v(x)))−Div(x)|pi ≤ f(x, Dv(x)) + M(x)

for x ∈ {vβ > t}. On{x ∈ Ω : vβ(x) ≤ t} D(Iβ,t(v)) = Dv, thus

(2.5) f(x, D(Iβ,t(v(x)))) + µ
n∑

i=1

|Di(Iβ,t(v(x)))−Div(x)|pi = f(x, Dv(x))

for x ∈ {vβ ≤ t}. From (2.4) and (2.5) we have

f(x, D(Iβ,t(v(x)))) + µ
n∑

i=1

|Di(Iβ,t(v(x)))−Div(x)|pi ≤ f(x, Dv(x)) + M(x)1{vβ>t}(x)
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for x ∈ Ω. If x → f(x, Dv(x)) ∈ L1(Ω), thenx → f(x, D(Iβ,t(v(x)))) ∈ L1(Ω) too and,
integrating the last inequality with respect tox, we get (2.1). Whenx → f(x, Dv(x)) /∈ L1(Ω),
we haveF(v) = +∞ and (2.1) holds true. This ends the proof of Lemma 2.1. �

Now we are ready to prove Theorem 1.1.

Proof. Let us fix β ∈ {1, . . . , N}. If sup∂Ω uβ = +∞ then the right hand side of (1.7) is
satisfied. Thus we assumesup∂Ω uβ < t0 ≤ t < +∞ and we note that under this assumption
Iβ,t(u) ∈ u + W 1,1

0 (Ω, RN) andDi(Iβ,t(u)) ∈ Lpi(Ω, RN) ∀i ∈ {1, . . . , n} since

uβ ∧ t = min {uβ, t} = uβ − [max {uβ − t, 0}] = uβ − [(uβ − t) ∨ 0],

where(uβ − t)∨ 0 ∈ W 1,1
0 (Ω) andDi((u

β − t)∨ 0) = Diu
β1{uβ>t} ∈ Lpi(Ω) ∀i ∈ {1, . . . , n}.

From (1.6) and (2.1) it results that

F(u) ≤ F(Iβ,t(u))

≤ F(u)− µ

n∑
i=1

∫
Ω

|Di(Iβ,t(u(x)))−Diu(x)|pidx +

∫
{uβ>t}

M(x)dx,

that is

(2.6) µ
n∑

i=1

∫
Ω

|Di(Iβ,t(u(x)))−Diu(x)|pidx ≤
∫
{uβ>t}

M(x)dx.

If we defineφ = (uβ − t) ∨ 0, then we can write (2.6) as follows:

(2.7) µ

n∑
i=1

∫
Ω

|Diφ(x)|pidx ≤
∫
{uβ>t}

M(x)dx.

If r < +∞, we apply Hölder’s inequality to
∫
{uβ>t}M(x)dx and we obtain∫

{uβ>t}
M(x)dx ≤ ‖M‖Lr(Ω)|{uβ > t}|

(
1− 1

r

)
.

If r = +∞, then∫
{uβ>t}

M(x)dx ≤ ‖M‖L∞(Ω)|{uβ > t}| = ‖M‖Lr(Ω)|{uβ > t}|
(
1− 1

r

)
.

In both cases, from (2.7) it results that
n∑

i=1

∫
Ω

|Diφ(x)|pidx ≤
‖M‖Lr(Ω)

µ
|{uβ > t}|

(
1− 1

r

)
in particular,∀i ∈ {1, . . . , n}∫

Ω

|Diφ(x)|pidx ≤
‖M‖Lr(Ω)

µ
|{uβ > t}|

(
1− 1

r

)
from which (∫

Ω

|Diφ(x)|pidx

) 1
pi

≤
[
‖M‖Lr(Ω)

µ
|{uβ > t}|

(
1− 1

r

)] 1
pi

and finally

(2.8)

[
n∏

i=1

(∫
Ω

|Diφ(x)|pidx

) 1
pi

] 1
n

≤
[
‖M‖Lr(Ω)

µ
|{uβ > t}|

(
1− 1

r

)] 1
p

.
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We apply the anisotropic imbedding theorem [10] and we use (2.8):

0 ≤
(∫

{uβ>t}

[
uβ(x)− t

]p∗
dx

) 1
p∗

(2.9)

= ‖φ‖Lp∗ (Ω)

≤ c

[
n∏

i=1

(∫
Ω

|Diφ(x)|pidx

) 1
pi

] 1
n

≤ c

[
‖M‖Lr(Ω)

µ
|{uβ > t}|

(
1− 1

r

)] 1
p

,

wherec = c(n, p1, . . . , pn) > 0. If ‖M‖Lr(Ω) = 0, then from (2.9) it results thatuβ ≤ t almost
everywhere inΩ and we are done. If‖M‖Lr(Ω) > 0, then forT > t we have

(T − t)p∗|{uβ > T}| =
∫
{uβ>T}

(T − t)p∗dx(2.10)

≤
∫
{uβ>T}

[
uβ(x)− t

]p∗
dx

≤
∫
{uβ>t}

[
uβ(x)− t

]p∗
dx

and from (2.9) and (2.10) we get

(2.11) |{uβ > T}| ≤ cp∗
(
‖M‖Lr(Ω)

µ

) p∗
p 1

(T − t)p∗
|{uβ > t}|

(
1− 1

r

)
p∗
p

for everyT, t with T > t ≥ t0. We setχ(t) = |{uβ > t}| and we use [7, Lemma 4.1, p. 93],
that we provide below for the convenience of the reader.

Lemma 2.2. Let χ : [t0, +∞) → [0, +∞) be decreasing. We assume that there existk, a ∈
(0, +∞) andb ∈ (1, +∞) such that

(2.12) T > t ≥ t0 =⇒ χ(T ) ≤ k

(T − t)a
(χ(t))b.

Then it results that

(2.13) χ(t0 + d) = 0 where d =

[
k(χ(t0))

b−12
ab

(b−1)

] 1
a

.

We use the previous Lemma 2.2 and we have

(2.14) |{uβ > t0 + d}| = 0

that is

(2.15) uβ ≤ t0 + d

almost everywhere inΩ, where

d = c

(
‖M‖Lr(Ω)

µ

) 1
p ∣∣{uβ > t0}

∣∣[(1− 1
r

)
p∗
p
−1

]
1

p∗ 2

(
1− 1

r

)
p∗
p

[(
1− 1

r

)
p∗
p
−1

]−1

.
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In order to get the right hand side of (1.7), we control|{uβ > t0}| by means of|Ω| and we take
a sequence{(t0)m}m with (t0)m → sup∂Ω uβ. Let us show how we obtain the left hand side of
(1.7): we apply the right hand side of (1.7) to−u. This ends the proof of Theorem 1.1. �

Now we are going to prove Lemma 1.2.

Proof. We assume that̃A, A ∈ Rn×n with Ãβ = 0 andÃα = Aα for α 6= β. Then∑
α

|Aα
i |2 = |Aβ

i |2 +
∑
α 6=β

|Aα
i |2(2.16)

= |Aβ
i − Ãβ

i |2 +
∑
α 6=β

|Ãα
i |2

=
∑

α

|Aα
i − Ãα

i |2 +
∑

α

|Ãα
i |2

so

(2.17) |Ai|2 = |Ai − Ãi|2 + |Ãi|2.
Sincepi ≥ 2, the previous equality gives

(2.18) |Ai|pi ≥ |Ai − Ãi|pi + |Ãi|pi .

Moreover

(2.19) h(det A) ≥ inf
R

h = h(0)− [h(0)− inf
R

h] = h(det Ã)− [h(0)− inf
R

h].

Now we are able to estimatef(x, A) andf(x, Ã) by means of (2.18) and (2.19) as follows:

f(x, Ã) + (min
j

aj)
n∑

i=1

|Ai − Ãi|pi(2.20)

≤
n∑

i=1

ai|Ãi|pi + m(x)h(det Ã) +
n∑

i=1

ai|Ai − Ãi|pi

≤
n∑

i=1

ai|Ai|pi + m(x)h(det A) + m(x)[h(0)− inf
R

h]

= f(x, A) + m(x)[h(0)− inf
R

h]

thus the “monotonicity” inequality (1.4) holds true withµ = minj aj andM(x) = m(x)[h(0)−
infR h]. This ends the proof of Lemma 1.2. �
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