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Abstract

On a bounded strongly pseudo-convex domain X in C" with a Lipschitz bound-
ary, we prove that the 0—Neumann operator N can be extended as a bounded
operator from Sobolev (—1/2)—spaces to the Sobolev (1/2)—spaces. In partic-
ular, N is compact operator on Sobolev (—1/2)—spaces.
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Let X be a bounded pseudo-convex domairCth with the standard Hermi-
tian metric. Thed—Neumann operataV is the (bounded) inverse of the (un-
bounded) Laplace-Beltrami operatl: The —Neumann problem has been
studied extensively when the domakhhas smooth boundaries (see], [1],

[2], [1€], [19], [21], and [2Z]). Dahlberg [j] and Jerison and Kenid.[] es-
tablished the work on the Dirichlet and classical Neumann problem on Lips-
chitz domains. The compactness @fon Lipschitz pseudo-convex domains

Estimates for the 9—Neumann

is studied in Henkin and lordan {]. Let W§, q)(X ) be the Hilbert spaces of Operator On Strongly
(p, g)—forms with W (X )—coefficients. Henkin, lordan, and Kohn in] and Peudo-Convex Domain With
ipschitz Boundary

Michel and Shaw in{2] showed thaiV is bounded fronL.2,  (X)to W2 (X)

. . . . (p,q)
on domains with piecewise smooth strongly pseudo-convex boundary by two

different methods. Also Michel and Shaw iA4] proved that/V is bounded

O. Abdelkader and S. Saber

on W(lp/’ -(X) when the domain is only bounded pseudo-convex Lipschitz with Title Page
a plurisubharmonic defining function. Other results in this direction belong to T
Bonami and Charpentie#l], Straube £6], Englis [L(], and Ehsani{], [£], and
[9]. In fact, the main aim of this work is to establish the following: 4« dd
Theorem 1.1.Let X cC C" be a bounded strongly pseudo-convex domain < >
with Lipschitz boundary. For eadh< p <n,1 < ¢ <n —1, thed—Neumann Go Back
operator o

. T2 2 ose

N Ly ) (X) — Lip 0 (X) .

satisfies the following estimate: for agye L?@ (X)), there exists a constant QU
¢ > 0 such that Page 3 of 22
(11) ||Ng0|| 1/2(X) S CHSDH 71/2(){)’ J. Ineq. Pure and Appl. Math. 5(3) Art. 70, 2004
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wherec = ¢(X) is independent af; i.e., N can be extended as a bounded op-
erator from ¥V, /*(X) into W/? (X). In particular, N is a compact operator

onL?, (X)andW *(X).

(p,q)
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We will use the standard notation of Hormandg#][for differential forms. Let
X be a bounded domain @f*. We express &, ¢)—form ¢ on X as follows:

Y = Z 90[,]d21 N dz‘],
1,J

wherel and.J are strictly increasing multi-indices with lengthendg, respec-

tively. We denote by\(, ,(X) the space of differential forms of clags® and Es“m(j‘ng;grtgi S?rgr':‘gﬁ‘y’ma””
of type (p, q) onX. Let Pseudo-Convex Domain With
Lipschitz Boundary
A(P#Z)(X) = {90|X§ Y e A(p,q) (Cn)}7 O. Abdelkader and S. Saber
be the subspace df, ,) (X) whose elements can be extended smoothly up to _
the boundanp X of X. Fory, ) € A, (X), the inner product and norm are Title Page
defined as usual by Contents
— 44 44
(0.0) =3 [ ersbdo, and ol = [ oPan
17X X < >
wheredv is the Lebesgue measure. gt , ,(X) be the subspace of,, ;) (X) Go Back
whose elements have compact support disjoint fébxn Close
The operatod : A, ,—1)(X) — Ay (X) is defined by Quit
Page 5 of 22
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The formal adjoint operatay of 0 is defined by :

(0p,1) = (@, 00)

forany ¢ € Apq(X) andy € Agpqe-1)(X). It is easily seen thad) is a
closed, linear, densely defined operator, @ahtbrms a complex, i.e.> =
0. We denote byL2 ,(X) the Hilbert space of allp, ¢) forms with square

integrable coefﬁments We denote again dy: qu H(X) — L%m)(X)
the maximal extension of the origindl Theno is a closed, linear, densely
defined operator, and forms a complex, i@, = 0. Therefore, the adjoint
operatoro* : L?pﬁq)(X) — L%pq 1y(X) of 0 is also a closed, linear, defined
operator. We denote the domain and the ran@infL?m) (X) by Dom, 4)(9)
and Rangg, ) (0) respectively.

We define the Laplace-Beltrami operator

|:| = 55* + 5*6 . L?pﬂ)(X) e L(p q)<X)

on
Dom(p,q)( )={p € Domy, ) (5) M Dom(p,q)(g*ﬁ 5(70 € Dom(p,qﬂ)(é*)

and 9*¢ € Domy, ,_1)(0)}.
Let

Kerq(0) = {¢ € Dom,,(0)N Dom, (9%); dp =0 and 0

—0}.

Definition 2.1. A domainX ccC C" is said to be strongly pseudo-convex with
C*—boundary if there exist an open neighborhddédf the boundary X of
X and aC* function)\ : U — R having the following properties:
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(i) XNU={z€U;\(z) <0}.

(i) S0 oy 229000 > L(z)nf%z € U, n = (...
L(z) > 0.

(i) The gradient\(z) = (WZ) N M) 85(;?) #0

forz = (z',...,2") € U; 2% = 2 + iy™.
Let f : R*"~! — R be a function that satisfies the Lipschitz condition

(2.1) \f(z) — f(2)| < T|x — 2| forall =z,2" € R>"

The smallesftl” in which (2.1) holds is called the bound of the Lipschitz con-
stant. By choosing finitely many ballg/;} coveringdX, the Lipschitz con-
stant for a Lipschitz domain is the smallgssuch that the Lipschitz constant is
bounded in every bafV; }.

Definition 2.2. A bounded domaitX in C" is called a strongly pseudo-convex
domain with Lipschitz bounda@X if there exists a Lipschitz defining function
o in a neighborhood o such that the following condition holds:

() Locally near every point of the boundafyX, after a smooth change of
coordinatesp X is the graph of a Lipschitz function.

(i) There exists a constant > 0 such that,

- 82Q o — n n
22) D o (n',....n") €C",
B

2 Cl|n|27 n
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where @.2) is defined in the distribution sense.

LetiW*(X),s > 0, be defined as the space ofalk such that. € W*(C").
We define the norm off’*(X) by

ullsxy = inf{||v]|s@cny, v € WH(C"),v|x = u}.

We uselV;;, ) (X) to denote Hilbert spaces 0, ¢)—forms with 1V (X) coeffi-
cients and their norms are denoted|by ||,(x). Let W (X) be the completion

of C°(X)—functions under thél*(X)—norm. Restricting to a small neigh-
borhoodU near a boundary point, we shall choose special boundary coordinates
t1,...,ton_1,Asuch thaty, ..., ¢y, ; restricted ta) X are coordinates fay.X.

Let D, = 9/0t;,j =1,...,2n — 1,andDy = 9/0\. ThusD,,’s are the tan-
gential derivatives ow X, and D, is the normal derivative. For a multi-index

B = (f,...,Pn-1), Where eachy; is a nonnegative integeR)! denotes the
product of D, ’s with order|3| = 3 + - - - + Fan—1, ie., D = D) ... Dtﬁ;:l'

For any¢ € C°(X) with compact support i/, we define the tangential
Fourier transform for in a special boundary chart by

¢(V,A)::'/QQH_le_i“”>¢(t,A)dt

wherev = (vq,...,v9,1) @and(t,v) = tyvy + - - - + ton_1v0,—1. We define the
tangential Sobolev normg-|||, by

0 ~
HWW{@H/(HWWMWWMW

Estimates for the 9—Neumann
Operator On Strongly
Pseudo-Convex Domain With
Lipschitz Boundary

O. Abdelkader and S. Saber

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 22

J. Ineq. Pure and Appl. Math. 5(3) Art. 70, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sayedkay@yahoo.com
http://jipam.vu.edu.au/

We recall thel.? existence theorem for thie-Neumann operator on any bounded
pseudo-convex domaiki C C". Following Hérmander.?— estimates fot) on
any bounded pseudoconvex domains, one can provelthas closed range and
Ker,(0) = {0}. Thed—Neumann operatal is the inverse ofl. In fact,
one can prove

Proposition 2.1 (Hérmander [1L6]). Let X be a bounded pseudo-convex do-
main inC", n > 2. Foreach0 < p < n andl < g < n, there exists a bounded
linear operator
N L?p,q) (X) — L?p,q)()o
such that we have the following:
(i) Range,(N) cDom, ,(0) anddN = NO = I on Dom,, ,(0).
(i) Foranyy € L}, \(X), ¢ = 90*Np + 9*ONg.

(ii) If ¢ is the diameter o ,we have the following estimates:

ed?
[Nl < 7\\90\!

- ed?
[ON¢| < \/7”@”
~ [ ed?

0" Nel|| < 7”@”

foranyp € L? . (X).

(p,9)
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For a detailed proof of this proposition see Shawj[ Proposition 2.3, and
Chen and Shaw], Theorem 4.4.1.

Theorem 2.2 (Rellich Lemma).Let X be a bounded domain 1@" with Lips-
chitz boundary. I > t > 0, the inclusion?*(X) — W*(X) is compact.
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To prove the main theorem we first obtain the following estimates on each
smooth subdomain. As Lemma 2.1 in Michel and Shaw],[we prove the

following lemma:

Lemma 3.1. Let X cC C" be a bounded strongly pseudo-convex domain with
Lipschitz boundary. Then, there exists an exhausti§p} of X with the fol-
lowing conditions:

(i) {X,} is an increasing sequence of relatively compact subsef§ ahd

U, X, = X.
(i) Each{X,} has aC* plurisubharmonic defining Lipschitz functioy,
such that
«@ B 2
Z 82’&6 577 >Cl|77|

forz € 09X, andn € (C”, wherec; > 0 is a constant independent pf

(iii) There exist positive constantg c; such thatc, < |VA,| < ¢; ondX,,,
wherec,, ¢ are independent qf.

Proof. LetX = {z € X| -y < o(z) < 0}, whered, > 0 is sufficiently small.
Thus, there exists a constant> 0 such that the functiony(z) = o(2) — ¢; ]2/
is a plurisubharmonic oR. Letd, be a decreasing sequence such that, 0,
and we defineX;, = {¢z € X|o(z) < —d,}. Then{X;, } is a sequence of
relatively compact subsets &f with union equal taX. Let¥ € C5°(C") be a
function depending only ofx4|, ..., |z,| and such that
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(i) v=>o0.
(i) v =0when|z| > 1.
(iii) [ Wwdx =1, whered) is the Lebesgue measure.
We define¥, (z) = ¥ (%) for e > 0.
For each: € X;,,,0 < e < 4,, we define

0.(2) = 0% W.(2) = / o(z — 2OW(C)AN(Q).

Thenp. € C*°(X;,) andg. \, o on X;, whene \ 0. Since

d?0:(z o?
8zaa(223 = Saaggs 1(0(2) + c12[?) x We(2)}
82
= Soages (00(2) * Ue(2) + 12+ We(2)}
0%00(2) 0|22
= Gzeaz ¥ Ve Tagagg * V)
for z € X5, N R, andn € C" it follows that
D?0:(2) o 5
i 82“8257} g
0? oo(z 7ﬁ n 82|z]2 )
Ol \IJ @ ﬁ \IJ
Z: 82“3% PPt a;l R e (2)
= 1|77|2-
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Eacho., is well defined if0 < ¢, < 6,41 for z € X5, .. Letcs = supy |Vol,
then fore, sufficiently small, we have(z) < o.,(2) < o(z) + cze, 0N X5, ..
For eachy, we chooser, = 5-(d,1 — J,) and{, € (J,11,9,). We define
X, ={2€C" o, <—C} Sinceo(z) < 0,(2) < —Cu < —6,41, We have
thatX, C X;,,,. Also,if z € X5, ,,theng,, () < o(2) +c3e, < =6, < —Cp.
Thus we have

X

and (i) is satisfied. Then the function = o., + ¢, satisfies (ii). Now, we prove
(ii). First, since a Lipschitz function is almost everywhere differentiable (see
Evans and Gariepy.[] for a proof of this fact), the gradient of a Lipschitz func-
tion exists almost everywhere and we hiVe| < c; a.e. inX and|V)\,| < ¢;
on0X,. Secondly, we show tha¥ )| is uniformly bounded from below. To
do that, since) X is Lipschitz from our assumption, then there exists a finite
covering{V;}1<;<m of X such that/; c U, for 1 < j < m, a finite set of unit
vectors{x; }h1<j<m andc; > 0 such that the inner produ¢Vo, x;) > ¢z > 0
a.e. forz € V;, 1 < j < m. Since this is preserved by convolution, (iii) is
proved. Moreover, we have ), # 0 in a small neighborhood af.X,,. Thus
0X,, is smooth. Then, the proof is complete. O

D) XM D) X%fl

pt1

We use a subscript to indicate operators oX ,.

Proposition 3.2.Let{X,,} be the same as in Lemrfial. There exists a constant
cs > 0, such that for anyp € A, 4)(X,)NDoM,, »(975), 0 <p <n,1 < g <
n—1,

3.1) 1B oy < e (199115, + 135l )
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wherec, is independent af and . If p € A, 4 (X

(3.2) |’SO’|1/2(X“) < C4HDMSOHXM>
wherec, is independent ap and .

)ﬂ Dompq ( )7 then

Proof. Since|V\,| # 0 on a neighborhoodl” of 0.X,,, then the functiom,, =
A/IVA,| is defined onV. We extend, to be negative smoothly insidg,,.
Theny, is a defining function in a neighborhood &f, such that;, < 0 on
X, n, = 0onoX, and|Vn,| = 1 onW. Then, by simple calculation as
in Lemma 2.2 in Michel and Shaw’{] and by using the identity of Morrey-
Kohn-Hérmander which was proved in Chen and ShajwRroposition 4.3.1,
and from (ii)and (iii) in Lemma8.1, it follows that there exists a constant> 0
such that for any € A, ) (X,)N Domy, ) (97%),

aSOIJ

(3.3) ‘

v [ 8 lpPds, < ca (10015, + 15;01K,)-

Letz € aXu andU be a special boundary chart containing=rom Kohn p(],
Proposition 3.10 and Chen and Shayy Lemma 5.2.2, the tangential Sobolev
normy "7, ||| D’ ¢|||.-1, and the ordinary Sobolev norjip||. are equivalent for
¢ € Dom(9)N Dom(9*) where the support af lies inUNX,,, DIy = dp/0z;,

(7 =1,2,...,2n), ande > 0. Then, from Folland and Kohn.}], Theorems
2.4.4 and 2.4.5, it follows that there exists a neighborhod U of z and a

positive constantg such that
&PU
4 el + [ lePdsu)
0X

w

(3.4) ||90||1/2(XH) < Co <

Estimates for the 9—Neumann
Operator On Strongly
Pseudo-Convex Domain With
Lipschitz Boundary

O. Abdelkader and S. Saber

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 14 of 22

J. Ineq. Pure and Appl. Math. 5(3) Art. 70, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sayedkay@yahoo.com
http://jipam.vu.edu.au/

for ¢ € Ao (VN X,). SinceX, is a Lipschitz domain, then; depends
only on the Lipschitz constant. Also from Lemr@dl, if {X,}72, is uniformly
Lipschitz, then the constant can be chosen to depend onIy on the Lipschitz
constant oD X ,, which is independent qgf. Now coverdX,, by finitely many
charts{V;}, such that this conclusion holds on each chart and chopse
so thatX, — UT'V; C V, C Vy C X,. Then, the estimate3(4) holds for all

P € on(m)(vﬂ). Using a partition of unity subordinate {d/; }{, the estimate

(3.4 now reads
4l + / rsoﬁdsu) ,
X,

)N Domy, 4 (). It follows from Propositior?. 1 that

890
B5) ol < o ( \ 17

foranyy € Ay, (X,
ed? /- .
lilk, < =~ (1l + 1071, ) -

Therefore, by taking, = cg (% + 05), and by usingg.3) and @.5) inequality
(3.1 is proved. Also, since

10211, + 19,2ll%, < 180l llelx,,

wheny € A, (X,)NDom, ,(0,). Then, B.2) is proved also. O

Proof of Theoreni.1. We shall apply the Michel and Shaw technique #3][
with the suitable modifications required. LY, } be the same as in Lemral

and N,, denote the)—Neumann operator OD%M)(XH). Since X is a strongly
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pseudo-convex domain with Lipschitz boundary, then by using Le@hat

can be approximated by domains with smooth boundary which are uniformly

Lipschitz. ThenX,, is a Lipschitz domain, and €6>(X,,) is dense ifV*(X,)
in the W*(X,)—norm. Then, to prove this theorem, it suffices to provel)(
for any ¢ € A, (X). By using the boundary regularity fa¥, which was
established by Kohni], we haveN,y € A, (X,)N Domy, q)( x)- The
d—Neumann operatolN is the inverse of the operatas. By using (iii) in
Proposition2.1, we have
ed? ed?
[Nuellx, < —HsoHn < —Hwa,

~ . ed?
1ON,elx, + 10, Nuellx, < 2\/ Hsaqu < Hwa

Then, there is no loss of generality if we assume that
Nyp=0 in X\X,.

Then there is a subsequence/gfy, still denoted byN,,¢, converging weakly
to some elemenp € L2 2X) andoy € quﬂ)( ). This implies that) €

Domy, ,)(9). Now, we show that) € Dom, ) (9;) as follows: for anyu e

and

Dom(m 1)(6) ﬂL%pq 1)(X)
(0 0u) | = lim [ (Nup,0u) |
= Jim [(FiNup )|

< [lellxlullx
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Thusy € Domy, ,(97). Also, we show thaby € Domy,, ,;1)(9;) andd}y €
Dom, ,—1)(0) as follows: by using (ii) in Propositiod.1, we have

(3.6) 103, NIl + 18:0Nuell, = llel, < llelli-

Thus&@*w is the L? weak limit of some subsequenceaﬁ*Nucp and&*w €
Domy, ,1)(9). By using @.6), we have, for any € Dom, q)(é) NLE, )(X)

(90, 00) | = Tim | (ON,p,00), |

p—0c0

= lim <8*8NM¢,U>X‘

p—00

< llelxllvlx.

Thusdy € Domy,..1)(9) and %0y is the weak limit of a subsequence of
8*8]\%0 This implies thatw € Dompq)( x) andd,y = ¢. SinceN is one
to one onL% » )( ), then we conclude that = N. SinceX, is a Lipschitz
domain. Hence\(X) are dense in?*(X) in W*(X)—norm. Ifs < 1/2, we
can show that\(X) are dense inV*(X) as in Theorem 1.4.2.4 in Grisvard
[13). Thus

WYX = Wy(X).

It follows from the Generalized Schwartz inequality (see Proposition (A.1.1) in
Folland and Kohn17]) that

‘(h, f>xu’ < A2l Fll=1/20x,)
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for any h € W(;/j)(Xu) andf € W(;’qu(Xﬂ). By using @.1), there exists a

constant, > 0 such that for any € L, (X,,)N Domg,;(5,), 0 < p < n
andl < g <n,

lellt 2, < calloelk, + 10:¢l1%,)
= ca (0, L),
3.7) < callelliyaxn 10upll-1/2x,05

wherec, is independent op andy:.. SubstitutingV,,¢ into (3.7), we have
(3.8) INuelljacx,) < callBuNupll-1/20x,) = callell-1/2x,)5

wherec, is independent ofp and . By using the extension operator on Eu-
clidean space (see Theorem 1.4.3.1 in Grisvard)] it follows that for any
Lipschitz domainX,, C C",

R, : WY2(X,) — WY3(C")
such that for eaclr € W'/%(X,,), R, = ¢ on X, and
(3.9) [Ruell2en < esllellax,

for some positive constamt. The constant; in (3.9) can be chosen indepen-

dent of ., since extension exists for any Lipschitz domain (see Theorem 1.4.3.1

in Grisvard [.3]). By applying R, to V,o component-wise, we have, by using
(3.8) and 3.9), that

[RuNuplli/20x) < [RuNupllijaeny < esl|Nupllijax,y < cllell-1/2cx,),
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wherec > 0 is independent of.. Smcerp/j) (X) is a Hilbert space, then from
the weak compactness for Hilbert spaces, there exists a subsequéhde, of

which converges weakly |W1/ -(X). SinceR, N, converges weakly toVe

in ¢, ,(X), we conclude thaNgo € Wl/2 ,(X) and

|No|l1/20x) < ”ILIHOO | RuNuelly2cx,) < cllell-120x)

Thus, N can be extended as a bounded operator i6fj}/*(X) to W,/2 (X).

Estimates for the 9—Neumann

To prove thatN is compact, we note that for any bounded dom&invith OSSRl
. K . X R Pseudo-Convex Domain With
Lipschitz boundary there exists a continuous linear operator Lipschitz Boundary
R: W1/2 (X) N Wl/z((C”) O. Abdelkader and S. Saber
such thatR¢|x = ¢. Also, we note that the inclusion map Title Page
Wl/Q(X) _ L2(X) _ WO(X) Contents
. . . <44 >
is compact. Thus, by using the Rellich Lemma @Y, we conclude that ) R
1/2 -1/2
W (X) =W (X) Go Back
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