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1. Introduction

Let X be a real linear space adldC X be a non-empty convex sef.: I — Ris
called a convex function, if for every,y € I and anyt € (0, 1), we have (seel])

fltz + (1 =t)y) <tf(x)+ (1 —1t)f(y)

Let f be a convex function oh. For a given positive integer > 2 and anyr; € [
(:=1,2,...,n), itis well-known that the following Jensen’s inequality holds

(13 <23

The classical inequalityl(1) has many applications and there are many extensive
works devoted to generalizing or improving Jensen’s inequality. In this respect, we
refer the reader tal] — [10] and the references cited therein for updated results.

In this paper, we assume that, ., =z, (r=1,2,...,n —2;n > 2).

Using (L.1), L. Bougoffa in [L1] proved the following two inequalities

(1.1)

(1.2) n;lzf(%>+f<%zxi> <Y fa)
=1 =1 =1
and
a3 Y (x e x”“) T+ (% Za:i) <> fla).
i=1 =1 =1

In this paper, we generalizé.¢) and (L.3), obtain refinements ofi(1).
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2.

Theorem 2.1. Let f be a convex function oh and n(> 2) be a given positive
integer. For anyz; € I (i = 1,2,...,
r=12,...,n

Main Results

n), m = 2,3,...,
— 2, then we have the following refinements ofl)

@1  f (%Zw) <

IN

IN

IN

IN

IN

IN

=1
11 T+ Tipg + 0+ Tigy m—1 (1«

m nzf< r+1 * / n;%
I I, (Titmm++ain\ | 2, (1
<L z _ )
S )+3f(nz;wz)

1 1 & i+ Ty + -+ Tisy m 1 &
m+ 1 an( r+1 +m+1f nle

11 i+ X1+ + Tigy 1

2 n;f< rt 1 ol Zx
n—1 1 ~ Jii+$i+1+"~+l‘i+r

oy (et ( >
no 1o Ti+ T+ T 1
n+1 n;f< r+1 ) n+1 (nz::

—|-r~

n—i—k—l 1 $i+$i+1+"'+l‘i+r
< —
< (e

k=012...

and

nes

New Refinements of

Jensen’s Inequality
Liang-Cheng Wang, Xiu-Fen Ma
and Li-Hong Liu

vol. 10, iss. 2, art. 48, 2009

Title Page
Contents
44 44
< >
Page 4 of 12
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

=1

T+ Tig1 + -+ Tiyy 1O
<o 3 () < L s

Remarkl. It is easy to see thatl(?) and (L.5) are parts of .1) for » = 1 and
r =n — 2, respectively.

n+k - T+ i1+ Ty 1 1 &
< - — .
“n+k+1 n§:f< r+1 +n+k+1f nz;%

Theorem 2.2. Let f, m, k andn be defined as in Theoretl. For anyz; € [

(t=1,2,...,n)andr = 1,2,...,n — 2, we have the following refinements of)
1 ¢ m U (i i + - 4 i -
2.2) — ;) > - il .
@2) > fw) 2 an( ) f( Zx)
n+k—1 1\1g T+ Tip1 4+ -+ Tigr
> —— - )=
_< n+k m)nzf< r+1 )

1 1 1<
+(n+k+a>f(52%>
if Ti + Tigr + 0+ Tigy
: r+1

e
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3. Proof of Theorems

Proof of Theoren2.1. From (L.1), we have

1 ¢ Ti + Tigr + -+ Tigyp Ti + Tigr + -+ Tigyp
3.1) - >
o s () s (e

=1
n New Refinements of
1 Jensen’s Inequality
== f — E il . Liang-Cheng Wang, Xiu-Fen Ma
n i=1 and Li-Hong Liu
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Form =2,3,..., by (3.1) we can get

(3'2) < Z $z> Title Page

Contents
1 ) m (1 - ) «“ S8
= PO DL eVl G B
(n m+1 n = p >
1 1 Ti+ T+ + Tigy m 1 & R
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- ; ' l i Dt T Full Screen
m+1 n4 r+1
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N 1 1 u xi"—xi—&—l_'—"'_‘_xi—i-r m—1 1 u
m n;f< r+1 T / nzxz '

The inequality £.1) yields
1 I~ (it ap+ a1, (1
(33) 3 n;f< P+ )+2f (nzx>
_(n—1 n—2 Ti+ T+ Ty 1. [1 < .
_< n ) Zf( r+1 >+2f<nzxz)
n—1 1if Ti+ Tip1+ -+ Tigr
n r+1
1 & 1. (1
V(G5 (G5
_n—l 1 xi+xi+1+"'+xi+r 1 1 ~ .
B Zf( r+1 )—i-nf(n;%)

Fork =0,1,2,..., using inequality §.1), we obtain

n+k—1 1< T+ Tip1 4+ Tigr 1 1 &
34) TV S
(3.4) n+k ni:1f( r—+1 )+n+k‘f< = I)

IN
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:( n+k 1 )

n+k+1 (n+k+1)(n+k)
%Zf(xmLxH;r_l+x2+r>+nikf<%;$’)

D)
_(n+k+11)(n+k)f<%§;xi>+%% (%ix>

_ n+k Ti + Tiy1 + 0+ Tigr
- Zf(

Ti+ Tigr + o+ Tigyp
+n—|—k—|—1 nzf< r+1 >

_lif Ti+ Tig1 + -+ Tigr
n r+1 '
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From (L.1), we have

1 - T; + X; + T Ty
(35) EZf( +1 +>
=1

r+1

(@) + f (i) + -+ f (i)
Z r+1
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Combination of £.2) — (3.5) yields .1).
The proof of Theoreni.1is completed.
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n+k—1
itk

(o

>‘(n+k—1
- n+k

lzf(

Ti+Tip1 + -

xi—i-xiﬂ—l—---

r+1

+ xi—&—r)

+

1\1
mj)n

(mmlnik)zlf(iim)

Expression §.6) plus

yields (2.2).

r+1

+xi+r) + m

(i)

The proof of Theorem2.2is completed.

($i+$i+1+"'

r+1
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