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Abstract

Using the concept of majorant sequences (see [4, ch. XXI], [5], [7], [8]) some
new inequalities for Walsh polynomials with complex semi-monotone, complex
semi-convex, complex monotone and complex convex coefficients are given.
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1. Introduction and Preliminaries
We consider the Walsh orthonormal system{wn(x)}∞n=0 defined on[0, 1) in the
Paley enumeration. Thusw0(x) ≡ 1 and for each positive integer with dyadic
development

n =

p∑
i=1

2νi , ν1 > ν2 > · · · > νp ≥ 0,

we have

wn(x) =

p∏
i=1

rνi
(x),

where{rn(x)}∞n=0 denotes the Rademacher system of functions defined by (see,
e.g. [1, p. 60], [3, p. 9-10])

rν(x) = sign sin 2νπ(x) (ν = 0, 1, 2, . . . ; 0 ≤ x < 1).

In this paper we shall consider the Walsh polynomials
∑m

k=n λkwk(x) with
complex-valued coefficients{λk}.

Let ∆λn = λn − λn+1 and∆2λn = ∆(∆λn) = ∆λn − ∆λn+1 = λn −
2λn+1 + λn+2, for all n = 1, 2, 3 . . . .

Petrovíc [6] proved the following complementary triangle inequality for a
sequence of complex numbers{z1, z2, . . . , zn}.

Theorem A. Let α be a real number and0 < θ < π
2
. If {z1, z2, . . . , zn} are

complex numbers such thatα− θ ≤ arg zν ≤ α + θ, ν = 1, 2, . . . , n, then∣∣∣∣∣
n∑

ν=1

zν

∣∣∣∣∣ ≥ (cos θ)
n∑

ν=1

|zν |.
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For0 < θ < π
2

denote byK(θ) the coneK(θ) = {z : | arg z| ≤ θ}.
Let {bk} be a positive nondecreasing sequence. The following definitions

are given in [7] and [8]. The sequence of complex numbers{uk} is said to

becomplex semi−monotone if there exists a coneK(θ) such that∆
(

uk

bk

)
∈

K(θ) or ∆(ukbk) ∈ K(θ). For bk = 1, the sequence{uk} shall be called a
complex monotonesequence. On the other hand, the sequence{uk} is said

to becomplex semi−convexif there exists a coneK(θ), such that∆2
(

uk

bk

)
∈

K(θ) or ∆2(ukbk) ∈ K(θ). For bk = 1, the sequence{uk} shall be called a
complex convex sequence.

The following two Theorems were proved by Tomovski in [7] and [8].

Theorem B ([7]). Let{zk} be a sequence such that|
∑m

k=n zk| ≤ A, (∀n,m ∈
N, m > n), whereA is a positive number.

(i) If ∆
(

uk

bk

)
∈ K(θ), then∣∣∣∣∣

m∑
k=n

ukzk

∣∣∣∣∣ ≤ A

[(
1 +

1

cos θ

)
|um|+

1

cos θ

bm

bn

|un|
]

, (∀n,m ∈ N, m > n).

(ii) If ∆(ukbk) ∈ K(θ), then∣∣∣∣∣
m∑

k=n

ukzk

∣∣∣∣∣ ≤ A

[(
1 +

1

cos θ

)
|un|+

1

cos θ

bm

bn

|um|
]

, (∀n,m ∈ N, m > n).

Theorem C ([8]). LetA = max
n≤p≤q≤m

∣∣∣∣∣ q∑
j=p

j∑
k=i

zk

∣∣∣∣∣ .
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(i) If {uk} is a sequence of complex numbers such that∆2
(

uk

bk

)
∈ K(θ), then∣∣∣∣∣

m∑
k=n

ukzk

∣∣∣∣∣ ≤ A

[
|um|+ bm

(
1 +

1

cos θ

) ∣∣∣∣∆ (
um−1

bm−1

)∣∣∣∣ +
bm

cos θ

∣∣∣∣∆ (
un

bn

)∣∣∣∣] ,

(∀n, m ∈ N, m > n).

(ii) If {uk} is a sequence of complex numbers such that∆2(ukbk) ∈ K(θ),
then∣∣∣∣∣

m∑
k=n

ukzk

∣∣∣∣∣ ≤ A

[
|un|+ b−1

n

(
1 +

1

cos θ

)
(|∆(unbn)|+ |∆(um−1bm−1)|)

]
,

(∀n, m ∈ N, m > n).

Using the concept of majorant sequences we shall give some estimates for
Walsh polynomials with complex semi-monotone, complex monotone, complex
semi-convex and complex convex coefficients.
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2. Main Results
For the main results we require the following Lemma.

Lemma 2.1. For all p, q, r ∈ N, p < q the following inequalities hold:∣∣∣∣∣
q∑

k=p

ωk(x)

∣∣∣∣∣ ≤ 2

x
, 0 < x < 1.(i) ∣∣∣∣∣

q∑
j=p

j∑
k=l

ωk(x)

∣∣∣∣∣(ii)

≤


2(q−p+1)

x
= C1(p, q, x) : 0 < x < 1

8
x(x−2−r)

+ 8
x2 + 2(q−p+1)

x
+ 1 = C2(p, q, r, x) : x ∈ (2−r, 2−r+1)

Proof. (i) Let Dq(x) =
∑q−1

i=0 wi(x) be the Dirichlet kernel. Then it is known
that (see [3, p. 28])|Dq(x)| ≤ 1

x
, 0 < x < 1. Hence∣∣∣∣∣

q∑
k=p

wk(x)

∣∣∣∣∣ = |Dq+1(x)−Dp(x)| ≤ |Dq+1(x)|+ |Dp(x)| ≤ 2

x
.

(ii) By (i) we get∣∣∣∣∣
q∑

j=p

j∑
k=l

wk(x)

∣∣∣∣∣ ≤
q∑

j=p

∣∣∣∣∣
j∑

k=l

wk(x)

∣∣∣∣∣ ≤ 2(q − p + 1)

x
, 0 < x < 1.

Let Fn(x) = 1
n+1

∑n
k=0 Dk(x) be the Fejer kernel. Applying Fine’s inequality

(see [2])
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(n + 1)Fn(x) <
4

x(x− 2−r)
+

4

x2
, x ∈ (2−r, 2−r+1),

we get∣∣∣∣∣
q∑

j=p

j∑
k=l

wk(x)

∣∣∣∣∣ =

∣∣∣∣∣
q∑

j=p

(Dj+1(x)−Dl(x))

∣∣∣∣∣
≤

∣∣∣∣∣
q∑

j=p

Dj+1(x)

∣∣∣∣∣ +
q − p + 1

x

≤ |(q + 1)Fq(x)|+ |Dq+1(x)|+ |D0(x)|

+ |pFp−1(x)|+ q − p + 1

x

<
8

x(x− 2−r)
+

8

x2
+

2(q − p + 1)

x
+ 1, x ∈ (2−r, 2−r+1).

Applying the inequality (i) of the above lemma and TheoremB, we obtain
following theorem.

Theorem 2.2.Let0 < x < 1.

(i) If {uk} is a sequence of complex numbers such that∆
(

uk

bk

)
∈ K(θ), then∣∣∣∣∣

m∑
k=n

ukwk(x)

∣∣∣∣∣ ≤ 2

x

[(
1 +

1

cos θ

)
|um|+

1

cos θ

bm

bn

|un|
]

,

(∀n, m ∈ N, m > n).
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(ii) If {uk} is a sequence of complex numbers such that∆(ukbk) ∈ K(θ), then∣∣∣∣∣
m∑

k=n

ukwk(x)

∣∣∣∣∣ ≤ 2

x

[(
1 +

1

cos θ

)
|un|+

1

cos θ

bm

bn

|um|
]

,

(∀n, m ∈ N, m > n).

Specially forbk = 1 we get the following inequalities for Walsh polynomials
with complex monotone coefficients.

Corollary 2.3. Let 0 < x < 1. If {uk} is a sequence of complex numbers such
that∆uk ∈ K(θ), then∣∣∣∣∣

m∑
k=n

ukωk(x)

∣∣∣∣∣ ≤ 2

x

[(
1 +

1

cos θ

)
|um|+

1

cos θ
|un|

]
, (∀n,m ∈ N, m > n).

Corollary 2.4. Let 0 < x < 1. If {uk} is a complex monotone sequence such
that lim

k→∞
uk = 0, then ∣∣∣∣∣

∞∑
k=n

ukωk(x)

∣∣∣∣∣ ≤ 2

x cos θ
|un|.

In [4] (chapter XXI), [5] Mitrinovi ć and Pěcaríc obtained inequalities for
cosine and sine polynomials with monotone nonnegative coefficients. Applying
Theorem2.2, we get analogical results for Walsh polynomials with monotone
nonnegative coefficients.
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Corollary 2.5. Let0 < x < 1.

(i) If {ak} is a nonnegative sequence such that{akb
−1
k } is a decreasing se-

quence, then∣∣∣∣∣
m∑

k=n

akwk(x)

∣∣∣∣∣ ≤ an

x

(
bm

bn

)
, (∀n,m ∈ N, m > n).

(ii) If {ak} is a nonnegative sequence such that{akbk} is an increasing se-
quence, then∣∣∣∣∣

m∑
k=n

akwk(x)

∣∣∣∣∣ ≤ am

x

(
bm

bn

)
, (∀n,m ∈ N, m > n).

Now, applying the inequality (ii) of Lemma2.1, we obtain new inequalities
for Walsh polynomials with complex semi-convex coefficients.

Theorem 2.6.

(i) If {uk} is a sequence of complex numbers such that∆2
(

uk

bk

)
∈ K(θ), then

∣∣∣∣∣
m∑

k=n

ukwk(x)

∣∣∣∣∣ ≤


C1(m, n, x)
[
|um|+ bm−1

(
1 + 1

cos θ

) ∣∣∣∆ (
um−1

bm−1

)∣∣∣
+ bm−2

cos θ

∣∣∣∆ (
un

bn

)∣∣∣] : 0 < x < 1

C2(m, n, r, x)
[
|um|+ bm−1

(
1 + 1

cos θ

) ∣∣∣∆ (
um−1

bm−1

)∣∣∣
+ bm−2

cos θ

∣∣∣∆ (
un

bn

)∣∣∣] : x ∈ (2−r, 2−r+1)

for all n, m, r ∈ N, m > n.
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(ii) If {uk} is a sequence of complex numbers such that∆2(ukbk) ∈ K(θ),
then

∣∣∣∣∣
m∑

k=n

ukwk(x)

∣∣∣∣∣ ≤


C1(m, n, x)
[
|un|+ b−1

n

(
1 + 1

cos θ

)
×(|∆(unbn)|+ |∆(um−1bm−1)|)] : 0 < x < 1

C2(m, n, r, x)
[
|un|+ b−1

n

(
1 + 1

cos θ

)
×(|∆(unbn)|+ |∆(um−1bm−1)|)] : x ∈ (2−r, 2−r+1)

for all n, m, r ∈ N, m > n.

Proof. (i) Applying Abel’s transformation twice and the triangle inequality, we
get:∣∣∣∣∣

m∑
k=n

uk

bk

(bkwk)

∣∣∣∣∣ =

∣∣∣∣∣um

bm

m∑
k=n

bkwk + ∆

(
um−1

bm−1

) m−1∑
j=n

j∑
k=n

bkwk

+
m−2∑
r=n

∆2

(
ur

br

) r∑
j=n

j∑
k=n

bkwk

∣∣∣∣∣
≤ |um|

bm

bm

∣∣∣∣∣
m∑

k=n

wk

∣∣∣∣∣ + bm−1

∣∣∣∣∆ (
um−1

bm−1

)∣∣∣∣
∣∣∣∣∣
m−1∑
j=n

j∑
k=n

wk

∣∣∣∣∣
+ bm−2

m−2∑
r=n

∣∣∣∣∆2

(
ur

br

)∣∣∣∣
∣∣∣∣∣

r∑
j=n

j∑
k=n

wk

∣∣∣∣∣ .
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Using the Petrovíc inequality and inequality (ii) of Lemma2.1, we obtain:∣∣∣∣∣
m∑

k=n

ukwk(x)

∣∣∣∣∣ ≤ |um|

∣∣∣∣∣
m∑

k=n

wk

∣∣∣∣∣ + bm−1

∣∣∣∣∆ (
um−1

bm−1

)∣∣∣∣
∣∣∣∣∣
m−1∑
j=n

j∑
k=n

wk

∣∣∣∣∣
+

bm−2

cos θ

∣∣∣∣∣
m−2∑
r=n

∆2

(
ur

br

) r∑
j=n

j∑
k=n

wk

∣∣∣∣∣

≤



C1(m,n, x)
[
|um|+ bm−1

(
1 + 1

cos θ

) ∣∣∣∆ (
um−1

bm−1

)∣∣∣
+ bm−2

cos θ

∣∣∣∆ (
un

bn

)∣∣∣] : 0 < x < 1

C2(m,n, r, x)
[
|um|+ bm−1

(
1 + 1

cos θ

) ∣∣∣∆ (
um−1

bm−1

)∣∣∣
+ bm−2

cos θ

∣∣∣∆ (
un

bn

)∣∣∣] : x ∈ (2−r, 2−r+1)

(ii) Analogously as the proof of (i), we obtain:∣∣∣∣∣
m∑

k=n

(ukbk)b
−1
k wk

∣∣∣∣∣
=

∣∣∣∣∣unbn

m∑
k=n

b−1
k wk −

m−1∑
j=n+1

∆2(uj−1bj−1)

j∑
r=n

m∑
k=r

b−1
k wk

+∆(unbn)
m∑

k=n

b−1
k wk −∆(um−1bm−1)

m∑
r=n

m∑
k=r

b−1
k wk

∣∣∣∣∣
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≤ |un|bnb
−1
n

∣∣∣∣∣
m∑

k=n

wk

∣∣∣∣∣ + b−1
n

m−1∑
j=n+1

∣∣∆2(uj−1bj−1)
∣∣ ∣∣∣∣∣

j∑
r=n

m∑
k=r

wk

∣∣∣∣∣
+ b−1

n |∆(unbn)|

∣∣∣∣∣
m∑

k=n

wk

∣∣∣∣∣ + b−1
n |∆(um−1bm−1)|

∣∣∣∣∣
m∑

r=n

m∑
k=r

wk

∣∣∣∣∣ .

Hence,∣∣∣∣∣
m∑

k=n

ukwk(x)

∣∣∣∣∣ ≤ |un|

∣∣∣∣∣
m∑

k=n

wk

∣∣∣∣∣ +
b−1
n

cos θ

∣∣∣∣∣
m−1∑

j=n+1

∆2(uj−1bj−1)

j∑
r=n

m∑
k=r

wk

∣∣∣∣∣
+ b−1

n |∆(unbn)|

∣∣∣∣∣
m∑

k=n

wk

∣∣∣∣∣ + b−1
n |∆(um−1bm−1)|

∣∣∣∣∣
m∑

r=n

m∑
k=r

wk

∣∣∣∣∣

≤



C1(m,n, x)
[
|un|+ b−1

n

(
1 + 1

cos θ

)
×(|∆(unbn)|+ |∆(um−1bm−1)|)] : 0 < x < 1,

C2(m, n, r, x)
[
|un|+ b−1

n

(
1 + 1

cos θ

)
×(|∆(unbn)|+ |∆(um−1bm−1)|)] : x ∈ (2−r, 2−r+1).

If bk = 1, k = n, n + 1, . . . ,m from Theorem2.6, we obtain the following
corollary.

Corollary 2.7. Let{uk} be a complex-convex sequence. Then,
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∣∣∣∣∣
m∑

k=n

ukwk(x)

∣∣∣∣∣ ≤


C1(m, n, x)
[
|um|+

(
1 + 1

cos θ

)
×|∆um−1|+ 1

cos θ
|∆un|

]
: 0 < x < 1

C2(m, n, r, x)
[
|um|+

(
1 + 1

cos θ

)
×|∆um−1|+ 1

cos θ
|∆un|

]
: x ∈ (2−r, 2−r+1)

for all n,m, r ∈ N, m > n.

Remark 1. Similarly, the results of Theorem2.2, Theorem2.6, Corollary 2.3,
Corollary 2.5and Corollary2.7were given by the author in [7, 8] for trigono-
metric polynomials with complex valued coefficients.

Corollary 2.8.

(i) If {ak} is a nonnegative sequence such that{akb
−1
k } is a convex sequence,

then

∣∣∣∣∣
m∑

k=n

akwk(x)

∣∣∣∣∣ ≤


C1(m,n, x)
[
|am|+ 2bm−1

∣∣∣∆ (
am−1

bm−1

)∣∣∣
+bm−2

∣∣∣∆ (
an

bn

)∣∣∣] : 0 < x < 1

C2(m,n, r, x)
[
|am|+ 2bm−1

∣∣∣∆ (
am−1

bm−1

)∣∣∣
+bm−2

∣∣∣∆ (
an

bn

)∣∣∣] : x ∈ (2−r, 2−r+1)

for all n, m, r ∈ N, m > n.

(ii) If {ak} is a nonnegative sequence such that{akbk} is a convex sequence,
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then

∣∣∣∣∣
m∑

k=n

akwk(x)

∣∣∣∣∣ ≤


C1(m,n, x) [|an|+ 2b−1
n |∆(anbn)|

+|∆(am−1bm−1)|] : 0 < x < 1

C2(m,n, r, x) [|an|+ 2b−1
n |∆(anbn)|

+|∆(am−1bm−1)|] : x ∈ (2−r, 2−r+1)

for all n, m, r ∈ N, m > n.
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