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Abstract

In this paper, we obtain an extension of multivariable integral inequality of
Hilbert-Pachpatte type. By specializing the upper estimate functions in the hy-
pothesis and the parameters, we obtain many special cases.
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Hilbert's double series theorem,[p. 226] was proved first by Hilbert in his
lectures on integral equations. The determination of the constant, the integral
analogue, the extension, other proofs of the whole or of parts of the theorems
and generalizations in different directions have been given by several authors
(cf. [3, Chap. 9]). Specifically, in1[(] — [14] the author has established some
new inequalities similar to Hilbert's double-series inequality and its integral
analogue which we believe will serve as a model for further investigation. Re-
cently, G.D. Handley, J.J. Koliha and J.E CRBEC [”] established a new class of
related integral inequalities from which the results of Pachpatip{ [14] are
obtained by specializing the parameters and the functigné representative
sample is the following.

Theorem 1.1 (Handley, Koliha and Péari¢ [2, Theorem 3.1]). Let u; €
C™i([0,z4]) fori e 1. If

[ (s)

S / (Si — Ti)miikiilq)i(n) dTZ', S; € [O, l’i], 1 € I,
0

then

i)(si) ] ]

< Uﬁ]}fl f[ (/xl Tr; — SZ‘)BiJrl(I)Z'(SZ')pi d81> " y

=1
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whereU = 1/]_[?:1[(04@- + 1)5%1’(@ + 1)”%] :

The purpose of the present paper is to derive an extension of the inequality
given in Theoreni.l In addition, we obtain some new inequalities as Hilbert-

Pachpatte type inequalities, these inequalities improve the results obtained by
Handley, Koliha and Raric [2].
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In what follows we denote bR the set of real number®, denotes the interval
[0, 00). The symbolsN, Z have their usual meaning. The following notation and
hypotheses will be used throughout the paper:

I'={1,..n}

p,q

a;,b;, 1 €1
wi, 1 €1
a;, 1€ 1
G, i €1
u;, t €1

®;, i€l

n €N

m; € N

k;€{0,1,...,m; — 1}

z;, €R, z; >0

pi»¢i € R, pi,qi >0, p%—i-é:l
% =it <i> ’ % =i (%)
a;, b e Ry, a; +b; =1

wi €R, w; >0, 30w =0,
a; = (a; + big))(m; — k; — 1)

Bi = ai(m; — k; — 1)

u; € C™i([0,z,]) for some m) > m;

(I)Z' € Cl([O,LCZD, (I)z 2 m;.
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Here theu; are given functions of sufficient smoothness, anddhare subject

to choice. The coefficients;, ¢; are conjugate Holder exponents to be used
in applications of Hoélder’s inequality, and the coefficientsh; will be used

in exponents to factorize integrands. The coefficientwill act as weights in
applications of the geometric-arithmetic mean inequality. The coefficients
andg; arise naturally in the derivation of the inequalities. Our main results are
given in the following theorems.

Theorem 2.1. Letu, € C™i([0, z;]) fori € I.If

Hilbert-Pachpatte Type Integral

4 8i I i d thei
(2.1) ‘ugk’)(si) < / (s; — ;)™ %71 D, (1;) dry, s € 0,2;], 1 € 1, neqltiﬁp:rf\fe?ent o
0
then S.S. Dragomir and Young-Ho Kim
z1 Zn H;L:l ngl)(sz) Title Page
(2.2) / / o= dsy -+ dsy
0 0 [L s 1w,8(ai+1)/((h’wi)i| " Contents
Qn 1= 199
n, on o 1 44 44
S VH%% H (/ (z; — 50)7 7 Dy ()" dSz‘) ; < 3
i=1 i=1 0
where Go Back
1 Close
(2.3) V= - T T :
IT— [(0%‘ + 1) (6 + 1)”] Quit
. . . . Page 6 of 19
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and apply Hélder’s inequality?] p.106]. Then

’ugkb)(sl) < (/ (Si _ Ti)(aﬁ-biq:’)(mi—ki—l) dTi> i
0
: ( / (5= )" R, () d”) |
0
S(Qi+1)/Qi S; i
=t T (/ <Si — Tl)ﬁzq)l(ﬂ)pl dﬂ) .
(Oéi -+ 1)47' 0 Hilbert-Pachpatte Type Integral
Inequalities and their
Using the inequality of mean$[p. 15] Improvement
n 5% n % S.S. Dragomir and Young-Ho Kim
sti ’ < LZwis’f
J 1 — Qn ' 7
=1 i=1 Title Page
for r > 0, we deduce that Contents
Q7L
o 1 « 33
[Ls0 < o>
i=1 [Q” i=1 ] < 4
for » > 0. According to above inequality, we have e
n ) 1 1> 1) (o) On Close
k; a;+1)/(qiw;
i=1 [Timi (o + 1w [ *on 52
n s; L Page 7 of 19
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for r = (a; + 1)/quw;. In the following estimate we apply Holder’s inequality
and, at the end, change the order of integration:

(k4)

z 1 ui Si
/ / o dsy---dsy
n (a7+1)/(q7w7)] "

z 1 Wis

n

n . . 1
[ ([ o
< 1 (Si _Ti) Zcbi(Ti)pl dr;, ds;
HL(O@' +1)a 111 [ 0 0
1 n 1 T; S p%.
< I [ / ( JRCEE YT dn,) d}
[T (i +1)a 55 0 0

e 1)%(@ >]}jxfi}j{/j(“sw@( s s

This proves the theorem. O

Remark 2.1. In Theoren®.1, settingS2,, = 1, we have Theorerm.1
Corollary 2.2. Under the assumptions of Theorem, if » > 0, we have

1 Zn 11 uz(‘ki)si
/ / sy -+ ds,
0 0 [é Z?ﬂwzs(aﬁl)/(qzm)]
1
n n 1 i r|rp
gprpVHx7 —</ (x —S)BZHCI)spldsZ) ,
i=1 =1 DPi 0
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whereV is defined byZ4.3).

Proof. By the inequality of means, for an§; > 0 andr > 0, we obtain

n 1 n 1 #
1147 < {p3_ -4
i=1 i—1 Pi
The corollary then follows from the preceding theorem. O
n
Lemma 2.3. Lety; > 0andy, < —1. Letw; > 0, > " w; = €, and let Hilbert-Pachpatte Type Integral
s; >0,1=1,...,n bereal numbers. Then Inequalities and their
Improvement
n 1 n —712n
wWiY17Y2 - o2 S.S. Dragomir and Young-Ho Kim
Hsi > [anwlsi ] .
=1 =1
Proof. By the inequality of means, for any > 0 and~, < —1, we have Title Page
n 1 & 717280 Contents
Wiy
[T =g Wisi] « | »
i=1 "oi=1
L | 2
Using the fact thatr 2 is concave and using the Jensen inequality, we have
that Go Back
1> 77280 r T 71728 Close
[— Z%’Si] = |5 Wz‘f(siw)] Quit
"oi=1 L5 =1
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< ; i )Wz
== ) ws; ™
2 i=1

B 1 n 7"/1971
E —72
= | Ww;S: .
Q,, 4 v ]
B =1

The proof of the lemma is complete. O

Theorem 2.4.Under the assumptions of Theorém, if v, < —1, then

n kl
o T, ™ (s:)
/0‘ PR /O‘ [ - B 2:| 7(ai+1)ﬂn/’}/2qz‘wi dsl PR dSTL

1 Y
Q, Zi:l Wi$;

n

n

n 1 z; o
S VH.%Z-% H [/O (IZ — Si)6i+1q)i(8i)pi dSZ' y
i=1

=1

whereV is given by 2.3).

Proof. Using the inequality of Lemma.3, for any~; > 0 and~, < —1, we get

_719n
n

LZW.S—WI b
Q, B

i=1

According to above inequality, we deduce that

1 1 <& -
ul(kz)(sl) < T [Q_ Z wisi_%]
1 [T (e +1)s [P

n

2
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1

Pq

n (si)
X H [/0 (Si — Ti)ﬁi(Pi(Ti)pidTi s
=1

whereW; = (a; + 1)Q,/72q;w;. The proof of the theorem then follows from
the preceding Theoreth 1. O

Corollary 2.5. Under the assumptions of Theor@, if » > 0, we have

u(ﬁi) (S ) Hilbert-Pachpatte Type Integral
g i Inequalities and their

X1 Tn lel
/ o / — (i +1)2n /v2qiw; d81 o dSn Improvement
0 0 1 S —2
Qn Lai=

1 Wis . .
S.S. Dragomir and Young-Ho Kim

1
) n N n 1 = r| rp
o 5 - o N\FHLP (o VP .
<p pVH.Z‘i [ E D (/0 (xz Sz) (I)z(sz)p dsl) ] ) Title Page
i=1 t

o Contents
whereV is given by 2.3).
<44 >
Proof. By the inequality of means, for any; > 0 andr > 0, we obtain p N
n "1 & Go Back
147 <|pd> =4
i=1 —1 Di Close
The corollary then follows from the preceding Theorgm O Quit
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Theorem 3.1.Letu; € C™i(]0, z;]) be such tha’aﬁj)(o) =0forj € {0,...,m;—
1},i € 1. Then

on [

()

(aﬁl)/(qz‘wi)} n

dsy---ds,

1 w; S
n . 1 Hilbert-Pachpatte Type Integral
- ¢ ) pi Pi Inequalities and their
x i+1 |, (mq) q
<V H T; H |:/ ($z - Si)ﬁl ‘UZ (Sz) ds,} ) Improvement
i=1 i=1 /0

S.S. Dragomir and Young-Ho Kim

where
1 Title Page
(3.2) Vi= . g
H?=1 [( — ki — 1) (Oéz + 1)‘“ (57, ) } Contents
i i <44 >
Proof. Inequality 3.1) is proved when we set
< >
u(mi)(s»)
! ’ Go Back
(I)z(sz) = —‘
(mi = ki — 1)! Close
in Theorem2. 1. O Quit
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Corollary 3.2. Under the assumptions of Theor&m, if » > 0, we have

TL

Ll -

z 10%5

ul™ (s;)

(az+1>/<qm>] n

[/Ox (s — 5)P+

Theorem 3.3. Under the assumptions of Theor@n, if v, < —1, then

dsy---dsp,

n

o[

whereV; is given by 8.2).

u™ (s:)

[T ugkl)(sz)

53 / / e g 51 S

2 1 Wis; 72]

n 1" x; ; Ps

< ‘/1 sz(h H |:/ (l.l >5z+1 u( Z)(SZ) P dSZ:| ,

i=1 i=1 L/0
whereV; is given by 8.2).
Proof. Inequality 3.3) is proved when we set

"™ (s:)
Pi(si) =
(5 ) (mz kl — 1)‘

in Theorem?2.4. O
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Corollary 3.4. Under the assumptions of Theor&m, if » > 0, we have

n kl
/xl /xn Hi:l ug )<Sz) p
) S
0 0 [é Z?: ‘ _72} —(0i+1)Qn /v2giw;

1

1 n 1 z; s r|rp

<pvi ] [Z_ JRCE " s ] |
. - 0

We discuss a number of special cases of TheoBem Similar examples
apply also to Corollarg.2, Theorem3.3and Corollary3.4.

Lo ds,

ul™ (s;)

1

Example 3.1.1f a; = 0 andb; = 1 fori € I, then Theoren3.1becomes

0o o ITey o™ (s0)
[ P
n imi—qiki—qi+1)/(qaws) | ™"
0 0 [QLZ (@imi—aiki—ai+1)/(q )}

i=1 Wi

n

where
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Example 3.2.1f a; = 0,b; =1, ¢ =n,p; =n/(n—1), m; = mandk;, = k

fori € I, then

u(ki)<si)

. n L2 [u;
/0 o /() 1 n (nm—nk—n+1)/(nw;) n
[Q_ D i wis ]

ds;---ds,

< nxl...xn
= ((m—k—1)D)"(nm—nk—n-+1)

n

SUTES

Forg =p=n=2andw;, = % this is [1L2, Theorem 1]. Setting = p = 2,

k=0,n=1andw; = % we recover the result oflf].

Example 3.3.1f a; = 0 andb; = 1 fori € I, then Theoren3.1 becomes

n k;
0o e IT [ (s0)
[ e
0 0 [QL Z?:lwisgmi*ki)/(qiwi)}
n L n T4 L (m) i i
<V][=r 11 / (@i = s3)™ " uy 7 (s0)| - ds;
i=1 i=1 LJO
where )
Vs =
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Example 3.4.1f a; = 1,0, =0, ¢; = n,
fori € I. Then (3.1) becomes

//n

z 1 Wis;

pi=n/(n—1),m; =mandk;, =k

ng) (s:)

(m— k)/(nw»} n

ds;---ds,

’n

I

(n—1)
n/(n—1) n
) dSi

mfk ‘ugm) (Si

Example 3.5.Letp;,p, € R, If we seth = 2, w, = p1 , Wy = pig, m; = 1 and
k; = 0fori = 1,2 in TheorenB.1, then by our assumptiong = p,/(p1 — 1),
¢ = p2/(p2 — 1), and we obtain

ful(sl)’ |ua(s2)|

ds; ds
/ / (p1— 1)+p S(Pz 1))]92 L

p1p292 p 51

1 >
< xgplfl)/mxgpzfl)/m </ (21 — s1) ’ull(sl)lpl d81) 1
0

X (/ (w3 — 89) |uy(s2)]” dSQ) :
0

If we setw; + wy, = 1 in Example3.5, then we have 13, Theorem 2]. (The
values ofu; andb; are irrelevant.)
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