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ABSTRACT. This paper gives a new multiple extension of Hilbert’s integral inequality with a
best constant factor, by introducing a paramet@nd thel” function. Some particular results
are obtained.
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1. INTRODUCTION
If f,g > 0 satisfy

0 </ fA(z)dx < 0o and 0 </ g*(x)dr < oo,
0 0

then

(1.1) /OOO /OOO f(x%g;y)d:cdy < {/000 A (x)dx /OOO g2(x)al1:}é :

where the constant factar is the best possible (cf. Hardy et al. [2]). Inequallty {1.1) is well
known as Hilbert's integral inequality, which had been extended by Haidy [1] as:
If p> 1,%+%:1,f,9205atisfy

0 </ fP(z)dx < oo and 0 </ g4 (z)dr < o0,
0 0
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then

an [ [ A < TS { [ ek L[ )

where the constant factglw is the best p055|ble Inequali | .2) is called Hardy- Hilbert’s

integral inequality, and is important in analysis and its applications (cf. Mitrinewal.[6]).
Recently, by introducing a parameterYang [9] gave an extension ¢f (1.2) as:
If A > 2 —min{p,q}, f,g > 0 satisfy

o0

0</ o' fP(x)dr < oo and O</ ' g (x)dr < oo,

0 0
then

(1.3) / / Hy dxdy<k(){/ooox1Afp(a:)dm};{/oooxlA ()dm}q,

where the constant factdn, (p) = B (%, #2=2) is the best possibleH(u,v) is the

function). For\ = 1, inequality [1.8) reduces tp (1.2).
On the problem for multiple extension ¢f (IL.1)) [3, 4] gave some new results and [Yang [8]
gave an improvement of their works as:
Ifne N\{1},p; > 1,200, - =1, A>n— in {p;}, fi > 0, satisfy
0< / 2" (2)dr < oo (i=1,2,...,n),
0

then

(1.4) / / )A ﬁfi(xi)dxl . dz,

1 = pi+tA—n 1o s v
<WHF(T) ey

=1

where the constant fact% [, T (’%) is the best possible. Far= 2, inequality )

reduces to[ (1]3). It follows thgt (1.4) is a multiple extensior] of|(1[3)] (1.2)[anpl (1.1).
In 2003, Yang et. al[11] provided an extensive account of the above results.

The main objective of this paper is to build a new extensior] of (1.1) with a best constant
factor other thar{ (I}4), and give some new particular results. That is

Theorem 1.1.1f n € N\ {1}, p; > 1, 330, .- = 1, A > 0, f; > 0, satisfy

0</ PP () de < 00 (1= 1,2,...,n),
0

then

(1.5) / / A H fila)day . .

< ﬁH UL oy
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where the constant factq:r— -, r ( ) is the best possible. In particular,

(@) for A = 1, we have

R AR ”lmn<f1p(%){4*ﬁwyggmgy%

(b) for n = 2, using the symbol 0.3) and settihg(p) = B <* A) , we have

p’yq

=T f@)g(y) 7 { T oA ) Y PR !
1.7 // dxdy < kx(p /:cp P(x)dx /:cq de 3
an [ ey <) [ ) )
where the constant factors in (1.6) afnd (1.7) are still the best possible.

In order to prove the theorem, we introduce some lemmas.

2. SOME LEMMAS
Lemma2.l.lfkeNr>1(i=1,2,...,k+1),and> """ r; = \(k), then

k Hk+1
7”]'—1 u - =1 P(T1>
(1) / / +Z 1%) NG jHl“j e S O

Proof. We establish| (2]1) by mathematical induction. ket 1, sincer; +r, = A\(1), and (see

[71)

(2.2) B(p.q) = /OOo ufwdu =Blap)  (p.a>0),

we have[(2]1). Suppose fére N, that [2.1) is valid. Then fok + 1, sincer, + X, r, =
Ak + 1), by settingy = u4 /(1 + zf*; u; | , we obtain

k+1

(2.3) / / s Ll e du . dus
0 k+1 -
1%—}: > j=1
I /MW11+ZThﬁﬁﬁ@w1
0

A(k+1)
L) (L u)pey

dvdus . . . dugq

k?-‘rl 7’] 1 0o /U7"1_1
] 2 Uj B
/ /o 1+Zk+1u )A(Hl)h d%mduml/o (1+v)“’“+1>dv'
j=2 YJ
In view of (2.2) and the assumptlon bf we have
00 Umfl 1 k+1
2.4 dv = r 2 D)
(4 /o T+ o0& T Tk + 1) <22T> )
k+1 rj—1 k+2
Y 15 T(r)
2.5 L=z v dus . .. dujyy = —=2—10
09 [ gt - JEES
]
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Then, by [(2.5),[(Z2}4) and (2.3), we find

k+1 TJ 1
/ / ] 1 ] du du — Hfj—f F(T’L)

se >A<k+1> P T T PR+ 1)

j 1 j
Hence[(2.]1) is valid fok N by induction. The lemma is proved. O
Lemma 2.2.1f n € N\{1}, p; > 1 (i = 1,2,...,n), 337, -~ = L and\ > 0, set the weight
coefficientv(x;) as

)‘ —p;)/p;

(26) (.d i) = pj / / H] a ]#Z dx T1... dl'ifldl’lurl ce dxn

Then, eaclwv(z;) is constant, that is

))\
2.7) w(xi)—ﬁljr(p%), (i=1,2,....n).

=1
Proof. Fix i. Settingp,, = p;, andp; = p;, u; = x;/x;, forj =1,2,...,i —1; p; = pj11,u; =
zjp/z,forj=ii+1,...,n—1in ), by simplification we have

(2.8) / AHu ’dul dtn_.
0 1+Z 1“3)

Substitution ofn. — 1 for &, A for A(k ) and)/p; forr; (j = 1,2,...,n) into (2.1), in view of

(2.8), we have
1 T 1 T
wz)==—[r(=)==—1]r
=l () = 11 ()
Hence,[(2.]7) is valid. The lemma is proved. O

Lemma 2.3. As in the assumption of Leminaj2.2, fior. ¢ < A, we have

00 o] n (A=pi—e)/pi
1;25/ / Horm ™ o da,
! ! (Z?:l xj)

1 A
2.9 >—1IT(— e—07%).
(29 —mpﬂ (p) e
Proof. Settingu; = z;/x,, (i = 1, 2,...,n — 1) in the following, we find

n 1 (A—pi—¢e)/pi
1

]:e/ r1E / / Y yduy ... duy 1| dx,
1 n 1—1—23 | uj)
[\ L :
1 0 1+E] ) u])
~1

(2.10) - 5/ r ZAj(:cn)dxn,
1

j=1

>\ —pi—€)/pi

v

duy...du,_1| dz,
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where, forj =1,2,...,n — 1, A;(z,) is defined by

- u)‘ pi—¢€)/pi
(2.11) () / / =1 duy ...du, 1,
1 + Z] 1 u])

SatiSfyinng = {(Ul,UQ, .. ,un,l)]O < Uj < .Z'T_Ll, 0< Up, < 00 (k 7é j)}
Without loss of generality, we estimate the integ#al(z,,) for j = 1.

(a) Forn = 2, we have

—1

Tn 1 A—pq —
A (zp :/ gy,
1( ) o (1—|—U1))‘ 1 1

—1

S / n ug)\—p1—8)/pldu1 _ )\pl x—(A—a)/p1;
0

_gn

(b) Forn € N\{1,2}, by (2.1), we have

>\—s

'_ i an' A-pp—e
1(zn) / / s duy .. .dunl/ u, 7 oduy
] =2 u]) 0
—14+(A—¢)/pi
plxn Ui 7 du1 A dun_l
; ><A—a>(1—p1 )

1+ > i)
o Hz;zr@;)
A—e T((A-e)l-p)
By virtue of the results of (a) and (b), fgr=1,2,...,n — 1,we have
(2.12) Ajlan) < P2 0ImO,1) (e = 0%, n e N\{1))

By (2.11), since foe — 07,

yHHO9)/pi T, T p%
/ /0 H1+Z u) dul...dun_lzw()_i_dl);

00 n—1
/ x 1ZA] Tp)dx, = Z/ i(zy)dxy,
7=1
Pi o1y [ a0
< jzl S _601(1)/1 x, Pidx,

n—1

=) ()\]? 5)20j(1)’

j=1
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then by [(2.1D) , we find

I> —H?:1F<’%>+o(1) RS (A

=\ T T )

J

p_Jg)sz(l)

e (3)
~

Thereby,[(2.P) is valid and the lemma is proved. O

(e —07).

3. PROOF OF THE THEOREM AND REMARKS

Proof of Theorern 1]1By Holder’s inequality, we have

J—/ / /\ll_[f’xldxl

n A—pj
filxi) (Pi—N)(1-p )
/ / or | T H T, I dzry...dx,
] 1.1’]) =t

(379

n pz 1 n Apy
(3-1) H / / f x’é IEI% A)(l_pi ) H x] Py dIl . dxn

- (G0
If (8.1) takes the form of equality, then there exists constaqts’,, . . ., C,,, such that they are
not all zero and forany #£ k € {1,2,...,n} (seel5]),

: (Pi=AN)(1=p;") n_ A-p; r=N(1-prh) n e
fzpz (xz)mz ’ pj k (l'k)l'k k 5
& - Y H z; 7 =Gk - Y H z; 7
(Ban) 5 (Zm)
(3.2) a.e. in(0,00) x - -+ x (0,00).

Assume that’; # 0. By simplification of [3.2), we find

xfl_’\fzpl(xz) = F(l‘l, e ,xi_l,xiﬂ, e ,J]n)
= constant a.e. 0, c0) x - -+ x (0, 00),

which contradicts the fact that < [z~ AP (2)de < co. Hence by) an.l), we
conclude

1

(3.3) 1<11 { | w(x»xfi‘Hff"(xi)dxi}” |

Then by [2.7), we havé (1.5).
For0 < e < A, settingf;(z;) as: f;(x;) = 0, for z; € (0,1):

filw)) =X P79 fora; e [1,00) (i =1,2,...,n),
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then we find

(3.4) EH {/ xfi—l—)\ﬁpi(xi)dxi}pi _ L
i=1 0

By (2.9), we find

(3.5) / / A ﬁﬁ(xi)dm ... dz,

If the constant factoial— [, T (i> in ) is not the best possible, then there exists a posi-

tive constanfs’ < 75 HZ T < ) such tha5) is still valid if one replacgé—) I, T <pi>
by K. In partlcular one has

1

/ / A Hfz (z;)dxy .. .dx, < ng {/OOO P fp (;c)dx}” :

jlx =1

and in view of (3. ) an5), it follows thafy [T, I (pi) < K (¢ — 07). This contradicts
the factk’ < 755 Hl T < ) . Hence the constant fact% I, T (pi) in ) is the best

possible.
The theorem is proved. O

Remark 3.1. For\ =1, inequality (1.7) reduces to (see [10])

(3.6) / / UG dxdy< Sm?E> {/OooxPpr(x)da:}; {/Oooxq 209z )dm}é

Forp = ¢ = 2, both [3.6) and[(1]2) reduce fo (IL.1). It follows that inequalities| (3.6) (1.2)
are different extensions df (1.1). Hence, inequality|(1.5) is a new multiple extensipnjof (1.1).
Since all the constant factors in the obtained inequalities are the best possible, we have obtained
new results.
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