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ABSTRACT. This paper gives tha-central BMO estimates for commutatorsrefdimensional
Hardy operators on central Morrey spaces.
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1. INTRODUCTION AND MAIN RESULTS

Let f be a locally integrable function dR™. Then-dimensional Hardy operators are defined
by
Hf(z) = fdt, H f(x) = —=dt, xeR™\ {0}.
1z Jiy<ial it)>[2| [¢]
In [4], Christ and Grafakos obtained results for the boundedne$s of L?(R") spaces.
They also found the exact operator normgén L?(R™) spaces, wheré < p < co.
It is easy to see that and’H* satisfy

(1.) / @S de = [ faH )

We have
(R f(z)] < CuM f(x),
where) is the Hardy-Littlewood maximal operator which is defined by

(1.2) M) = swp o /Q F(0)ldt,

Q3
where the supremum is taken over all balls containing
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Recently, Fu et all |2] gave the definition of commutatorg-@fimensional Hardy operators.

Definition 1.1. Let b be a locally integrable function oR™. We define the commutators of
n-dimensional Hardy operators as follows:
Myf == bHf —H(fb),  Hyf =b0H"f — H*(fb).

In [2], Fu et al. gave the central BMO estimates for commutators-dimensional Hardy
operators. In 2000, Alvarez, Guzman-Partida and Lakey [1] studied the relationship between
central BMO spaces and Morrey spaces. Furthermore, they introducextral bounded mean
oscillation spaces and central Morrey spaces, respectively.

Definition 1.2 (\-central BMO space)Let 1 < ¢ < oo and—; < A < ;. A function

f € Ll (R") is said to belong to tha-central bounded mean oscillation spac&/ 0% *(R")
if

1 .
1.3 oa A mny = SU —/ xr) — qda:) < 00.
@3 Wlowonee =0 (s [, M)~ foonl

Remark 1. If two functions which differ by a constant are regarded as a function in the space
CMO**(R"), thenCMO%*(R") becomes a Banach space. Apparen(l.s) is equivalent to
the following condition (sef]):

1

1 q
supinf [ —————— z) — clidz < 00.
R>p0 ceC <|B(0> R)[1HAa /B(O,R) (@)~ )

Definition 1.3 (Central Morrey spaces, see [1Det1 < ¢ < o and—é < A < 0. The central
Morrey spaceB®*(R") is defined by

1 3
14 oA rny = SUP | —————— x)|%dx ) < oo.
1.9 e, =50 gm0

Remark 2. It follows from [1.3) and[(1l4) thaB**(R") is a Banach space continuously in-
cluded inCMO%*(R™).

Inspired by [2], [3] and([5], we will establish thie-central BMO estimates for commutators
of n-dimensional Hardy operators on central Morrey spaces.
Theorem 1.1.LetH, be defined as above. Suppdse p; < oo, p} < p; < 00, % = pil + piQ
—L<A<0,0< A <randh =\ + Mo Ifb e CMOP>*2(R™), then the commutatd¥,, is
bounded fromBr:A(R") to B¢ *(R") and satisfies the following inequality:

HHbeBq,A(Rn) < C(Hb”CMOPzJ\Q(R”)”f||BP1=>\1(R”)'
Let A\, = 0in Theoreni 1... We can obtain the central BMO estimates for commutators of
n-dimensional Hardy operatorg(,, on central Morrey spaces.

Corollary 1.2. LetH, be defined as above. Suppdse p; < oo, p} < p; < o0, % = pil + pi2

and—1 < X\ < 0. If b € CMO™(R"), then the commutatdk, is bounded fromBr*(R") to
B%*(R™) and satisfies the following inequality:

HHbeB%*(R”) < C”bHcMopz(Rn)HfHBPM(Rn)-
Similar to Theorem 1]1, we have:
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Theorem 1.3. Let; be defined as above. Suppdse p; < oo, py <ps <00, ; = -+ -,
—é <A<0,0< < TandA =X\ + X Ifbe C'MOP2*2(R™), then the commutatdt(; is
bounded fromBr- A1 (R to B**(R") and satisfies the following inequality:

||H;f“BM(Rn) < CHbHCMOP%)Q(R")HfHBPh)\l(R")‘

Let A, = 0 in Theoren{ 1.3. We can get the central BMO estimates for commutators of
n-dimensional Hardy operators(;, on central Morrey spaces.

Corollary 1.4. Let; be defined as above. Suppdse p; < oo, py < p2 < 00, ; = - + -

and—1 < X\ < 0. If b € CMOP*(R"), then the commutatd; is bounded fromB?**(R") to
B%*(R") and satisfies the following inequality:

||Hgf||3q,A(Rn) < C||b||CMOP2(R”)”fHBle\(]R”)'

2. PROOFS OF THEOREMS
Proof of Theorerfi T]1Let f be a function inB** (R"). For fixedR > 0, denoteB(0, R) by

B. Write
1 Y
(@ [ 1ot dx)

(i

L / oy TO0@) b)) dy
< (@ /,

||
) i)
+ | = dx
(IB\ B
=1+ J
For; = - + .-, by Holder's inequality and the boundednesgfrom L** to L, we have

I<|B| </B |b(z) — bB|1f’2claz>p12 (/B |H(fxB)(x)|p1dx)pll

1
_1 L+)\2 P p1
< CIBI 4[|bll¢:xrora 2o ny | BI P2 B!f(fc)\ da

1
1 Py
= CIBP Il cor o g 170

< C|B|>\||b||CMOP2»/\2(R")Hf”Bmw\l(R")'

Y
dx)
"o\
dx)
1

L /B o JO0W) —b5)dy

[

1
— b(x) —bg)d
/B L JO0E) by

[

For J, we have

1 1

Ji=— [ |— b(y) — bg) d
5 /B = /B o SO0 —b5)dy
1 0

1 2 Lo

— 00

q

dx

q

dx

1

[z]

/B o SO0 ~b5)dy
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k q

C < 1 / /
=8| fly)(b(y) —bp)dy| dx

|B| k;m 28B4 Jypor-1 ZZ_OO s (¥)(b(y) — bs)

C < 1 .

|B| k:Z ‘QkB‘q LkB\Qk 1B 1—200/213\21 1B ( ) 2B)

k q
= Jl + JQ
By Hoélder’s mequahtyﬁ 1 _ 1) we have

> s ([ 1 \<y>|p1dy)”11

C < [2¢B|
F Z < [2*BJs {2_ .
1y49
P2
< (100 = bualay) }
2'B

i A1
|B| ||b||CMOp2 Ao Rn ||f||Bp1 >\1 Rn) Z |2kB|q { Z |2 B| }

1=—00

< C’B|q)\HbHCMOp2 Ao Rn HfHBpl A1 Rn :

To estimate/,, the following fact is applied.
For Xy > 0,

-1

bzip = bp| <) boiap — by

j—i

= Z |QJB| b2ﬂ+1B|dy

-1
1 P2

<C E =T b(y) — bosr1p|P*d

- j=i (WHB’ 2j+1B‘ ) v y)

-1
< CHb”CMOpQ*)Q (Rn)|B‘)‘2 Z 9(i+1)nAs

j=i
< Cllblloarors. a @il B

By Holder’s inequality {- + .- = 1), we have

0
:Z ‘QRB‘(] /2kB\2’v 1B

k q
|2B|| B|* i 4]
| |HbHCMOP27)‘2(R" HfHBm )‘I(R'ﬂ Z |2kB|q Z ’Z||2 B| 1

1=—00

q

dz

k

2 / anp )02 = b dy

RS
2_B
<O
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0 2% B|| B|#*2 |k |2|2% B| 1+ Vg

’B‘ ||b||C’]\/[Op2 >\2(Rn HfHBpl Al(Rn Z ‘2kB‘q
k=—o00
< CIBI™ B E s om0 30 gy 1 1 o 1 g
Combining the estimates @f J, and.J,, we get the required estimate for Theoffenj 1.1. O
Proof of Theorern 1}3We omit the details here. O
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