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Abstract: In this note we investigate the convexity of zero-balanced Gaussian hypergeo-

metric functions and general power series with respect to Hélder means. journal of inequalities
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1. Introduction and Preliminaries

For a given interval C [0, ), a functionf : I — [0, c0) is said to be multiplica-
tively convex if for allr, s € I and allx € (0, 1) the inequality

(1.1) Frt72sY) < f(r) 2 f(s))
holds. The functiory is said to be multiplicatively concave if
(1.2) FOI2sN) > f(r) T f(s)?

forallr,s € I andall\ € (0,1). If for r # s the inequality {.1) (respectively {.2))

is strict, thenf is said to be strictly multiplicatively convex (respectively multiplica-
tively concave). It can be proved (see the paper of C.P. NiculesguTheorem
2.3]) that if f is continuous, therf is multiplicatively convex (respectively strictly
multiplicatively convex) if and only if

F(Vrs) <V f(r)f(s) (respectivelyf(\/ﬁ) < \/f(r)f(s))

for all r,s € I with r # s. A similar characterization of the continuous (strictly)
multiplicatively concave functions holds as well. In what follows, for simplicity
of notation, the symbol$/, G and A will stand, respectively, for the unweighted
harmonic, geometric and arithmetic means of the positive numbends, i.e.,

2rs . B . _r+s

o G=G(r,s)=+/rs, A=A(rs) = 5

It is well-known thatH < G < A.
Fora,b,c € Candc # 0,—1,-2,...,

H=H(rs) =

the Gaussian hypergeometric series is
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defined by
(1.3) oFi(a,b,c,r) = F(a,b,c,r) Zd Z

' )
n>0 n>0 (C)” )
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where(a), = 1 and(a), = a(a+1)---(a+n — 1) is the well-known Pochhammer
symbol. Recently we proved[ Theorem 1.10] that the zero-balanced Gaussian
hypergeometric functio’, defined byF'(r) := yFi(a,b,a + b,r), for all a,b > 0
satisfies the following chain of inequalities

(1.4) F(G(r,s)) < G(F(r), F(s)) < F(1 =G —r,1—5)) < A(F(r), F(s)),

wherer, s € (0,1). We note that in 1998 R. Balasubramanian, S. Ponnusamy and
M. Vuorinen [3, Lemma 2.1] showed that the functien— F’(r)/F(r) is strictly
increasing o0, 1) for all a, b > 0. Thus the functior¥" is log-convex or{0, 1), i.e.

(1.5) F(A(r, s)) < G(F(r), F(s))

holds, where, s € (0, 1). Becausd" is strictly increasing o0, 1), combining (L.4)
with (1.5), we easily obtain

(1.6)  F(G(r,s)) < F(A(r,s)) < G(F(r), F(s)) < A(F(r), F(s)),

for all a,b > 0 andr,s € (0,1). In [6, Theorem 1.10] we deduced that forb €
(0, 1]

(1.7) F(G(r,s)) < H(F(r), F(s))

holds for allr,s € (0,zy), wherezy, = 0.7153318630. .. is the unique positive
root of the equatior2log(1 — z) + z/(1 —x) = 0. Moreover we conjectured]
Remark 1.13] that(.7) holds for allr,s € (0, 1), which was proved recently by
G.D. Anderson, M.K. Vamanamurthy, M. Vuorine, [Theorem 3.7]. Using this
result, (L.7) and the (HG) inequality imply

(1.8) F(H(r,s)) < F(G(r,s)) < H(F(r), F(s)),

wherea, b € (0,1] andr, s € (0,1).
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In fact, using (.6) and (L.8) we have that for alt, s € (0, 1) the inequality
(1.9) F(M(r,s)) < M(F(r), F(s))

holds for certain conditions om b and for M being the unweighted harmonic, geo-
metric and arithmetic mean. LétC R be a nondegenerate interval abl: 12 — I
be a continuous function. We say thetis a mean on if it satisfies the following
conditionmin{r, s} < M(r,s) < max{r,s} forall r,s € I, r # s. Taking into ac-
count the inequalitiesl(6) and (L.9) it is natural to ask whether the inequaliti. 9
remains true for some other means as well?

Our aim in this paper is to partially answer this question for Holder means.
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2. Convexity of Hypergeometric Functions with Respect to Holder
Means

Let I C R be a nondegenerate interval apd: I — R be a strictly monotonic
continuous function. The functiol/,, : I* — I, defined by

M(r,s) =" (Alp(r), ¢(s)))

is called the quasi-arithmetic mean associated, tehile the functiony is called a
generating function of the quasi-arithmetic meldp (for more details see the works
of J. Aczél [1], Z. Daroczy [LO] and J. Matkowski 11]). A function f : I — R is
said to be convex with respect to the medn (or M,—convex) if for allr,s € I
and all\ € (0,1) the inequality

(2.1) FMP(r,5)) < MP(f(r), f(5))

holds, where

MM (r,s) = ¢ (1= Neg(r) + Ap(s))
is the weighted version af/,,. If for » # s the inequality £.1) is strict, thenf is
said to be strictly convex with respect id,, (for more details see D. Borwein, J.
Borwein, G. Fee and R. Girgensoh®l,[J. Matkowski and J. RatzLp], [13]). It
can be proved (se@]) that f is (strictly) convex with respect ta/, if and only if
po fop~lis (strictly) convex in the usual sense @(/'). Among the quasi-arithmetic
means the Holder means are of special interest. They are associated to the function
¢, 1 (0,00) — R, defined by

rP, ifp#0
pp(r) = {

logr, if p=0,
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thus
[A(r?, sP)]YP, if p#£ 0

G(r,s), if p=0.
Our first mean result reads as follows.

M%Op(rﬂ 3) = Hp<r78) - {

Theorem 2.1.For all a,b > 0 andp € [0, 1] the hypergeometric function —
F(r) := oFi(a,b,a + b,r) defined by 1.3) is convex on(0, 1) with respect to the
Holder meandd,.

By Theorem?2.1, using the definition of convexity with respect to the Holder
means, we get that for aN,r,s € (0,1), a,b > 0 andp € (0,1] the following
inequality

F([(1 = NP + As”]"7) < [(1 = N[F(r)]P + A[F(s)]P]/?
1)anda,b > 0

holds. Moreover, for al\, r, s € (0, 1)
(2:2) F(r'=s") < [F(n)]' 7 F ()]

i.e., the zero-balanced hypergeometric function is multiplicatively conveX.an.

Proof of Theoren?.1. First assume thagt = 0. Then we need to prove that.()
holds. Using the first inequality inl(4) and Theorem 2.3 due to C.P. Niculescu
[15], the desired result follows. Note that in facétf) can be proved using Holder’s
inequality [14, Theorem 1, p. 50]. For this let us dendtg(r) = >}, dir*. Then
by the Holder inequality we have
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But this is equivalent to
Po(r'™2s%) < [Pu(r)]' [ Pa(s)],

so using the fact thatim P, (r) = F(r), we obtain immediatelyA.2).

Now assume that # 0. In order to establish the convexity &f with respect to
H, we need to show that the functign o " o ¢, ! is convex in the usual sense. Let
us denote

fo(r) = (ppo Fow, )(r) = [Fr'/P)P.

Settingg := 1/p > 1 we havefg(r) = [F(r?)]'/4, thus a simple computation shows
that
F') 1

(2.3) fE P () = Efcm

d(log F'(r?))
F{ro) @ =0

dr

Recall that from 3, Lemma 2.1] due to R. Balasubramanian, S. Ponnusamy and M.

Vuorinen, the function? is log-convex on(0,1). On the other hand the function
r +— r?is convex on0, 1). Thus by the monotonicity of' for all A, r, s € (0,1) we
obtain

F(I(1 = Ar + As]) < F((1— A)rf 4 As?) < [F(r)] A [F (7).

This shows that — F(r?) is log-convex and consequentty— d(log F'(r?))/dr
is increasing. FromA3), we obtain thaff; is increasing, therefor#, is increasing
too as a product of two strictly positive and increasing functions. O
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Theorem 2.2.For all a,b > 0 andp € [0,m], wherem = 1,2,..., the function
r+— F(r) := 9Fi(a,b,a + b,r™) is convex or{0, 1) with respect to Holder means
H,. In particular, the complete elliptic integral of the first kind, defined by

w/2
’C(r) = / L = EF (17 17 1,7"2> )

0o V1—r2sin?g 2 \2 2
is convex or{0, 1) with respect to meand,, wherep € [0, 2]. In other words, for all
A 1,5 € (0,1) andp € (0,2] we have the following inequality

KL= NP 4+ As”]1P) < [(1 = M) + AIC(s)[7] 2.

Moreover, for all\, r, s € (0, 1),

K (ri72s%) < K K(s))
holds, i.e., the complete elliptic integrill is multiplicatively convex of0, 1).

By the proof of Theorem 3.7 due to G.D. Anderson, M.K. Vamanmurthy and M.
Vuorinen P], we know that the function: — 1/F(x) is concave or(0, 1) for all
a,b € (0,1]. This implies that we have

(2.4) F (Hﬂ’(r, 3)) < F((1 = N+ xs) < HY(F(r), F(s)),

where\,r,s € (0,1) anda,b € (0,1]. Here we denoted WithHg)(r,s) = [(1 -
A)/r+)\/s]~! the weighted harmonic mean and we used the (HA) inequality between
the weighted harmonic and arithmetic means aihds. We note that in fact4.4)
shows that the functio’ is convex on(0, 1) for all a, b € (0, 1] with respect to the
Holder meand ;.

The following result is similar to Theoret 2.
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Theorem 2.3.If a,b,p > 0 andm = 1,2,...,thenr — f,.(r) := 2Fi(a,b,a +
b,r™) — 1 is convex on0, 1) with respect to the Holder mear$,. In particular
for m = 1 andm = 2 the functionsf,(r) := 2Fi(a,b,a + b,7) — 1 and fo(r) :=
2IC(r)/m—1 are convex o0, 1) with respectto meand,,, i.e. forall \,r, s € (0, 1)
andp > 0 one has

F([(1= AP+ AsP]V7) < 14 [(1= N[E(r) = 1 + A[E(s) — 1]7]V7,

2 2 p 2 p 1/p
ZK((1=NrP+AsP)VP) < 1+ {(1 —A) (—lC(r) — 1) +A (—IC(s) — 1) } :
T s m

In order to prove this result we need the following lemma due to M. Biernacki
and J. Krzyz 8]. Note that this lemma is a special case of a more general lemma
established by S. Ponnusamy and M. Vuorings).|

Lemma 2.4 (B, 16]). Let us suppose that the power serfés) = > ., a,2" and
g(z) = 3,50 Bnx™ both converge fotz| < 1, wherea,, € R and 3, > 0 for
all n > 0. Then the ratiof /g is (strictly) increasing (decreasing) o, 1) if the
sequence .,/ 3, }n>o is (Strictly) increasing (decreasing).

It is worth mentioning that this lemma was used, among other things, to prove
many interesting inequalities for the zero-balanced Gaussian hypergeometric func-
tions (see the papers of R. Balasubramanian, S. Ponnusamy and M. Vudjinen [
[16]) and for the generalized (in particular, for the modified) Bessel functions of the
first kind (see the papers of A. Baricz and E. Neum&rb] 6, 7] for more details).

Proof of Theoren?.3. We just need to show that— [f,,(r'/?)]? is convex on0, 1).
Let us denote

1) = Ul = [FG™7) = 17
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Settingg := 1/p > 0, we gety(r) = [F(r®™) — 1]'/2. Thus a simple computation
shows that

0y =m | [

Now takingr™? := = € (0, 1), we need only to prove that the function

rr)- [P

rd

$|—>m[

is strictly increasing. From Lemnia4it follows that the fuction: — «F'(z)/(F(x)—
1) is strictly increasing because

aF'(x) anl nd,z" B ano(” + 1)dpqraz™
F(z) -1 27721 dna™ ano Ay ’

and clearly the sequen¢e + 1)d,,1/d,.1 = n+ 1 is strictly increasing. Now since
1/q > 0, itis enough to show that — (F'(z) — 1)/ {/x is increasing. We have that

d (F(z)—1 Flz)—1 1
1+1/m — / o — E n __ § n
* dx ( gt/m ) vk (z) m ndn m ",

n>1 n>1

which is positive because by assumptiom < 1 < n andd,, > 0. O
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3. Convexity of General Power Series with Respect to Holder
Means

Let us consider the power series

(3.1) fr)=>" A" (whereA, > 0 foralln > 0)

n>0

which is convergent for alt € (0, 1). In this section our aim is to generalize Theo-
rems2.1and2.3, i.e. to find conditions for the convexity gfwith respect to Holder
means. From the proof of Theoreinl, it is clear that the fact that is log-convex
was sufficient forF” to be convex with respect td,, for p € (0, 1]. Moreover, taking

into account the proof of Theorem3, we observe that the statement of this theorem
holds for an arbitrary power series. Our main result in this section is the following
theorem, which generalizes Theoremgand2.3.

Theorem 3.1. Let f be defined by3 1), m = 1,2,..., and for alln > 0 let us
denoteB,, := (n + 1)A,,11/A,. Then the following assertions are true:

(a) If the sequencd,, is (strictly) increasing them — f(r™) is convex on(0, 1)

Convexity with respect
to Holder means

Arpad Baricz
vol. 8, iss. 2, art. 40, 2007

Title Page
Contents
44 44
< >

Page 12 of 20

with respect taf,, for p € [0, m]; Go Back
(b) If the sequence3,, — n is (strictly) increasing them — f(r™) is convex on Full Screen
(0, 1) with respect taH,, for p € [0, 00); Close
(c) The functionr — f(r™) — 1 is convex on0, 1) with respect toH, for p €
(0, 00). journal of inequalities
’ in pure and applied
Proof. (a) First assume that= 0. Then a simple application of Holder's inequality mathematics

gives the multiplicative convexity of. Now letp # 0. Then by Lemma2 4, it is issn: 1443-5756

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:bariczocsi@yahoo.com
http://jipam.vu.edu.au

clear thatr — f’(r)/f(r) is (strictly) increasing o0, 1). Let us denote
3(r) = (ppo fop,)(r) = [F(P)P.

Settingg := m/p > 1 we havep(r) = [f(r?)]™/4, thus a simple computation shows
that

1t Sy = ) 2ES )

f(r9) q dr
On the other hand, the function— r? is convex on(0, 1). Therefore becausgis
strictly increasing and log-convex, one has foralt, s € (0,1), 7 # s

FA =X+ As]?) < F((1 =Nt + As) < [Fr)] 7 f (7))

This shows that the function — f(r?) is log-convex too and consequently the
functionr — d(log f(r?))/dr is increasing. From3(2) we obtain that is increas-
ing, thereforey’ is increasing too as a product of two strictly positive and increasing
functions.

(b) Let us denot&)(r) := d(log f(r))/dr = f'(r)/f(r). Using again Lemma .4,
from the fact that the sequené®, — n is (strictly) increasing we get that

f'(r) _ ano[(n + 1) A, — nA,r"
f(r) ano A,rm
is (strictly) increasing too. Thus the function— log[(1 — r)Q(r)] will be also

(strictly) increasing, i.edlog[(1 — r)Q(r)]/dr > 0 for all » € (0,1). This in turn
implies that

(3.2) ¢ > 0.

(1-1)Q) = (11

(3.3) Q@) 1
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holds for allr € (0, 1). Taking into accountd.2) for ¢ := m/p > 0 we just need to

show that
m d(log f(r1)) m

'(r) = — i St = S At ) >
#r) = ol = —OrQr) 20
is strictly increasing. Now using3(3) we get that
/1 m m leg(Q(Tq)) Convexity with respec
¢ (T) :E¢(T)Q(rq) [EQ(T(]) + T to H(;?Idertmeanr; t
m m 1 Arpad Baricz
Zggb(r)@(rq) [EQ(TQ) + - rq} >0, vol. 8, iss. 2, art. 40, 2007
which completes the proof of this part. Title Page
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Settingg := 1/p > 0 we geto(r) = [f(r®™) — 1]*/9. Thus a simple computation o N
shows that y
o'(r) = m [ ) } . {f G 1} B I
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and clearly the sequenc¢e + 1)A,,,1/A,1 = n + 1is strictly increasing. Finally,
sincel/q > 0, itis enough to show that — (f(x) —1)/ ¥/ is increasing. We have
that

e & (O20) g MO oS e - LS 4

dx xl/m
n>1 n>1

which is positive by the assumptiohgm < 1 < n andA,, > 0. [

As we have seen in Theoretnl, the log-convexity of the power series was cru-
cial in proving convexity properties with respect to Holder means. The following
theorem contains sufficient conditions for a differentiable log-convex function to be
convex with respect to Holder means.

Theorem 3.2.Let f : I C [0,00) — [0, c0) be a differentiable function.

(a) If the functionf is (strictly) increasing and log-convex, thegnis convex with
respect to Holder mean&,, for p € [0, 1.

(b) If the functionf is (strictly) decreasing and log-convex, théns convex with
respect to Holder meand, for p € [1, 00). Moreover, if f is decreasing then
f is multiplicativelly convex if and only if it is convex with respect to Holder
meansH,, for p € [0, 00).

Proof. (a) Suppose that = 0. Then using the (AG) inequality, the monotonicity of
f and the log-convexity property, one has

Fri72s) < f((L=Nr+As) < [F(0)] ()]
forall r,s € I and\ € (0,1). Now assume that # 0. Let us denotey(r) :=
[f(r'/P)]P andq := 1/p > 1. Theng(r) = [f(r?)]*/? and

oy Lo dllog f(r?)]
(3.4) g(r)= QQ(T)T > 0.
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In this case — r? is convex, thus
(3.5) FAM =X+ As]?) < F((1=Art+ AsT) < [FrD)] A f (s

holds for allr, s € I andX € (0, 1), which means that — f(r?) is log-convex too.
Thus, by 8.4), ¢’ is increasing as a product of two increasing functions.

(b) Using the same notation as in part (a);= 1/p € (0,1] and consequently
r — r?is concave. Buf is decreasing, thusi(5) holds again. Now suppose that
is multiplicativelly convex and decreasing. Foe (0, 1] we havey := 1/p > 1 and
r +— r?is log-concave. Thus

(3.6) FU@ =N+ A7) < f(r) A DY) < [FED] D)
holds for allr, s € I andX € (0, 1). Whenp > 1, theng := 1/p € (0, 1] andr — r?
is concave. Thus using the fact thyats decreasing, one has
(3.7) FLT =X+ As]?) < f((1 = XN)r? + As?)

< F(r) AN < FEOIAF
forallr,s € I and\ € (0,1). So (3.6) and @3.7) imply thatr — f(r?) is log-convex
and, consequently,is convex. Finally it is clear that the convexity ffwith respect

to Holder meand?,, p € [0, 00) implies the convexity off with respect toH, and
this is the multiplicative convexity. O

The decreasing homeomorphism: (0, 1) — (0, c0), defined by

m(T’) L QFl(CL, b,a+b,1 - 7’2)
o 2F1<a; b7a+bu Tz) ’

and other various forms of this function were studied by R. Balasubramanian, S.

Ponnusamy and M. Vuorinef]land also by S.L. Qiu and M. Vuorine@T] (see also
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the references therein). 18,[Theorem 1.8], the authors proved that foe (0, 2)
andb € (0,2 — a] the inequality

(3.8) m(G(r,s)) > H(m(r),m(s))

holds for allr, s € (0,1). In [5, Corollary 4.4] we proved that in facg () holds for
all a,b > 0 andr,s € (0,1). Our aim in what follows is to generaliz&.¢). Recall

Convexity with respect

that in [3], in order to prove §.9), the authors proved that the functién (0, cc) —
(0, 00), defined by

to Holder means

Arpad Baricz

F(e™) .
L) = —— -2 — vol. 8, iss. 2, art. 40, 2007
®) F(l—et)
is convex. In order to generalizé.f) we prove that in facL is convex with respect )
. Title Page
to Holder meansi,, p € [1,00).
. . . Contents
Corollary 3.3. If a,b > 0 andp > 1, then the functiorl. is convex or(0, co) with
respect to Holder meand,,, i.e. forall \,r, s € (0,1) anda,b > 0, p > 1 we have <« >
1—A A 1 1 1 1 4 >
- > — HW ( , ) > :
[m(r)P  [m(s)]P — [m(a(r,s))] P m(r)” m(s) m(a(r, s)) Page 17 of 20
wherea(r, s) = exp [—H;(,A)(log(l /7),log(1 /s))] and Go Back
y Full Screen
1 — NP 4+ AsP)]LP, if 0,
HM(r, s) = . r ) p# Close
P ri=Ash, ifp=20
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is the weighted version df,.

Proof. By [5, Lemma 2.12] we know that is strictly decreasing and log-convex.
Thus by part (b) of Theorer.2 we get thatZ is convex on(0, co) with respect to
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Hoélder meangdi, for p € [1, c0). This means that
L (HD(t,t2)) < HM(L(t1), L(ts))

holds for allt;,t, > 0, A € (0,1) anda,b > 0. Now lete® := r? € (0,1) and
ez := s> € (0,1), then we obtain thaL(t;) = 1/m(r), L(tz) = 1/m(s) and
L (H,(,A)(tl,m)) = 1/m(a(r, s)). Clearly, when\ = 1/2 andp = 1, we get that
a(r,s) = G(r, s), thus the inequality in Corollar§.3reduces to{.9). O
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