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ABSTRACT. In this paper we use a new approach to obtain a class of multivariable integral
inequalities of Hilbert type from which we can recover as special cases integral inequalities
obtained recently by Pachpatte and the present authors.
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1. I NTRODUCTION

The integral version of Hilbert’s inequality [7, Theorem 316] has been generalized in several
directions (see [1, 3, 4, 7, 8, 9, 20, 21, 22]). Recently, inequalities similar to those of Hilbert
were considered by Pachpatte in [12, 13, 14, 15, 16, 19]. The present authors in [5, 6] estab-
lished a new class of related inequalities, which were further extended by Dragomir and Kim
[2]. Two and higher dimensional variants were treated by Pachpatte in [17, 18]. In the present
paper we use a new systematic approach to these inequalities based on Theorem 3.1, which
serves as an abstract springboard to classes of concrete inequalities.

To motivate our investigation, we give a typical result of [17]. In this theorem,H(I × J)
denotes the class of functionsu ∈ C(n−1,m−1)(I × J) such thatDi

1u(0, t) = 0, 0 ≤ i ≤ n− 1,
t ∈ J , Dj

2u(s, 0) = 0, 0 ≤ j ≤ m − 1, s ∈ I, andDn
1 Dm−1

2 u(s, t) andDn−1
1 Dm

2 u(s, t) are
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2 G. D. HANDLEY , J. J. KOLIHA , AND J. PEČARIĆ

absolutely continuous onI × J . HereI, J are intervals of the typeIξ = [0, ξ) for some real
ξ > 0.

Theorem 1.1(Pachpatte [17, Theorem 1]). Letu(s, t) ∈ H(Ix× Iy) andv(k, r) ∈ H(Iz × Iw).
Then, for0 ≤ i ≤ n− 1, 0 ≤ j ≤ m− 1, the following inequality holds:∫ x

0

∫ y

0

(∫ z

0

∫ w

0

|Di
1D

j
2u(s, t) Di

1D
j
2v(k, r)|

s2n−2i−1t2m−2j−1 + k2n−2i−1r2m−2j−1
dk dr

)
ds dt

≤ 1

2
[Ai,jBi,j]

2√xyzw

(∫ x

0

∫ y

0

(x− s)(y − t)|Dn
1 Dm

2 u(s, t)|2 ds dt

) 1
2

×
(∫ z

0

∫ w

0

(z − k)(w − r)|Dn
1 Dm

2 v(k, r)|2 dk dr

) 1
2

,

where

Aij =
1

(n− i− 1)!(m− j − 1)!
, Bij =

1

(2n− 2i− 1)(2m− 2j − 1)
.

The purpose of the present paper is to obtain a simultaneous generalization of Pachpatte’s
multivariable results [17], and of the results [5, 6] of the present authors. The single variable
results [14, 15, 16, 19] follow as special cases of our theorems. Our treatment is based on
Theorem 3.1, in particular on the abstract inequality (3.1), which yields a variety of special
cases when the functionsΦi are specified.

2. NOTATION AND PRELIMINARIES

By Z (Z+) andR (R+) we denote the sets of all (nonnegative) integers and (nonnegative) real
numbers. We will be working with functions ofd variables, whered is a fixed positive integer,
writing the variable as a vectors = (s1, . . . , sd) ∈ Rd. A multiindex m is an elementm =
(m1, . . . ,md) of Zd

+. As usual, the factorial of a multiindexm is defined bym! = m1! · · ·md!.
An integerj may be regarded as the multiindex(j, . . . , j) depending on the context. For vectors
in Rd and multiindices we use the usual operations of vector addition and multiplication of
vectors by scalars. We writes ≤ τ (s < τ ) if sj ≤ τ j (sj < τ j) for 1 ≤ j ≤ d. The same
convention will apply to multiindices. In particular,s ≥ 0 (s > 0) will meansj ≥ 0 (sj > 0)
for 1 ≤ j ≤ d.

If s = (s1, . . . , sd) ∈ Rd ands > 0, we define thecell

Q(s) = [0, s1]× · · · × [0, sj]× · · · × [0, sd];

replacing the factor[0, sj] by {0} in this product, we get theface∂jQ(s) of Q(s).
Let s = (s1, . . . , sd), τ = (τ 1, . . . , τ d) ∈ Rd, s, τ > 0, let k = (k1, . . . , kd) be a multiindex

and let andu : Q(s) → R. Write Dj = ∂
∂sj . We use the following notation:

sτ = (s1)τ1 · · · (sd)τd

,

Dku(s) = Dk1

1 · · ·Dkd

d u(s),∫ s

0

u(τ) dτ =

∫ s1

0

· · ·
∫ sd

0

u(τ) dτ 1 · · · dτ d.

An exponentα ∈ R in the expressionsα, wheres ∈ Rd, will be regarded as a multiexponent,
that is,sα = s(α,...,α).

Another positive integern will be fixed throughout.
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HILBERT TYPE MULTIDIMENSIONAL INEQUALITIES 3

The following notation and hypotheses will be used throughout the paper:

I = {1, . . . , n} n ∈ N
mi, i ∈ I mi = (m1

i , . . . m
d
i ) ∈ Zd

+

xi, i ∈ I xi = (x1
i , . . . , x

d
i ) ∈ Rd, xi > 0

pi, qi, i ∈ I pi, qi ∈ R+, 1
pi

+ 1
qi

= 1

p, q 1
p

=
∑n

i=1
1
pi

, 1
q

=
∑n

i=1
1
qi

ai, bi, i ∈ I ai, bi ∈ R+, ai + bi = 1

wi, i ∈ I wi ∈ R, wi > 0,
∑n

i=1 wi = 1.

Throughout the paper,ui, vi, Φ will denote functions from[0, xi] to R of sufficient smoothness.
If m is a multiindex andx ∈ Rd, x > 0, thenCm[0, x] will denote the set of all functions
u : [0, x] → R which possess continuous derivativesDku, where0 ≤ k ≤ m.

The coefficientspi, qi are conjugate Hölder exponents used in applications of Hölder’s in-
equality, and the coefficientsai, bi are used in exponents to factorize integrands. The coeffi-
cientswi act as weights in applications of the geometric-arithmetic mean inequality; this enables
us to pass from products to sums of terms.

3. THE M AIN RESULT

First we present a theorem that can be regarded as a template for concrete inequalities ob-
tained by selecting suitable functionsΦi in (3.1). A special case of this theorem is given in [6,
Theorem 3.1].

Theorem 3.1.Letvi, Φi ∈ C(Q(xi)) and letci be multiindices fori ∈ I. If

(3.1) |vi(si)| ≤
∫ si

0

(si − τi)
ciΦi(τi) dτi, si ∈ Q(xi), i ∈ I,

then

(3.2)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |vi(si)|∑n

i=1 wis
(αi+1)/(qiwi)
i

ds1 · · · dsn

≤ U
n∏

i=1

x
1/qi

i

n∏
i=1

(∫ xi

0

(xi − si)
βi+1Φi(si)

pi dsi

) 1
pi

,

whereαi = (ai + biqi)ci, βi = aici, and

U =
1∏n

i=1[(αi + 1)1/qi(βi + 1)1/pi ]
.

Remark 3.2. Remembering our conventions, we observe that, for example,

x
1/qi

i = (x1
i )

1/qi . . . (xd
i )

1/qi ,

n∏
i=1

(αi + 1)1/qi =
n∏

i=1

d∏
j=1

(αj
i + 1)1/qi .

Proof. Factorize the integrand on the right side of (3.1) as

(si − τi)
(ai/qi+bi)ci · (si − τi)

(ai/pi)ciΦi(τi)
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4 G. D. HANDLEY , J. J. KOLIHA , AND J. PEČARIĆ

and apply Hölder’s inequality [10, p. 106] and Fubini’s theorem. Then

|vi(si)| ≤
(∫ si

0

(si − τi)
(ai+biqi)ci dτi

) 1
qi

×
(∫ si

0

(si − τi)
aiciΦi(τi)

pi dτi

) 1
pi

=
s
(αi+1)/qi

i

(αi + 1)1/qi

(∫ si

0

(si − τi)
βiΦi(τi)

pi dτi

) 1
pi

.

Using the inequality of means [10, p. 15]
n∏

i=1

s
(αi+1)/qi

i ≤
n∑

i=1

wis
(αi+1)/(qiwi)
i ,

we get

n∏
i=1

|vi(si)| ≤ W
n∑

i=1

wis
(αi+1)/(qiwi)
i

n∏
i=1

(∫ si

0

(si − τi)
βiΦi(τi)

pi dτi

) 1
pi

,

where

W =
1∏n

i=1(αi + 1)1/qi
.

In the following estimate we apply Hölder’s inequality, Fubini’s theorem, and, at the end,
change the order of integration:∫ x1

0

. . .

∫ xn

0

∏n
i=1 |vi(si)|∑n

i=1 wis
(αi+1)/(qiwi)
i

ds1 · · · dsn

≤ W
n∏

i=1

[∫ xi

0

(∫ si

0

(si − τi)
βiΦi(τi)

pi dτi

) 1
pi

dsi

]

≤ W

n∏
i=1

x
1/qi

i

(∫ xi

0

(∫ si

0

(si − τi)
βiΦi(τi)

pi dτi

)
dsi

) 1
pi

=
W∏n

i=1(βi + 1)1/pi

n∏
i=1

x
1/qi

i

n∏
i=1

(∫ xi

0

(xi − τi)
βi+1Φi(τi)

pi dτi

) 1
pi

.

This proves the theorem. �

If d = 1 andvi are replaced by the derivativesu(k)
i , the preceding theorem reduces to [6,

Theorem 3.1].

Corollary 3.3. Under the assumptions of Theorem 3.1,

(3.3)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |vi(si)|∑n

i=1 wis
(αi+1)/(qiwi)
i

ds1 · · · dsn

≤ p1/pU

n∏
i=1

x
1/qi

i

(
n∑

i=1

1

pi

∫ xi

0

(xi − si)
βi+1Φ(τi)

pi dsi

) 1
p

,

whereU is given by(3.2).
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Proof. By the inequality of means, for anyAi ≥ 0,

n∏
i=1

A
1/pi

i ≤ p1/p

(
n∑

i=1

1

pi

Ai

) 1
p

.

The corollary then follows from the preceding theorem. �

The preceding corollary reduces to [6, Corollary 3.2] in the special case whend = 1 andvi

are replaced byu(k)
i .

4. APPLICATIONS TO DERIVATIVES

Convention 1. In this section we shall assume thatmi, ki are multiindices satisfying0 ≤ ki ≤
mi − 1, and write

(4.1) αi = (ai + biqi)(mi − ki − 1), βi = ai(mi − ki − 1).

Recall that according to our conventions,mi − ki − 1 = (m1
i − k1

i − 1, . . . ,md
1 − kd

i − 1).

Theorem 4.1. Let ui ∈ Cmi(Q(xi)) be such thatDr
jui(si) = 0 for si ∈ ∂jQ(xi), 0 ≤ r ≤

mj
i − 1, 1 ≤ j ≤ d, i ∈ I. Then

(4.2)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dkiui(si)|∑n

i=1 wis
(αi+1)/(qiwi)
i

ds1 · · · dsn

≤ U1

n∏
i=1

x
1/qi

i

n∏
i=1

(∫ xi

0

(xi − si)
βi+1

∣∣Dmiui(si)
∣∣pi dsi

) 1
pi

,

where

(4.3) U1 =
1∏n

i=1[(mi − ki − 1)!(αi + 1)1/qi(βi + 1)1/pi ]
.

Proof. Under the hypotheses of the theorem we have the following multivariable identities es-
tablished in [11],

Dkiui(s) =
1

(mi − ki − 1)!

∫ si

0

(si − τi)
mi−ki−1Dmiui(τi) dτi, i ∈ I.

Inequality (4.2) is proved when we setvi(si) = Dkiui(si), ci = mi − ki − 1, and

(4.4) Φi(si) =
|Dmiui(si)|

(mi − ki − 1)!

in Theorem 3.1. �

Corollary 4.2. Under the hypotheses of Theorem 4.1,

(4.5)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dkiui(si)|∑n

i=1 wis
(αi+1)/(qiwi)
i

ds1 · · · dsn

≤ p1/p U1

n∏
i=1

x
1/qi

i

(
n∑

i=1

1

pi

∫ xi

0

(xi − si)
βi+1

∣∣Dmiui(si)
∣∣pi dsi

) 1
p

,

whereU1 is given by(4.3).

Proof. The result follows by applying the inequality of means to the preceding theorem.�
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Single variable analogues of the preceding two results were obtained in [6, Theorem 4.1] and
[6, Corollary 4.2].

We discuss a number of special cases of Theorem 4.1 with similar examples applying also to
Corollary 4.2.

Example 4.1. If ai = 0 andbi = 1 for i ∈ I, then (4.2) becomes

(4.6)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dkiui(si)|∑n

i=1 wis
(qimi−qiki−qi+1)/(qiwi)
i

ds1 · · · dsn

≤ U1

n∏
i=1

x
1/qi

i

n∏
i=1

(∫ xi

0

(xi − si)
∣∣Dmiui(si)

∣∣pi dsi

) 1
pi

,

where

(4.7) U1 =
1∏n

i=1[(mi − ki − 1)!(qimi − qiki − qi + 1)1/qi ]
.

Example 4.2. If ai = 0, bi = 1, qi = n, wi = 1
n
, pi = n

n−1
, mi = m andki = k for i ∈ I, then

(4.8)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dkui(si)|∑n

i=1 snm−nk−n+1
i

ds1 · · · dsn

≤ 1

n

n
√

x1 · · ·xn

[(m− k − 1)!]n(n(m− k − 1) + 1)

×
n∏

i=1

(∫ xi

0

(xi − si)
∣∣Dmui(si)

∣∣ n
n−1 dsi

)n−1
n

.

For d = 2 and q = p = n = 2 this is Pachpatte’s theorem [17, Theorem 1] cited in the
Introduction; ifd = 1 andq = p = n = 2, we obtain [14, Theorem 1].

Example 4.3.Let ai = 1 andbi = 0 for i ∈ I. Then (4.2) becomes

(4.9)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dkiui(si)|∑n

i=1 wis
(mi−ki)/(qiwi)
i

ds1 · · · dsn

≤ Ũ1

n∏
i=1

x
1/qi

i

n∏
i=1

(∫ xi

0

(xi − si)
mi−ki

∣∣Dmiui(si)
∣∣pidsi

) 1
pi

,

where

(4.10) Ũ1 =
1∏n

i=1[(mi − ki − 1)!(mi − ki)]
.

Example 4.4. Setai = 0, bi = 1, qi = n, wi = 1
n
, pi = n

n−1
, mi = m andki = k for i ∈ I.

Then (4.2) becomes

(4.11)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dkui(si)|∑n

i=1 sm−k
i

ds1 · · · dsn

≤ 1

n

n
√

x1 · · ·xn

[(m− k − 1)!]n(m− k)n

n∏
i=1

(∫ xi

0

(xi − si)
m−k

∣∣Dmui(si)
∣∣n/(n−1)

dsi

)(n−1)/n

.

In the following theorem we establish another inequality similar to the integral analogue of
Hilbert’s inequality.
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HILBERT TYPE MULTIDIMENSIONAL INEQUALITIES 7

Theorem 4.3.Letui ∈ Cmi+1(Q(xi)) be such thatDmiui(si) = 0 for si ∈ ∂jQ(si), 1 ≤ j ≤ d,
i ∈ I. Then

(4.12)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dmiui(si)|∑n
i=1 wis

1/(qiwi)
i

ds1 · · · dsn

≤
n∏

i=1

x
1/qi

i

n∏
i=1

(∫ xi

0

(xi − si)
∣∣Dmi+1ui(si)

∣∣pi dsi

) 1
pi

.

Proof. Under the hypotheses of the theorem we have the following multivariable identities es-
tablished in [11] formi = (0, . . . , 0):

(4.13) Dmiui(si) =

∫ si

0

Dmi+1ui(τi) dτi, i ∈ I.

In Theorem 3.1 setvi(si) = Dmiui(si), ci = 0, Φi(si) = |Dmi+1ui(si)|, and the result follows.
�

In the special case thatd = 2, mi = (0, 0), p = q = n = 2, andwi = 1
2
, the preceding

theorem reduces to [17, Theorem 2].
When we apply the inequality of means to the preceding theorem, we get the following

corollary which generalizes the inequality obtained in [17, Remark 3].

Corollary 4.4. Under the hypotheses of Theorem 4.3,

(4.14)
∫ x1

0

. . .

∫ xn

0

∏n
i=1 |Dmiui(si)|∑n
i=1 wis

1/(qiwi)
i

ds1 · · · dsn

≤ p1/p

n∏
i=1

x
1/qi

i

(
n∑

i=1

1

pi

∫ xi

0

(xi − si)
∣∣Dmi+1ui(si)

∣∣pi dsi

) 1
p

.
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